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Beaver Hats

Five hats are hanging as shown.

Story

In what order should the hats be rehung so that they get taller as you move left to right?

(A) R; P; S; T; Q

(B) Q; S; T; P; R

(C) R; P; T; S; Q

(D) T; Q; S; P; R

Question
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In many programming languages, a program can be divided up into more logical sections called
functions. Each function can be thought of as a subprogram, which consumes some input through
parameters, and produces some output. In this problem, the function is machine M , the input is a
single fruit, and the output is a single fruit.

One advantage of a function is that it can be reused many times, even though it is only written once.
For example, in this problem, it is applied five times in the uestion.

Additionally, functions can be nested to form a sequence of computations: the output of one function
can be used as the input to another function. In this problem, nesting is heavily used: since the
function M produces one (fruit) value, that value can be used as the input to another application of M .

The nesting of functions leads to the programming paradigm of functional programming. In a func-
tional programming language, such as OCaml or Haskell, a program is a sequence of applying and
nesting functions, rather than a sequence of statements in a imperative programming paradigm, which is
predominantly used in the Python programming language.

Connections to Computer Science
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Hermit Crabs

Hermit crabs wear shells in order to protect themselves. As hermit crabs grow, their shells become too
small and the hermit crabs need to look for larger shells to wear.

An assortment of new shells has just been washed ashore. Several hermit crabs have gathered to try
on these new shells. In the following diagram, the letters represent the hermit crabs and the numbers
represent the new shells. A single line connecting a letter to a number means that the hermit crab has
determined that the shell is a good fit. If there is no line connecting a letter to a number then the
hermit crab has determined that the shell is not a good fit.

Story

If a shell can only be worn by one hermit crab, and a hermit crab can only wear one shell, then what is
the maximum number of hermit crabs that can wear one of these new shells?

(A) 8

(B) 7

(C) 6

(D) 5

Question
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(B) 7

Answer

Here is one way to match 7 of the hermit crabs to new shells.

It is not possible for all 8 of the hermit crabs to wear one of these new shells. Consider the crabs
lettered C, D and E. Each of these crabs can only wear the shells numbered 3 and 4.

In other words, we have three crabs that can only wear two shells. This means it is guaranteed that one
of those crabs will not get a new shell. Since we have found a way to distribute the remaining 7 shells,
the maximum number of hermit crabs that can wear one of these new shells is 7.

Explanation of Answer

In this problem, you are asked to connect hermit crabs with shells. These connections can be modelled
using agraph. The verticesof the graph are the hermit crabs and the shells, and theedgesof the graph
join hermit crabs to shells that �t.

Since edges only exist between hermit crabs and shells, and there are no edges between hermit crabs,
nor edges between shells, this type of graph isbipartite. That is, the vertices can be divided into two
separate sets such that there are edges only between the two sets, and no edges between elements in
the same set.

To match hermit crabs with new shells, we need to �nd a subset of edges such that no two edges share
an endpoint. If two edges in our subset share an endpoint that would mean that either one hermit
crab is wearing two shells, or one shell is being worn by two hermit crabs. When the subset contains as
many edges as possible, it is called themaximum bipartite matching.

This type of matching is very useful in real life, like pairing organ donors with patients who need
transplants. Using computer science to �nd these matchings quickly and e�ciently is very important.

Connections to Computer Science
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(A) 13

Answer

We consider different routes from Quandria to Pixleton. One path uses lines along the top of the diagram
and it can accommodate up to two trains.

A completely separate second path uses lines along the bottom of the diagram and it can accommodate
up to four trains.

A third path that can accommodate 7 trains is shown below.

Note that even though this third path overlaps with the two previous paths, there is still capacity for
all three paths to be fully used meaning a total of 2 + 4 + 7 = 13 trains can use these paths to travel
from Quandria to Pixleton.

We can determine that 13 is the largest number of trains that can travel from Quandria to Pixleton
by looking at the three lines in the middle of the diagram with capacities 2, 7 and 4. All paths from
Quandria to Pixleton use one of these lines, so it is not possible for more than 2 + 7 + 4 = 13 trains to
go from Quandria to Pixleton.

Explanation of Answer
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Card Values

Five types of cards are labelled with the letters P , Q, R, S, and T on one side. On the opposite sides,
the cards are labelled with exactly one of the numbers 1, 2, 4, 8, and 16, in some random order. For
each letter, all cards with that letter have the same number on the opposite side (e.g. all cards with P
on one side have the same number on the opposite side.)

Multiple copies of each type of card are gathered to form a deck. Fala, Grace, and Hari each draw the
smallest possible number of cards from the deck so that the numbers on their cards add up to their own
age.

• Fala is 17 years old. One of the cards she is holding has an R on it.

• Grace is 18 years old. One of the cards she is holding has a Q on it. Another card she is holding
is the same type as one of Hari’s cards.

• Hari is 15 years old. He is the only one holding a card with a P on it. The largest number on a
card he is holding has a T on the opposite side.

Story

Which number is on the cards that have the letter S on them?

(A) 1

(B) 2

(C) 4

(D) 16

Question
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(B) 2

Answer

Fala is 17 years old, so is holding the cards with numbers 1 and 16.

Grace is 18 years old, so is holding the cards with numbers 2 and 16.

Hari is 15 years old, so is holding the cards with numbers 1, 2, 4 and 8.

Since 8 is the largest number on a card that Hari is holding, and we are told that the largest number
on a card he is holding has a T on it, the T cards must have 8 on them. Then, since Hari and Fala
both have a card with a 1 on it, Hari and Grace both a card with a 2 on it, and Hari is the only one
holding a card with a P on it, we can conclude that the P cards must have 4 on them.

Grace took a Q card, but it’s not the one she shares with Hari and that shared card must have the
number 2 on it. Therefore, the Q cards must have 16 on them. Now Fala also has one of these Q cards
and the first statement tells us that their other card has an R on it. Therefore the R cards must have
1 on them.

By process of elimination, the S cards must have 2 on them.

Explanation of Answer

The most common representation of numbers in computer science is the binary number system. The
binary number system uses base-2, which uses the digits 0 or 1, unlike the more common base-10 system,
which uses digits 0 to 9. To understand base-2 numbers, we can compare them to base-10 numbers. For
example, the base-10 number 123 is a representation of 100 + 20 + 3 = 1 · 102 + 2 · 101 + 3 · 100. That
same number can be represented in base-2 as

1111011 = 1 · 64 + 1 · 32 + 1 · 16 + 1 · 16 + 1 · 8 + 0 · 4 + 1 · 2 + 1 · 1
= 1 · 26 + 1 · 25 + 1 · 24 + 1 · 23 + 0 · 22 + 1 · 21 + 1 · 20:

Every number which can be represented in base-10 can also be represented in base-2. Using that fact
in this task, we can write the age of Fala, Grace, and Hari in base-2. For example, since Grace is 18
years old, that binary representation of 18 is 18 = 16 + 2 = 10010. Converting the ages into binary
numbers allows the task to be more easily solved.

Computers store all information, whether that information is a number, character, image or sound,
as sequences of binary digits, or bits. The reason why bits are used is because electricity, which is a
necessary resource for modern computers, is either “on” (usually represented as 1) or “off” (usually
represented as 0).

Connections to Computer Science
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Finding Treasure

Captain Bojana is looking for a treasure hidden on an island. The island is divided into 16 regions, each
marked with a letter from A to P as shown.

Captain Bojana can enter any number of regions into a special device and the device will tell her whether
or not the treasure is in one of those regions. For example, if she enters regions A, C, and D into the
device and the device shows “yes”, then the treasure is in exactly one of regions A, C, or D .

Story

What is the least number of times Captain Bojana needs to use the device to guarantee she will determine
which region contains the treasure?

(A) 4

(B) 6

(C) 8

(D) 12

Question
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(A) 4

Answer

Suppose Captain Bojana enters letters of half of the regions into the device first. Then,

• If the device indicates that the treasure is in the given regions, the captain now further divides
these regions into two halves and enters one half into the device.

• If the device indicates that the treasure is not in the given regions, the captain divides the other
regions into two halves and enters one of the halves into the device.

Captain Bojana continues this process until she finds the region that has the treasure. Since there are
16 regions to start with, after she uses the device for the first time, there will be 8 regions remaining
that might contain the treasure. After she uses the device for the second time, there will be 4 regions
remaining that might contain the treasure. After she uses the device for the third time, there will be 2
regions remaining that might contain the treasure. After she uses the device for the fourth time, she
will have determined which region contains the treasure.

We will now explain why 4 is the minimum number of times Captain Bojana needs to use the device.

At any point in time, we call all the regions that might contain the treasure, the remaining regions. To
begin, all 16 regions are the remaining regions. Each time Captain Bojana uses the device, she divides
the remaining regions into two smaller groups: those she enters letters for and those she does not enter
letters for. One of these smaller groups becomes the new group of remaining regions.

Now, if Captain Bojana enters letters of fewer than half of the regions into the device first, then the
number of remaining regions could be at least 9. For example, if she enters the letters of 3 regions into
the device and receives the answer “no”, then there will be 16− 3 = 13 remaining regions. Or, perhaps
she enters the letters of 10 regions and receives the answer “yes” in which case there will then be 10
remaining regions.

Since there is no guarantee that the number of remaining regions is less than 9 after using the device
once, Captain Bojana could be faced with the possibility that there are 9 or more remaining regions. In
that case, when Captain Bojana uses the device a second time, these remaining regions will be divided
into two groups and at least one of these groups will have at least 5 regions. So there could be at least
5 remaining regions; Captain Bojana cannot guarantee that there will fewer than 5 remaining regions.
Similarly, after Captain Bojana uses the device a third time, Captain Bojana cannot guarantee there
are fewer than 3 remaining regions. At this point, she must use the device at least one more time and
thus at least four times in total to determine which region contains the treasure.

Explanation of Answer
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In this task we need to repeatedly divide the regions in half to find the treasure in the most efficient
way. More generally, in computer science, we can a similar searching technique to find an item in a
sorted list by repeatedly dividing the list in half. Using this technique, we can eliminate half of the
items each time and find the item in the fewest number of steps. This search technique is called binary
search.

Notice that by reducing the size of the problem by half at each step, the running time of searching
is exponentially faster than searching through the entire set of all possible values using linear search.
This approach of repeatedly reducing the problem by half is known as a divide and conquer technique
in computer science.

Binary search has many applications, such as searching for a word in a dictionary or finding the location
of a file or a record in a database.

Connections to Computer Science

Hungary
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Floor Patterns

A machine uses gates to redirect a sequence of balls in order to produce a pattern on the floor when
viewed from above. Each ball follows a path directed by the gates. After a ball passes through a gate,
the gate switches direction, sending the next ball the other way, as shown below.

In the example above, the gate initially opens to the left, sending the first ball left. As the first ball
goes through the gate, it causes the gate to switch so that it will send the next ball to the right. As the
second ball goes through the gate, it causes the gate to switch back again.

Every ball is labelled with one or more shapes. When a ball hits the floor, the pattern produced on the
floor is triple the shape(s) shown on that ball. When two or more balls land at the same location, their
patterns will combine on the floor. The pattern created on the floor by the example above is shown
below.

Story

Which sequence of balls will create the following pattern on the floor?

(A) (B) (C) (D)

Question
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(D)

Answer

The following diagram shows how Option D creates the desired pattern.

Option A is incorrect because it will create the following pattern.

Option B is incorrect because it will create the following pattern.

Option C is incorrect because it will create the following pattern.

Explanation of Answer

39



Computer chips, such as the central processing unit (CPU) or random access memory (RAM) are built
using extremely small electrical components known as transistors. A transistor can be thought of as a
switch, which can be opened (or “on” or “1”) if there is electrical current applied to it, or closed (or
“off” of “0”) if there is no electrical current. Combining multiple transistors together allows computers
to store more information, such as a sequence of binary numbers, or bits.

In this task, each gate represents a transistor, which can be “on” (meaning the next ball will fall to the
left) or “off” (meaning the next ball will fall to the right).

Modern microchips are composed of millions of transistors packed into an area that is less than 2cm by
2cm.

Connections to Computer Science

Ireland

Country of Original Author
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Balloon Machine

A machine creates different designs by inflating long, skinny
balloons attached to the edges of a square frame. There are five
balloons labelled A, B , C, D , and E , arranged around the frame
as shown.

All balloons start deflated. To create a design, the machine reads a
sequence of letters, from left to right, and inflates the corresponding
balloons in that order. When a particular balloon is inflated, it will
continue to extend until it reaches either another balloon or the
opposite edge of the frame.

For example, starting with all balloons deflated, if the machine reads the sequence E C , then it will
create the following design.

Story

Starting with all balloons deflated, the machine reads a sequence consisting of the five letters A, B , C,
D , and E in some order and creates the design shown. How many different possibilities are there for
the sequence?

(A) 1 (B) 2 (C) 4 (D) 5

Question
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(C) 4

Answer

Since the design is created by inflating each balloon exactly once, in some order, we can determine the
following about balloons B through D from the final design.

• Balloon B must have been inflated before balloon E , since balloon E stops at balloon B .

• Balloon E must have been inflated before balloon C, since balloon C stops at balloon E .

• Balloon C must have been inflated before balloon D , since balloon D stops at balloon C.

This means that balloons B through D must have been inflated in the following order: B E C D .

We can also see from the design that balloon A must have been inflated after balloon B , since balloon
A stops at balloon B . Thus, balloon B must have been inflated first. After this, balloon A could
have been inflated at any time in order to produce the desired final design. This means there are four
different possibilities for the sequence, corresponding to the four different ways to place A in the sequence
B E C D after B . These are as follows:

• B A E C D

• B E A C D

• B E C A D

• B E C D A

Explanation of Answer
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The sequence of letters is an example of a computer program controlling a machine. Each letter is a
statement that causes the balloon machine to inflate a balloon. As in every computer program, the
order of statements is essential. For example, the sequence B E makes the machine create a different
image than the sequence E B.

This task also relies on logical inference, which is an important skill in computational thinking.
Specifically, reasoning about the order of operations, and which ones can or cannot come before others,
is fundamental in designing programs that are both efficient and free of logical errors.

Another computational way to reason about this problem is using a directed acyclic graph (DAG).
Looking at which ballons reach “as far as they can”, we can draw a directed edge from a node u to
node v if the node u must have been inflated before node v. This graph is acyclic, meaning “without a
cycle”, since a node cannot be inflated before itself. For this task, the DAG is shown below:

All four sequences described in the Explanation of Answer can be thought of as moving from left-to-right
in this DAG. This arrangement of the elements is known as a topological ordering.

One main application of DAGs is to model task dependencies (i.e., which tasks must occur before other
tasks), which is crucial for scheduling management. DAGs are also used in parallel processing and data
compression.

Connections to Computer Science

Germany
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Word Chains

Mr. Castor is teaching his students how to read. To help them learn he creates word chains, which are
sequences of words in which exactly one letter in a word is changed in order to create the next word.
For example, MUG → MUD → MAD → FAD is a word chain.

Mr. Castor has the following nine words: BOT, SAD, BAT, CAB, COT, BAD, COB, CAT, and SAT.
He groups them into three word chains, each with three words, so that each of the nine words is used
in exactly one of the word chains.

Story

Which of the following cannot be one of Mr. Castor’s three word chains?

(A) SAD → BAD → BAT

(B) COT → COB → CAB

(C) BAT → CAT → COT

(D) CAT → CAB → COB

Question
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(C) BAT → CAT → COT

Answer

To solve this problem, it is helpful to draw a diagram. In this diagram, two words are connected by a
line if they can follow each other in a word chain.

Option A is a possible word chain. In this case, the other two word chains could be SAT → CAT →
CAB and COB → COT → BOT, as shown.

Option B is a possible word chain. In this case, the other two word chains could be CAT → BAT →
BOT and SAT → SAD → BAD, as shown.

Explanation of Answer
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Option D is a possible word chain. In this case, the other two word chains could be COT → BOT →
BAT and SAT → SAD → BAD, as shown.

Option C is not a possible word chain because in the diagram, BOT is connected only to BAT and
COT. Thus, BOT must be in a word chain with at least one of these words. Since BAT and COT are
both in the word chain for Option C, and BOT is not, that leaves no possible word chain for BOT.

Explanation of Answer

In computer science, this type of diagram is called a graph, and it is used to show connections between
elements. A graph consists of a set of vertices and a set of edges, where each edgeconnects a pair of
vertices. In this task, the vertices represent the words, and there is an edge between two vertices if they
can follow each other in a word chain (i.e., if the words differ by exactly one letter).

A word chain is found by recording the words along a sequence of connected edges, known as a path in
the graph. Since there exists a path between any two vertices in this graph, this graph is a connected
graph. Grouping the nine words into three word chains, each with three words is the equivalent to
removing edges of the graph in order to create a disconnected graph with three connected components,
each with three vertices. In this task, we are determining whether or not a given set of three words
could be a component of such a disconnected graph.

Determining the connected components of a graph is a fundamental concept in image analysis. For
example, determining which regions of the same (or similar) colour connect together can help determine
the outline of objects in photographs.

Connections to Computer Science
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