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1. Introduction

The Maastricht Treaty (article 105) states that the primary objective
of the European Central Bank (ECB) is to maintain price stability
within the European Monetary Union. Although the ECB may use a
battery of economic indicators—including country-specific ones—in
order to fulfill this primary objective, it makes decisions on the basis
of aggregate developments, while national idiosyncrasies are left to
the care of national governments. The consequences of such a con-
straint on the monetary policy of the euro area are obviously related
to the extent and the nature of heterogeneity of countries within the
area. Since the decisions have to be made on the basis of aggre-
gate developments only, it may be argued that, since objectives are
defined in terms of aggregate variables, an area-wide model (AWM)
would be sufficient for capturing most characteristics of the euro-
area economy. On the other hand, a multicountry model (MCM)
may help capture the heterogeneity of countries and therefore offer
valuable information about the state of the euro-area economy. Con-
sequently, it would help define a more appropriate monetary policy
rule. As a result, it is not clear a priori what type of forecasting
model (multicountry or area-wide) should be used for implementing
an optimal monetary policy.

To investigate the role devoted to country-specific information
in the decision process regarding the Eurosystem, the standard
approach to policy evaluation can be followed (see the contribu-
tions in Taylor 1999): the optimal policy rule is determined so as
to minimize the expected value of an intertemporal loss function,
under the constraint provided by a low-dimensional multicountry
model of the euro area. Assuming that the monetary authority is
exclusively interested in area-wide objectives, it is possible to com-
pare the performance of two optimal reaction functions based on
an MCM and an AWM, respectively. Such a comparison has already
been performed in a few sets of contributions, revealing that the loss
associated with the neglect of country-specific information might
be large.1 However, in these studies, the underlying macroeconomic

1The literature includes De Grauwe (2000), De Grauwe and Piskorki (2001),
Aksoy, De Grauwe, and Dewachter (2002), Angelini et al. (2002), and Monteforte
and Siviero (2003), among others.
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models are not designed in an optimization-based framework. Con-
sequently, the optimal monetary policy deduced from such mod-
els is subject to the Lucas critique, since it is based on reduced-
form, rather than structural, parameters. This is a serious limitation
when the welfare resulting from an optimal policy rule has to be
evaluated.

The objective of this paper is to reassess and generalize the pre-
ceding results in investigating how heterogeneity of agents across
euro-area countries is likely to affect the optimal monetary policy
using an optimization-based framework. More precisely, we measure
the welfare cost of using an AWM instead of an MCM to evalu-
ate the optimal monetary policy. The basic idea is that the MCM
is designed to capture the cross-country heterogeneity and thus to
describe more accurately the way monetary policy affects the econ-
omy. Consequently, a welfare-maximizing central bank may be able
to implement a more efficient monetary policy, even if the policy
rule is assumed to be based on aggregate variables only. An obvi-
ous shortcoming of the MCM is that its estimation is much more
demanding, since it requires modeling the joint dynamics of several
economies as well as the international transmission mechanisms. In
addition, the MCM is likely to induce a large amount of country-
specific uncertainty, while an AWM may average these errors. Con-
versely, the estimation of an AWM is likely to induce an aggregation
bias if structural parameters actually differ across countries. Such a
bias has already been highlighted in the context of the Phillips curve
(see Demertzis and Hughes Hallett 1998, Benigno and López-Salido
2006, or Altissimo, Mojon, and Zaffaroni 2007), but its consequences
on the optimal monetary policy in a complete model have not been
explored up to now.

In the class of dynamic stochastic general equilibrium (DSGE)
models, several alternative models provide plausible frameworks to
take heterogeneity into account. Our approach consists of design-
ing a low-dimensional model that fits the data fairly well. The first
reason for doing so is that in a simple structural model, the under-
lying mechanisms are easy to understand and the subsequent wel-
fare analysis is transparent. Second, to measure the effect of cross-
country heterogeneity on monetary policy, we need to estimate the
structural parameters of all the individual economies. As a conse-
quence, a low-dimensional model is required to obtain consistent
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estimates. Estimation is based on Bayesian techniques, which seem
to be the best way to determine an empirically realistic specification
of the heterogeneity.

The model we consider resorts to the “new open-economy macro-
economics” literature, initiated by Obstfeld and Rogoff (1995). In
addition to significant frictions in the form of nominal rigidities,
other mechanisms are introduced: (i) cross-country differences in
the structural parameters are allowed, since we are primarily inter-
ested in the effect of such heterogeneity on the design of the optimal
monetary policy, (ii) perfect risk sharing and a home bias in pref-
erences are incorporated in the model to deal with exchange rate
indeterminacy, and (iii) cross-country correlations between shocks
are introduced to capture co-movement in the joint dynamics of
national conditions.

Following the strategy described above, we first estimate two
models, mimicking the way the ECB forecasts macroeconomic devel-
opments within the Eurosystem. In the first one, we adopt an open-
economy framework and model the joint dynamics of the data for the
major countries in the euro area (Germany, France, and Italy). In
the second one, we model the dynamics of area-wide macroeconomic
data. Our empirical evidence suggests that there exists some signifi-
cant heterogeneity within the euro area, even among core countries.
First, we obtain some significant differences between estimates of
the structural parameters at the euro-area level and at the coun-
try level, suggesting an aggregation bias. But more importantly, we
find that the main source of heterogeneity is the weak correlation
between shocks across countries.

Then, we investigate how cross-country heterogeneity affects the
design of optimal monetary policy within the euro area. We consider
two alternative modeling approaches. In both of them, the central
bank defines its preferences and its loss function at the area-wide
level, and the reaction function is designed in terms of aggregate vari-
ables only. In the first approach the MCM, estimated using country-
specific data, is used for computing the loss function, while in the sec-
ond approach the AWM, estimated using aggregated data, is used.
Then, we evaluate the optimal monetary policy that maximizes the
aggregate welfare, both under the AWM and the MCM, and we
measure the welfare cost of using the AWM (suboptimal) forecast-
ing model. We obtain that the welfare cost is quite significant, both
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statistically and economically. It appears to be related mainly to
nominal rigidities rather than to real rigidities.

The remainder of the paper is organized as follows. In section 2,
we describe the theoretical MCM. In section 3, we present the data
and the estimates of the MCM and AWM. In section 4, we determine
the optimal monetary policy under the two forecasting models and
evaluate the welfare implications of using the (suboptimal) AWM
model. Section 5 summarizes our main findings and concludes.

2. Structure of the Stylized Multicountry Model

The euro area is modeled as the aggregate of several economies. For
each country, we formulate a small-size open-economy model, which
is inspired by recent theoretical models derived from the “new open-
economy macroeconomics” literature.2 The model is enriched in sev-
eral dimensions to offer a comprehensive framework that encom-
passes other previous contributions. In terms of dynamics, first, key
modifications are the explicit incorporation of habit formation in
the households’ preferences and partial indexation in a price-setting
framework à la Calvo (1983). These assumptions provide us with
microfounded “hybrid” versions of the IS and Phillips curves. Sec-
ond, contrary to most recent studies on DSGE models, we do not
assume that preferences and technologies are the same across coun-
tries, since we are interested in measuring the effect of heterogeneity
on the optimal monetary policy of the area. In addition, domes-
tic and foreign shocks are allowed to be imperfectly correlated.
Third, we resort to the perfect-risk-sharing assumption. Although
this assumption is admittedly heroic in empirical work, it avoids
assuming nonrational expectations of exchange rate, which has been
shown to be an alternative way of dealing with nonstationarity.
Finally, households are assumed to have a taste bias toward goods
produced in their home country. Since preferences differ across coun-
tries, the price of consumption bundles will differ when expressed in

2See, among others, Monacelli (2001), Clarida, Gaĺı, and Gertler (2002), Smets
and Wouters (2002), Benigno and Benigno (2003), Devereux and Engel (2003),
P. Benigno (2004), Corsetti and Pesenti (2005), and Gaĺı and Monacelli (2005).
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a common currency. The real exchange rate thus deviates from pur-
chasing power parity (PPP).3 This assumption is crucial, because it
allows the perfect-risk-sharing equation to determine uniquely the
dynamics of the terms of trade.

In order to lighten the notations, we assume that there are two
countries in the euro area, denoted H (home) and F (foreign). Since
commercial links are much stronger between countries within the
area than with countries outside the area, we neglect trade with the
rest of the world. The population of the euro area is a continuum
of agents on the interval [0, 1]. The population of country H belongs
to [0, n), while the foreign population belongs to [n, 1]. Therefore,
n is the relative measure of the home-country size in the euro area.
An agent in the home country is indexed h ∈ [0, n), while a for-
eign agent is indexed f ∈ [n, 1]. Variables in the home country are
denoted Xt, while foreign variables are denoted X∗

t . The home econ-
omy produces a continuum of differentiated goods indexed on the
interval [0, n). Foreign goods (or, equivalently, goods produced in
the rest of the area) are indexed on the interval [n, 1]. All goods are
tradable.

2.1 Households

The home economy is populated by infinitively living households
consuming Dixit-Stiglitz aggregates of domestic and imported goods.
A home household h owns a firm producing goods h and receives div-
idends from it. We assume that households in a given country have
the same preferences and endowments. Although there may be idio-
syncratic shocks among households, we assume that households have
access to complete markets for state-contingent claims, so that there
is no heterogeneity among agents in a given country. Consequently,
all households in the same country behave in the same manner,
and then we consider the optimization problem of a representative
household. The representative household in country H maximizes
the following expected sequence of present and future utility flows

3An earlier contribution that introduced home-country bias in preferences is
due to Warnock (2000).
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that depends positively on consumption (Ct) and negatively on labor
(hours worked, Lt):4

Ut = Et

∞∑
k=0

βkεp,t+k

[
1

1 − σ
(Ct+k − γHt+k)1−σ− 1

1 + ϕ
(Lt+k)1+ϕ

]
,

(1)

subject to a series of real-period budget constraints:

Ct +
Bt+1

(1 + it)Pt
+

Tt

Pt
=

WtLt

Pt
+

Bt

Pt
+

Πt

Pt
, (2)

where Et denotes the expectation operator conditional on the infor-
mation set at time t; β is the intertemporal discount factor, with
0 < β < 1; σ is the inverse of the intertemporal elasticity of sub-
stitution of consumption; and ϕ is the inverse of the elasticity of
labor disutility with respect to hours worked. In addition, Wt is
the nominal wage income, Πt is the dividend received from home
firms, Tt represents nominal lump-sum government transfers, and it
is the nominal interest rate. εp,t denotes a country-specific prefer-
ence shock that affects the intertemporal substitution of all house-
holds in the same manner in the home economy. Preferences dis-
play external habit formation as in Abel (1990). The habit stock
is supposed to equal the level of aggregate consumption in the pre-
vious period (Ht = Ct−1), and γ represents the habit-persistence
parameter, measuring the effect of past consumption on current
utility (0 ≤ γ < 1). Finally, we assume complete markets for state-
contingent claims. Consequently, households can transfer wealth to
the next period by holding Bt+1 units of the one-period nominal
bond denominated in the domestic currency.5

4We abstract from money in this model since the central bank adjusts money
supply to satisfy money demand with a simple feedback rule.

5More precisely, at date t, home households hold B(st+1) = Bt+1 units of the
one-period bond denominated in home currency that pay 1 at date t + 1 if state
st+1 occurs and 0 otherwise, where st = (s0, · · · , st) denotes the story of events
up to date t. Foreign households hold B∗

t (st+1) = B∗
t+1 units of such bond.

The price of this bond in home currency is denoted by Φ(st, st+1) = Φt,t+1.
The price at date t of the portfolio held by home households is thus given by
Et[Φt,t+1Bt+1]. We define the one-period interest rate as 1 + it = 1/Et[Φt,t+1].
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The maximization problem of the home household consists in
maximizing equation (1) subject to constraint (2), yielding the opti-
mal profile of consumption—holdings of domestic bond and labor
supply. The first-order conditions imply6

UC,t = εp,t(Ct − γHt)−σ, (3)

(1 + it)−1 = βEt

[
UC,t+1

UC,t

Pt

Pt+1

]
, (4)

UL,t

UC,t
=

Wt

Pt
, (5)

where UX,t denotes the derivative of utility U with respect to vari-
able X at period t. Equation (3) defines the marginal utility of
consumption. Equation (4) is the usual Euler equation for intertem-
poral consumption flows. It establishes that the ratio of marginal
utility of future and current consumption is equal to the inverse of
the real interest rate. Equation (5) is the condition for the optimal
consumption-leisure arbitrage, implying that the marginal rate of
substitution between consumption and labor is equated to the real
wage.

2.1.1 Composite Consumption Index

The aggregate consumption index for home households and the cor-
responding consumption index for foreign households are defined by7

Ct =
(CH,t)ω(CF,t)1−ω

ωω(1 − ω)1−ω
and C∗

t =

(
C∗

H,t

)ω∗(
C∗

F,t

)1−ω∗

(ω∗)ω∗(1 − ω∗)1−ω∗ , (6)

where ω and ω∗ denote the share of home goods in the consump-
tion of home and foreign households, respectively. CH,t (resp. CF,t)

Note that, since bonds are state-contingent, including bonds denominated in
foreign currency would be redundant. For more details, see Chari, Kehoe, and
McGrattan (2002).

6We abstract here from the optimal intratemporal allocations between domes-
tic and foreign goods.

7As shown by Corsetti and Pesenti (2005), the Cobb-Douglas consumption
index is a sufficient condition for the trade to be invariably balanced.
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is the subindex of consumption of imperfectly substitutable home
(resp. foreign) goods, which is in turn given by the following CES
aggregators:

CH,t =

[(
1
n

)1/θ ∫ n

0
Ct(h)

θ−1
θ dh

] θ

θ−1

and

CF,t =

[(
1

1 − n

)1/θ ∫ 1

n

Ct(f)
θ−1

θ df

] θ
θ−1

, (7)

where Ct(h) (resp. Ct(f)) is consumption of the generic good h (resp.
f) produced in country H (resp. F). Parameter θ denotes the elas-
ticity of substitution across goods produced within a given country.
The corresponding consumption price indexes (CPIs) are given by

Pt = (PH,t)ω(PF,t)1−ω and P ∗
t =

(
P ∗

H,t

)ω∗(
P ∗

F,t

)1−ω∗

.

Here, PH,t (resp. PF,t) is the price subindex for home-produced (resp.
foreign-produced) goods expressed in the home currency, defined as

PH,t =
[

1
n

∫ n

0
PH,t(h)1−θdh

] 1
1−θ

and

PF,t =
[

1
1 − n

∫ 1

n

PF,t(f)1−θdf

] 1
1−θ

,

where PH,t(h) (resp. PF,t(f)) is the price in units of country H of a
generic good h (resp. f) produced in country H (resp. F).

We also assume that prices are set in the producer currency and
that the law of one price holds. We then have PH,t(h) = P ∗

H,t(h)St

and PF,t(f) = P ∗
F,t(f)St, where St is the nominal exchange rate

expressed as units of domestic currency needed for one unit of for-
eign currency.8 Since we assume the same elasticity of substitution

8Although it has been investigated in a number of recent papers, we do not
consider here the presence of imperfect exchange rate pass-through. A reason is
that it is not likely to be an important feature across countries within the euro
area. In addition, this feature is obviously irrelevant from the euro-area point of
view.
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among goods in a given country, we also have PH,t = P ∗
H,tSt and

PF,t = P ∗
F,tSt. Yet, from the definition of the CPI, we obtain that

Pt = P ∗
t St

(
PH,t

PF,t

)ω−ω∗

.

Therefore, if we assume that there exists a home bias in preferences
(ω �= ω∗), PPP does not necessarily hold; i.e., Pt �= P ∗

t St. We expect
ω > ω∗, so that home households put a higher weight on home goods
than foreign households.

2.1.2 International Risk Sharing

Under the assumption of complete markets, domestic and foreign
households trade in state-contingent claims denominated in the
home currency. This implies the following perfect-risk-sharing con-
dition (Chari, Kehoe, and McGrattan 2002):

Qt = κ
U∗

C∗,t

UC,t
, (8)

where the real exchange rate, defined as Qt ≡ StP
∗
t /Pt, is propor-

tional to the ratio of the marginal utility of consumption between
the two countries.9 The assumption of international market com-
pleteness ensures that, in our model, the real exchange rate and
consumption are stationary variables (see also G. Benigno 2004).

Since the real exchange rate deviates from PPP because of home
bias in preferences, we also have

Qt =
(

StP
∗
H,t

PH,t

)ω∗ (
StP

∗
F,t

PF,t

)1−ω∗ (
PF,t

PH,t

)ω−ω∗

= (Tt)ω−ω∗
, (9)

where Tt represents the home terms of trade, i.e., the relative price
between foreign and home bundles of goods as perceived by the home
resident. It is defined as10

Tt =
PF,t

PH,t
=

StP
∗
F,t

PH,t
. (10)

9κ = [S0P
∗
0 UC,0]/[P0U∗

C∗,0] is a constant that depicts the initial condition.
10The foreign terms of trade are simply given by T ∗

t = P ∗
H,t/P ∗

F,t = 1/Tt,
because the law of one price holds.
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Using equations (3), (8), and (9), this definition implies the
following:

(Tt)ω−ω∗
= κ

ε∗
p,t(Ct − γCt−1)σ

εp,t

(
C∗

t − γ∗C∗
t−1

)σ∗ . (11)

Note that, when there is no home bias in preferences (ω = ω∗), the
perfect-risk-sharing assumption does not allow us to determine the
terms of trade anymore.

Combining Euler equation (4) with the perfect-risk-sharing equa-
tion (8), we obtain the following dynamics for the real exchange rate
and the terms of trade:

Et

[
Qt+1

Qt

]
= Et

[
U∗

C

(
C∗

t+1
)
UC(Ct)

U∗
C

(
C∗

t

)
UC(Ct+1)

P ∗
t Pt+1

PtP ∗
t+1

]
=

1 + it
1 + i∗t

(12)

Et

[
Tt+1

Tt

]
= Et

[
P ∗

F,t+1PH,t

PH,t+1P ∗
F,t

1 + it
1 + i∗t

]
. (13)

Equation (12) is the uncovered interest rate parity (UIP) condition,
which states that the expected change in the exchange rate is exactly
compensated by the real interest rate differential. It is worth empha-
sizing that the UIP condition is not an additional implication in the
model, but rather a redundant relation.

2.2 Firms

There is a continuum of infinitely living and monopolistically com-
petitive firms indexed by h on the interval [0, n) for the home coun-
try and by f on the interval [n, 1] for the foreign country. These
firms produce differentiated goods that are bundled into homoge-
neous home and foreign goods by a constant returns to scale of the
Dixit-Stiglitz form:

Yt =

[(
1
n

)1/θ ∫ n

0
Yt(h)

θ−1
θ dh

] θ
θ−1

and

Y ∗
t =

[(
1

1 − n

)1/θ ∫ 1

n

Y ∗
t (f)

θ−1
θ df

] θ
θ−1

.
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The production technology of the representative home firm h com-
bines labor as primary input and a country-specific productivity
shock:

Yt(h) = εa,tLt(h). (14)

Output is normalized by population size, so that it is expressed in
per capita terms. We thus deduce that total home labor demand is
given by

Lt =
∫ n

0
Lt(h)dh =

∆tYt

εa,t
, (15)

where ∆t =
∫ n

0
Yt(h)

Yt
dh represents the dispersion of production

across firms in the home economy.
Since input markets are perfectly competitive and country spe-

cific, the standard static first-order condition for cost minimization
implies that all domestic firms have identical real marginal cost,
MCt, given by

MCt =
1

(1 + ϑ)
Wt

PH,tεa,t
, (16)

where ϑ is a subsidy for output that offsets the effect of imperfect
competition in goods markets on the steady-state level of output
(0 ≤ ϑ < 1).

A firm’s price-setting decision is modeled through a modified
version of Calvo’s (1983) staggering mechanism. In addition to the
baseline mechanism, we allow for the possibility that firms that do
not optimally set their prices may nonetheless adjust them to keep
up with the previous-period increase in the general price level (see
Sbordone 2003 and Christiano, Eichenbaum, and Evans 2005 for
details concerning this assumption). In each period, a firm faces a
constant probability, 1 − α, of being able to reoptimize its price
and chooses the new price P̃H,t(h) that maximizes the expected
discounted sum of profits

Et

∞∑
k=0

αkΥt,t+k

[
P̃H,t(h)ΨH

t,t+k

PH,t+k
− MCt+k

]
Yt+k(h), (17)
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subject to the sequence of demand equations

Yt+k(h) =

(
P̃H,t(h)ΨH

t,t+k

PH,t+k

)−θ

Yt+k, (18)

where Υt,t+k = βkUC(Ct+k)/UC(Ct) is the discount factor between
time t and t + k, and

ΨH
t,t+k =

{ ∏k−1
ν=0(π̄H)1−ξ(πH,t+v )ξ k > 0

1 k = 0,
(19)

where π̄H is the domestic trend inflation and the coefficient ξ ∈ [0, 1]
indicates the degree of indexation to past prices during the periods
in which the firm is not allowed to reoptimize. ΨH

t,t+k is a correcting
term that accounts for the fact that if the firm h does not reoptimize
its price, it updates its price according to the rule

PH,t(h) = (π̄H)1−ξ(πH,t−1)ξPH,t−1(h). (20)

Consequently, the first-order condition associated with the profit
maximization implies that firms set their price equal to the dis-
counted stream of expected future real marginal costs:

Et

∞∑
k=0

αkΥt,t+k

[
(π̄H)(1−ξ)k

(
PH,t+k−1

PH,t−1

)ξ
P̃H,t(h)
PH,t+k

− θ

θ − 1
MCt+k

]

× Yt+k(h) = 0. (21)

If flexible prices is assumed (α = 0), this expression gives the
optimal relative price P̃H,t(h)/PH,t = µMCt, where µ ≡ θ/(θ − 1)
is the optimal markup in a flexible-price economy. As there are
no firm-specific shocks in this economy, all firms that are allowed
to reoptimize their price at date t select the same optimal price
P̃H,t(h) = P̃H,t, ∀h.

Staggered price setting under partial indexation implies the fol-
lowing expression for the evolution of the domestic price index:

PH,t =
[
α((π̄H)1−ξ(πH,t−1)ξPH,t−1)1−θ + (1 − α)(P̃H,t)1−θ

] 1
1−θ

.

(22)
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The price-setting problem solved by firms in the foreign coun-
try is similar and leads to an optimal rule analogous to equa-
tion (21). However, we allow foreign structural parameters (α∗, ξ∗)
and country-specific shocks (ε∗

a,t) to differ from their home-country
counterparts.

2.3 Market-Clearing Conditions

Demands for goods are given by the subindex of consumption (7);
the allocation of demand across each of the goods produced within
a given country for consumers H, F is given by

Ct(h) =
1
n

(
PH,t(h)

PH,t

)−θ

CH,t and C∗
t (h) =

1
n

(
P ∗

H,t(h)
P ∗

H,t

)−θ

C∗
H,t,

Ct(f) =
1

1 − n

(
PF,t(f)

PF,t

)−θ

CF,t and

C∗
t (f) =

1
1 − n

(
P ∗

F,t(f)
P ∗

F,t

)−θ

C∗
F,t.

The consumption aggregator (6) implies that home and foreign
demands for composite home and foreign goods are given by

CH,t = ω

(
Pt

PH,t

)
Ct and C∗

H,t = ω∗

(
P ∗

t

P ∗
H,t

)
C∗

t ,

CF,t = (1 − ω)
(

Pt

PF,t

)
Ct and C∗

F,t = (1 − ω∗)

(
P ∗

t

P ∗
F,t

)
C∗

t .

Then, goods market clearing in the home and foreign countries
implies

Yt(h) = nCt(h) + (1 − n)C∗
t (h)

=
(

PH,t(h)
PH,t

)−θ (
Pt

PH,t

) (
ωCt + T ω−ω∗

t

1 − n

n
ω∗C∗

t

)
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and

Y ∗
t (f) = nCt(f) + (1 − n)C∗

t (f)

=
(

PF,t(f)
PF,t

)−θ(
Pt

PF,t

)(
n

1 − n
(1 − ω)Ct + (1 − ω∗)T ω−ω∗

t C∗
t

)
,

so that aggregate outputs in home and foreign goods are

Yt = ω(Tt)1−ωCt +
1 − n

n
ω∗(Tt)1−ω∗

C∗
t (23)

and

Y ∗
t = (1 − ω)(Tt)−ω n

1 − n
Ct + (1 − ω∗)(Tt)−ω∗

C∗
t . (24)

Together with equation (10), these relations show that aggregate
output only depends on home and foreign consumptions and prefer-
ence shocks.

2.4 Log-Linear Equilibrium

In order to estimate the model, we log-linearize it around the steady
state. We also close the model by specifying a fairly simple monetary
policy rule for each country, in which the short-term nominal inter-
est rate responds to lagged interest rate as well as to deviations of
inflation to its steady-state value and deviations of domestic aggre-
gate output to its flexible-price equilibrium (or natural) value. This
specification includes an additional monetary policy shock. Notice
that, since the historical policy rule has not been necessarily opti-
mal, the parameters of the reaction function cannot be viewed as
structural ones. Consequently, we adopt for the moment a widely
accepted specification, in order to estimate structural parameters
reflecting the behavior of private agents.11 Finally, we need to spec-
ify the dynamics of the shocks. We assume that the preference,
productivity, and monetary policy shocks follow AR(1) processes,

11See Dieppe, Küster, and McAdam (2005) for a comparison of several policy
rules using an AWM.
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with autoregressive parameters denoted ρp, ρa, and ρi and standard
deviations denoted σp, σa, and σi, respectively.

The resulting system, expressed in percentage deviation around
the steady state, is presented in appendix 1. Details of the construc-
tion of the flexible-price output are provided in appendix 2. The
determination of the optimal monetary policy consistent with our
structural model is performed in section 4.

In the case of an area with more than two countries, the broad
structure of the model remains essentially unchanged. The major
change is that, in an N -country model, international transmission
mechanisms pass through (N − 1) independent terms of trade. Con-
sequently, since the Phillips curve depends on the terms of trade
through movements in real marginal cost, inflation dynamics is
affected by demand conditions in all countries. Moreover, domes-
tic consumption is affected by the average of real interest rates
prevailing in all countries of the area.

3. Estimation

We now concentrate on the two models that we will use to evaluate
the optimal monetary policy rules: (i) an MCM that incorporates
information on individual countries, allowing model parameters to
differ from one country to another, and (ii) an AWM that implicitly
assumes that the heterogeneity of behaviors and the asymmetry of
shocks across countries can be neglected in the design of monetary
policy.12

Models used for policy analysis must naturally make quantitative
predictions that can match observed regularities in the data. In this
way, our small DSGE models search to match, in broad terms, the
relationship among consumption (or output), inflation, and interest
rates. But we do not explore the details of our model’s fit to the data
in this research. A technical appendix (available from the authors
upon request) gives all the details concerning the empirical perfor-
mance of the models and shows that both the MCM and the AWM

12For the AWM, we resort to the closed-economy version of the model described
above, estimated over aggregated data of the euro area.



Vol. 4 No. 2 Optimal Monetary Policy 39

are able to reproduce most dynamics of the data, although the data
do not support all the restrictions imposed by the DSGE.13

It is clear that introducing additional mechanisms would enrich
the model and substantially improve its fit. Such an extension would
be crucial especially if the model was to be used for implementing
policy applications (alternative policy scenarios, forecasting, etc.). In
our context, we emphasize the ability of our models to provide some
evidence on the consequences of heterogeneity for optimal monetary
policy. As we will show in the next section, even within our simple
framework, we obtain that the use of an AWM induces relatively large
and significant welfare losses. The omitted heterogeneity is actually
incorporated in shocks that do not play a great role in the welfare
measure (only the preference shocks enter the welfare measure).
Since we obtain a large gap between the two welfare measures even
when not all the sources of heterogeneity are taken into account,
adding additional sources would result in even higher welfare losses.
In section 4.4, we discuss some alternative modeling specifications.

Estimation is performed using Bayesian techniques.14 The
dynamical systems are cast in a state-space representation for the
set of observable variables. The Kalman filter is then used to eval-
uate the likelihood of the observed variables and form the posterior
distribution of the structural parameters by combining the likeli-
hood function with a joint density characterizing some prior beliefs.
Given the specification of the model, the posterior distribution can-
not be recovered analytically but can be evaluated numerically,
using a Markov-Chain Monte Carlo (MCMC) sampling approach.
More specifically, we rely on the Metropolis-Hastings (MH) algo-
rithm to obtain random draws from the posterior distribution of the
parameters.15

13In the technical appendix, we first compare the posterior distributions of the
DSGE and VAR models (see Geweke 1999); then we compare the DSGE-based
cross-covariances (or autocorrelations) and/or impulse-response functions with
those obtained from a VAR model.

14The Bayesian strategy has been proposed by, among others, Schorfheide
(2003), Smets and Wouters (2003), and Fernandez-Villaverde and Rubio-Ramirez
(2004).

15We simulate a sample of 200,000 random draws. The first 50,000 observa-
tions are discarded to eliminate any dependence on the initial values. The mode
and the Hessian of the posterior distribution evaluated at the mode are used to
initialize the MH algorithm.
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3.1 Data

The data are drawn from OECD’s Business Sector Database for indi-
vidual countries. The sample period runs from 1970:Q1 to 1998:Q4
at a quarterly frequency. We suppose that the euro area is repre-
sented by the three largest countries of the area (Germany, France,
and Italy), which cover some 70 percent of the area-wide GDP. The
MCM is then estimated for these three countries, while the AWM is
estimated on the weighted average of series pertaining to the three
countries under study.

The estimation of the model is based ultimately on three key
macroeconomic variables for each country: real consumption, the
inflation rate, and the nominal short-term interest rate. Neither the
terms of trade nor the real marginal cost are necessary for the esti-
mation of the model, since they are defined as exact functions of
the other macroeconomic variables. Consumption is defined as real
consumption expenditures, linearly detrended. We measure inflation
as the annualized quarterly percent change in the implicit GDP
deflator. The interest rate is the three-month money-market rate.
Figure 1 displays the historical path of the various series under con-
sideration for each country or area. In the case of the euro area, we
also plot the series extracted from the AWM database provided by
Fagan, Henry, and Mestre (2005). We first notice that the two data
sets for the euro area look very similar. We also observe a down-
ward trend in inflation and interest rate, which mainly corresponds
to the convergence process of economic conditions within the euro
area. The structural model presented above is clearly not designed
to capture such an empirical feature. Therefore, inflation and the
nominal interest rate are detrended by the same quadratic trend in
inflation.16

3.2 Prior Distribution and Calibrated Parameters

In the definition of the prior distributions, we followed the now
standard procedure, assuming a beta distribution for parameters
bounded between zero and one, a uniform distribution for standard

16We also examined if the estimates are modified when consumption is
detrended using the regression on a quadratic time trend or a Hodrick-Prescott
filter. The results were not altered in any significant way.





out in several studies as a likely source of misspeci�cation in hybrid RE models (see, e.g.,Kozicki and Tinsley,
2002; Rudebusch, 2002a, b). Other forms of misspeci�cation are discussed more brie�y.

3.1. The case of omitted dynamics

To illustrate omitted dynamics, the DGP is now assumed to include two lags of the dependent variable:
Model 2:

Y t …o f EtY tþ 1 þ o 1
bY t� 1 þ ð 1 � o f � o 1

bÞY t� 2 þ bZ t þ et ,
Z t …r Z t� 1 þ ut , ð8Þ

where the parameters pertaining to lags and lead of in�ation sum to one (we de�neo 2
b …1 � o f � o 1

b). The
characteristic polynomial of (8) isð1 � o f L � 1 � o 1

bL � o 2
bL2Þ … 0 with roots j 1 … ð1 � o f Þ=o f , j 2 …o 2

b=o f ,
and j 3 …1. Consequently, the reduced form of this model is

Y t …j 1Y t� 1 þ j 2Y t� 2 þ yZ t þ ~et , (9)

where as beforey …b=ðo f ð1 � r ÞÞ and ~et …et=o f with ~s2
e …s2

e=o 2
f . Stationarity conditions of (9) (with an

exogenous stationary forcing variable) are known to be 1� j 1 � j 24 0, 1 þ j 1 � j 24 0, and j 24 � 1. These
conditions are equivalent to the following conditions for the structural parameters:ð2 � 3o f � o 1

bÞo 0 and
� o f o o 1

bo 1.
Fig. 1 displays the area where the reduced form (9) is stationary assumingjr jo 1. If we maintain the

assumption that o f p 1 (or, equivalently, j 1X 0) to be consistent with the theoretical derivation of the hybrid
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Table 1
Finite-sample properties of estimators in the model with a single lag

Structural parameters Statistic GMM ðL …0Þ GMM ðL …7Þ GMM ðL …7Þ ML Plim OLS
(optimal instr.
set)

(NW-12 lags) (West-MA(1))

o f r o f b o f b o f b o f b o f b

0.55 0.0 Median 0.550 0.099 0.523 0.100 0.526 0.102 0.551 0.099 0.492 0.109
MAD 0.049 0.063 0.034 0.063 0.047 0.071 0.014 0.045

0.55 0.9 Median 0.548 0.108 0.534 0.122 0.534 0.124 0.550 0.106 0.459 0.198
MAD 0.022 0.045 0.021 0.052 0.023 0.055 0.002 0.038

0.75 0.0 Median 0.749 0.103 0.690 0.102 0.691 0.106 0.750 0.101 0.498 0.111
MAD 0.074 0.088 0.059 0.084 0.069 0.094 0.043 0.062

0.75 0.9 Median 0.746 0.106 0.699 0.109 0.700 0.111 0.751 0.106 0.488 0.132
MAD 0.054 0.039 0.047 0.041 0.050 0.044 0.020 0.038

0.95 0.0 Median 0.946 0.100 0.852 0.098 0.855 0.101 0.951 0.097 0.500 0.102
MAD 0.106 0.114 0.089 0.105 0.099 0.122 0.072 0.080

0.95 0.9 Median 0.947 0.105 0.855 0.103 0.859 0.107 0.954 0.105 0.499 0.105
MAD 0.088 0.040 0.075 0.040 0.082 0.046 0.049 0.037

This table reports summary statistics on the �nite-sample distribution of the GMM and ML estimators of the model with a single lag.
Parameter sets areo f … f0:55; 0:75; 0:95g, r … f0; 0:9g, b …0:1, andse …su …1. This table reports the median and the median of absolute
deviations from the median (MAD) of the empirical distribution obtained using Monte-Carlo simulations (multiplied by 1.4826 for
comparability with a standard deviation). The experiment is performed as follows. For each parameter set, we simulate 5;000 samples of
sizeT …150. For each simulated sample, a sequence ofT þ 100 random innovations are drawn from the Gaussian distribution Nð0; SÞ
with no serial correlation ðS …diagðs2

e; s2
uÞÞ , and the �rst 100 entries are discarded to reduce the effect of initial conditions. It also displays

the Plim of the OLS estimator, towards which the GMM estimator is biased, under weak-instrument relevance or instrument redundancy.
For the �rst GMM estimator, the instrument set only includes the optimal instruments fY t� 1;Z tg. For the second and third GMM
estimators, L …7 redundant lags of these instruments are also included. The weighting matrix of the second estimator is based on the
Newey and West (1987)procedure (with 12 lags), while the third estimator uses theWest (1997)procedure, acknowledging the MA(1)
structure of the error term.
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3.2. Other sources of misspeci�cation

Although the results presented in the previous section are speci�c to the DGP studied above, qualitatively
similar results are obtained with other sources of misspeci�cation. As an illustration, consider the case when a
regressor is omitted in the hybrid equation. Such a case has been studied byRudd and Whelan (2005)for
the IV estimator in a backward-looking DGP. To generalize their framework, we consider the following
hybrid DGP:

Y t …o f EtY tþ 1 þ ð 1 � o f ÞY t� 1 þ b1Z 1;t þ b2Z 2;t þ et , ð12Þ
Z 1;t …r 1Z 1;t� 1 þ u1;t , ð13Þ
Z 2;t …r 2Z 2;t� 1 þ u2;t , ð14Þ

with E ðu1;tu2;t Þ … 0; so that the two forcing variables are uncorrelated. The misspeci�ed equation estimated by
the econometrician is

Y t …af EtY tþ 1 þ ð 1 � af ÞY t� 1 þ bZ1;t þ et . (15)

As shown in the Appendix, when 0p r 1; r 2p 1, the following inequalities hold:

aGMM1 p o f ,
aML p o f p aGMM2 ,

where aGMM1 and aGMM2 are the Plims of the GMM estimators with instrument sets fY t� 1;Z 1;tg and
fY t� 1;Z 1;t ; Z 2;tg, respectively. As shown in a preliminary version of this paper, other misspeci�cations such as
measurement error in the forcing variable would produce the same result that the GMM2 and the ML
estimators are biased in opposite direction with respect too f .14

In all these cases, a similar intuition applies: in the second-stage regression of the GMM2 estimation, the
�tted lead of the dependent variable captures the effect of the omitted variable, so that parametero f is over-
estimated. On the opposite, with MLE, the effect of the omitted variable is captured by the lag of the
dependent variable, resulting in parametero f being under-estimated. Notice that in the omitted variable and
measurement error cases, the GMM1 estimator ofaf always under-estimateso f . The reason is that the
instrument set used in the �rst-step regression does not provide any useful information on the omitted variable
that may be captured by the �tted lead of the dependent variable. By contrast, in the omitted dynamics case,
the dependent variable,Y t� 1, does contain valuable information on the omitted lagY t� 2.

3.3. A quasi-Hausman test for misspeci�cation

The result that ML and GMM estimators generally diverge in opposite directions under misspeci�cation
suggests a Hausman-type test. The originalHausman (1978)speci�cation test is based on the difference
between an estimator consistent under the null and alternative hypotheses and an estimator ef�cient under the
null hypothesis. In our context, under the null, the ML estimator is ef�cient while the GMM estimator is
consistent. However, under the alternative of misspeci�cation of the equation of interest, none of the
estimators is consistent. We label this test a quasi-Hausman test.15 As established in the previous sections, the
Plims of the respective estimators differ under the alternative, so that the quasi-Hausman test is consistent for
the types of misspeci�cation considered here. It is likely that the test also has power against other
misspeci�cations.

We de�ne d̂ML and d̂GMM the estimators of d … ðo f ;bÞ0 and V ML and V GMM their respective covariance
matrices, estimated byV̂ ML and V̂ GMM . Under the null that the DGP is correctly speci�ed and assuming
normality of errors, the estimator d̂ML is ef�cient. Then Hausman (1978)�s lemma applies.

ARTICLE IN PRESS

14The role of measurement error in the new Phillips curve estimates is discussed byLinde· (2005).
15This terminology comes fromVerbeek and Nijman (1992). Quasi-Hausman tests with the same feature have been proposed in other

contexts, e.g., byWhite (1982)and Hahn and Hausman (2002).
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Table 2
Plim of estimators and misspeci�cation test in the case of omitted dynamics

Structural parameters Panel A: plim of the estimator Panel B: power of misspeci�cation tests

GMM1 GMM2 Optimal GMM2 ML With GMM2
(NW)

With GMM2
(W)

o f o 1
b o 2

b j 1 þ j 2 r a f b af b af b af b Hausman J-stat Hausman J-stat

0.40 0.90 � 0.30 0.75 0.00 0.308 0.135 0.526 0.053 0.530 0.048 0.538 0.135 0.446 1.000 0.178 1.000
0.40 0.90 � 0.30 0.75 0.90 0.410 0.348 0.511 0.193 0.504 0.155 0.577 0.190 0.887 1.000 0.334 0.539

0.60 0.25 0.15 0.92 0.00 0.706 0.088 0.857 0.071 0.666 0.087 0.529 0.088 0.240 0.543 0.053 0.488
0.60 0.25 0.15 0.92 0.90 0.546 0.064 0.561 0.042 0.535 0.068 0.519 0.072 0.313 0.771 0.335 0.687

0.60 0.60 � 0.20 0.34 0.00 0.500 0.111 0.536 0.107 0.523 0.118 0.667 0.111 0.878 0.896 0.869 0.889
0.60 0.60 � 0.20 0.34 0.90 0.575 0.149 0.601 0.145 0.585 0.165 0.725 0.119 0.890 0.976 0.868 0.977

0.80 � 0.10 0.30 0.62 0.00 1.143 0.089 1.217 0.087 0.961 0.090 0.714 0.089 0.478 0.877 0.199 0.855
0.80 � 0.10 0.30 0.62 0.90 0.769 0.037 0.804 0.027 0.683 0.056 0.609 0.068 0.370 0.982 0.298 0.897

0.80 0.30 � 0.10 0.12 0.00 0.727 0.102 0.730 0.102 0.676 0.103 0.818 0.102 0.387 0.245 0.345 0.207
0.80 0.30 � 0.10 0.12 0.90 0.768 0.114 0.771 0.114 0.728 0.123 0.856 0.104 0.504 0.379 0.374 0.305

Bounds
1.00 1.00 � 1.00 � 1.00 0.00 0.50 0.50 1.00 1.00
1.00 1.00 � 1.00 � 1.00 1.00 0.50 0.50 1.00 1.00
1.00 � 1.00 1.00 1.00 0.00 In�nite In�nite 1.00 1.00
1.00 � 1.00 1.00 1.00 1.00 0.50 In�nite 0.50 0.50
0.33 1.00 � 0.33 1.00 0.00 0.25 0.50 0.50 0.50
0.33 1.00 � 0.33 1.00 1.00 0.25 0.50 0.50 0.50

This table reports the Plim of GMM and ML estimators (Panel A) and the power of misspeci�cation tests (Panel B) in the case of omitted dynamics. Selectedpairs of fo f ;o 1
bg are

displayed in Fig. 1. Other parameter sets arer … f0; 0:9g, b …0:1 and se …su …1. The Plims are computed using Proposition 2. Bounds for the Plims of estimators ofaf and b are
obtained for fo f ; o 1

bg … fA; B; Cg whereA, B, and C are de�ned in Fig. 1, r … f0; 1g, and se …0.
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Notice that s = C̄/Ȳ and s∗ = C̄∗/Ȳ ∗.

Taylor-Type Rules
• Home monetary policy rule:

ı̂t = ψiı̂t−1 + (1 − ψi)
[
ψππ̂H,t + ψy

(
ŷt − ŷn

t

)]
+ ε̂i,t (42)

• Foreign monetary policy rule:

ı̂∗t = ψ∗
i ı̂∗t−1 +

(
1 − ψ∗

i

)[
ψ∗

ππ̂∗
F,t + ψ∗

y

(
ŷ∗

t − ŷ∗n
t

)]
+ ε̂∗

i,t (43)

• Home monetary policy shock:

ε̂i,t = ρiε̂i,t−1 + ηi,t (44)

• Foreign monetary policy shock:

ε̂∗
i,t = ρ∗

i ε̂
∗
i,t−1 + η∗

i,t (45)

Appendix 2. The Log-Linearized Flexible-Price Output

The so-called natural output is obtained as the level of output that
would prevail under flexible prices in the absence of cost-push shocks.
In this case, the optimal pricing decision for the firm h—i.e., the
price that would maximize profits at each period—is given by

PH,t(h) =
µ

(1 + ϑ)
Wt

εa,t
,

where µ ≡ θ/(θ − 1) is the optimal markup and ϑ is the subsidy
for output that offsets the effect on imperfect competition in goods
markets on the steady-state level of output. Using the demand for

good h, Yt(h) =
(

PH,t(h)
PH,t

)−θ

Yt, we note that the relative supply

of good h must in turn satisfy
(

Yt(h)
Yt

)−1/θ

=
µ

(1 + ϑ)
Wt

PH,tεa,t
.

Note also that, in steady state,

ŪL̄

ŪC̄

=
(1 + ϑ)

µ
= 1.
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Because all wages are the same in the case of flexible wages, we
have Wt(h) = Wt and Lt(h) = Lt for all h. This implies that all
sellers supply a quantity Y n

t satisfying

1 =
ULn,t

UCn,t

Pt

PH,t

1
εa,t

=

(
Ln

t

)ϕ

(
Cn

t − γCn
t

)−σ

(
T n

t

)1−ω

εa,t

=

(
Y n

t /εa,t

)ϕ

(
Cn

t − γCn
t−1

)−σ

(
T n

t

)1−ω

εa,t
.

Log-linearizing this expression yields

ŷn
t = − σ

(1 − γ)ϕ
ĉn
t +

σγ

(1 − γ)ϕ
ĉn
t−1 − (1 − ω)

ϕ
τ̂n
t +

(1 + ϕ)
ϕ

ε̂a,t.

By using the terms-of-trade expression

τ̂n
t =

1
ω − ω∗

[
σ

1 − γ
ĉn
t − γσ

1 − γ
ĉn
t−1 − σ∗

1 − γ∗ ĉ∗n
t

+
γ∗σ∗

1 − γ∗ ĉ∗n
t−1 + ε̂∗

p,t − ε̂p,t

]

with the definition of the aggregate output

ŷn
t = ωsĉn

t + (1 − ωs)ĉn∗
t + [(1 − ω)ωs + (1 − ω∗)(1 − ωs)]τ̂n

t ,

we obtain(
σ

1 − γ
+ ϕωs +

σΨ
(1 − γ)

)
ĉn
t =

γσ

1 − γ
(1 + Ψ)ĉn

t−1

−
(

ϕ(1 − ωs) − σ∗Ψ
(1 − γ∗)

)
ĉ∗n
t − γ∗σ∗Ψ

(1 − γ∗)
ĉ∗n
t−1

− Ψ
(
ε̂∗

p,t − ε̂p,t

)
+ (1 + ϕ)ε̂a,t (46)

and

ŷn
t =

(
ωs+

σΨ̃
(1 − γ)

)
ĉn
t −

(
γσΨ̃

(1 − γ)

)
ĉn
t−1+

(
1 −ωs − σ∗Ψ̃

(1 − γ∗)

)
ĉ∗n
t

+

(
γ∗σ∗Ψ̃
(1 − γ∗)

)
ĉ∗n
t−1 + Ψ̃

(
ε̂∗

p,t − ε̂p,t

)
, (47)
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where Ψ = [(1 − ω)(1 + ϕωs) + ϕ(1 − ω∗)(1 − ωs)]/(ω − ω∗) and
Ψ̃ = [(1 − ω)ωs + (1 − ω∗)(1 − ωs)]/(ω − ω∗).

The same calculations for the foreign country yield
(

σ∗

1 − γ∗ + ϕ∗(1 − ω∗)s∗ +
σ∗Ψ∗

(1 − γ∗)

)
ĉ∗n
t =

γ∗σ∗

1 − γ∗ (1 + Ψ∗)ĉ∗n
t−1

−
(

ϕ∗[1 − (1 − ω∗)s∗] − σΨ∗

(1 − γ)

)
ĉn
t − γσΨ∗

(1 − γ)
ĉn
t−1

+ Ψ∗(ε̂∗
p,t − ε̂p,t

)
+ (1 + ϕ∗)ε̂∗

a,t (48)

and

ŷ∗n
t =

[
1 − (1 − ω∗)s∗ − σΨ̃∗

(1 − γ)

]
ĉn
t +

γσΨ̃∗

(1 − γ)
ĉn
t−1

+

(
(1 − ω∗)s∗ +

σ∗Ψ̃∗

(1 − γ∗)

)
ĉ∗n
t − γ∗σ∗Ψ̃∗

(1 − γ∗)
ĉ∗n
t−1

− Ψ̃∗(ε̂∗
p,t − ε̂p,t

)
, (49)

where Ψ∗ = [ω[1 + ϕ∗(1 − (1 − ω∗)s∗)] + ω∗ϕ∗(1 − ω∗)s∗]/(ω − ω∗)
and Ψ̃∗ = (ω[1 − (1 − ω∗)s∗] + ω∗(1 − ω∗)s∗)/(ω − ω∗).

Appendix 3. Approximation of the Welfare Criterion

The second-order approximation of the home representative house-
hold’s utility is derived in this section, using methods discussed in
more detail in Woodford (2003). The average utility flow of the
representative household at date t is given by

Wt = U(Ct,Ht, εp,t) − 1
n

∫ n

0
V(Lt(h), εp,t)dh, (50)

where

U(Ct,Ht, εp,t) =
εp,t

1 − σ
(Ct − γHt)1−σ and

V(Lt(h), εp,t) =
εp,t

1 + ϕ
(Lt(h))1+ϕ.
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Taylor Expansion of the Utility Function

The second-order Taylor expansion of U(Ct,Ht, εp,t) around the
steady state Ū = U(C̄, H̄, ε̄p) yields

U(Ct,Ht, εp,t) ≈ Ū + ŪC̄C̃t + ŪH̄H̃t + Ūε̄p ε̃p,t +
1
2

ŪC̄C̄C̃2
t

+
1
2

ŪH̄H̄H̃2
t +

1
2

Ūε̄pε̄p(ε̃p,t)2 + ŪC̄H̄C̃tH̃t

+ ŪC̄ε̄p
C̃tε̃p,t + ŪH̄ε̄p

H̃tε̃p,t + O(‖ζ‖3), (51)

where X̃t = Xt − X̄, O(‖ζ‖3) denotes the order of residual and ‖ζ‖
is a bound on the amplitude of exogenous disturbances.

Applying a second-order Taylor expansion (X̃t/X̄ = x̂t + 1
2 x̂2

t +
O(‖ζ‖3), where x̂t = lnXt − ln X̄), we obtain

U(Ct,Ht, εp,t) ≈ Ū + ŪC̄C̄

(
ĉt +

1
2
ĉ2
t

)
+ ŪH̄H̄

(
ĥt +

1
2
ĥ2

t

)

+ Ūε̄p ε̄p

(
ε̂p,t +

1
2
ε̂2

p,t

)
+

1
2

ŪC̄C̄C̄2ĉ2
t

+
1
2

ŪH̄H̄H̄2ĥ2
t +

1
2

Ūε̄pε̄p ε̄2
pε̂

2
p,t + ŪC̄H̄C̄H̄(ĉtĥt)

+ ŪC̄ε̄p
C̄ε̄p(ĉtε̂p,t) + ŪH̄ε̄p

H̄ε̄p(ĥtε̂p,t) + O(‖ζ‖3)
(52)

with

ŪC̄ = ε̄p(C̄ − γH̄)−σ,
ŪC̄C̄ = −σε̄p(C̄ − γH̄)−σ−1 = −σ

(C̄−γH̄)
ŪC̄ ,

ŪH̄ = −γε̄p(C̄ − γH̄)−σ = −γŪC̄ ,
ŪH̄H̄ = −γ2σε̄p(C̄ − γH̄)−σ−1 = −γ2σ

(C̄−γH̄)
ŪC̄ ,

ŪC̄H̄ = σγε̄p(C̄ − γH̄)−σ−1 = σγ

(C̄−γH̄)
ŪC̄ ,

Ūε̄p = 1
1−σ (C̄ − γH̄)1−σ = (C̄−γH̄)

(1−σ)ε̄p
ŪC̄ ,

Ūε̄pε̄p = 0,
ŪC̄ε̄p

= (C̄ − γH̄)−σ = ŪC̄

ε̄p
,

ŪH̄ε̄p
= −γ(C̄ − γH̄)−σ = −γ

ε̄p
ŪC̄ .
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Replacing Ht with Ct−1, the utility of consumption simplifies to

U(Ct, Ct−1, εp,t) ≈ ŪC̄C̄

{
(ĉt − γĉt−1) +

1
2
(
ĉ2
t − γĉ2

t−1
)

− σ

2(1 − γ)
(ĉt − γĉt−1)2 + ĉtε̂p,t − γĉt−1ε̂p,t

}

+ t.i.p. + O(‖ζ‖3), (53)

where t.i.p. denotes terms independent of the actual policy, such as
constant terms involving only exogenous variables.

Taylor Expansion of the Disutility of Work

The second-order Taylor expansion for V(Lt(h), εp,t) around the
steady state V̄ = V(L̄, ε̄p) is

V(Lt(h),εp,t)≈ V̄ + V̄L̄L̄

(
l̂t(h) +

1
2
l̂2t (h)

)
+ V̄ε̄p ε̄p

(
ε̂p,t+

1
2
(ε̂p,t)2

)

+
1
2

V̄L̄L̄L̄2 l̂2t (h) +
1
2

V̄ε̄pε̄p ε̄2
pε̂

2
p,t + V̄L̄ε̄p

L̄ε̄p(l̂t(h)ε̂p,t)

+ O(‖ζ‖3) (54)

with

V̄L̄ = ε̄pL̄
ϕ,

V̄ε̄p = 1
1+ϕ(L̄)1+ϕ = L̄

(1+ϕ)ε̄p
V̄L̄,

V̄L̄L̄ = ϕε̄pL̄
ϕ−1 = ϕ

L̄
V̄L̄,

V̄ε̄pε̄p = 0,
V̄L̄ε̄p

= L̄ϕ = V̄L̄

ε̄p
.

The disutility of work becomes

V(Lt(h), εp,t) ≈ V̄L̄L̄

{
l̂t(h) +

1 + ϕ

2
l̂2t (h) + l̂t(h)ε̂p,t

}

+ t.i.p. + O(‖ζ‖3). (55)
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Individual Labor to Composite Labor

Now define the composite labor index:

Lt =
∫ n

0
Lt(h)dh =

∫ n

0

Yt(h)
εa,t

dh =
Yt

εa,t

∫ n

0

(
P̃t(h)

Pt

)−θ

dh.

Taking a second-order Taylor expansion of the logarithm of this
equation yields

l̂t = ŷt − ε̂a,t + ût, (56)

where ût = ln
∫ n

0

(
P̃t(h)

Pt

)−θ

dh is of second order. As shown by
Woodford (2003, chap. 6), one has

ût =
θα

2(1 − α)(1 − βα)
(π̂H,t − ξπ̂H,t−1)2 + O(‖ζ‖3). (57)

Welfare Expressions

We first integrate equation (55) over h and replace
∫ n

0 Lt(h)dh
and ût with their respective expressions. We then take the present
discounted sum of equations (53) and (55) and subtract the second
expression from the first one to obtain

∞∑
t=0

βt
Wt = ŪC̄C̄

∞∑
t=0

βt

{
(ĉt − γĉt−1) +

1
2
(
ĉ2
t − γĉ2

t−1
)

− σ

2(1 − γ)
(ĉt − γĉt−1)2 + ĉtε̂p,t − γĉt−1ε̂p,t − s−1ŷt

−1 + ϕ

2s
(ŷt − ε̂a,t)2 − s−1ŷtε̂p,t − θα

2(1 − α)(1 − βα)s

× (π̂H,t − ξπ̂H,t−1)2
}

+ t.i.p. + O(‖ζ‖3). (58)

Recall that V̄L̄ = ŪC̄ and s = C̄/Ȳ . Given that

∞∑
t=0

βtxt−1 = x−1 + β
∞∑

t=0

βtxt = β
∞∑

t=0

βtxt + t.i.p.
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and using the fact that

(1 + ϕ)ε̂a,t = A1ĉ
n
t + A2ĉ

n
t−1 + A3ĉ

∗n
t + A4ĉ

∗n
t−1 + A5ε̂p,t + A6ε̂

∗
p,t,

where parameters Aj (j = 1, · · · , 6) find their counterparts in equa-
tion (46), it yields

W0 = E0

∞∑
t=0

βt
Wt = −ŪC̄C̄E0

∞∑
t=0

βt

{
− (1 − βγ)ĉt + s−1ŷt

+
σ

2(1 − γ)
(ĉt − γĉt−1)2 − (1 − βγ)

2
ĉ2
t +

1 + ϕ

2s
ŷ2

t

+ (γβρp − 1)ĉtε̂p,t

− s−1(A1ĉ
n
t + A2ĉ

n
t−1 + A3ĉ

∗n
t + A4ĉ

∗n
t−1 + A5ε̂p,t + A6ε̂

∗
p,t

)
ŷt

+s−1ŷtε̂p,t +
θα

2(1 − α)(1 − βα)s
(π̂H,t − ξπ̂H,t−1)2

}

+ t.i.p. + O(‖ζ‖3). (59)

Finally, replacing the cross-product x1,tx2,t with (x2
1,t + x2

2,t −
(x1,t − x2,t)2)/2, we can rewrite the home welfare criterion as

W0 = − ŪC̄C̄

2
E0

∞∑
t=0

βt

{
(ĉt − Ψc)2 +

(1 + ŷt)2

s

+ (βγ(1 + ρp) − 3)ĉ2
t

+
1 + ϕ − A1 − A2 − A3 − A4 − A5 − A6

s
ŷ2

t

+
σ

(1 − γ)
(ĉt − γĉt−1)2 − (βγρp − 1)(ĉt − ε̂p,t)2

+
A1

s

(
ŷt − ĉn

t

)2 +
A2

s

(
ŷt − ĉn

t−1
)2 +

A3

s

(
ŷt − ĉ∗n

t

)2

+
A4

s

(
ŷt − ĉ∗n

t−1
)2 − 1 − A5

s
(ŷt − ε̂p,t)2 +

A6

s

(
ŷt − ε̂∗

p,t

)2

+
θα

(1 − α)(1 − βα)s
(π̂H,t − ξπ̂H,t−1)2

}
+ t.i.p. + O(‖η‖3),

where Ψc = (1 − βγ).
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The calculations for the welfare of the foreign representative
household yield

W∗
0 = −

Ū
∗
C̄∗C̄∗

2
E0

∞∑
t=0

βt

{(
ĉ∗
t − Ψ∗

c

)2 +

(
1 + ŷ∗

t

)2

s∗

+
(
βγ∗(1 + ρ∗

p

)
− 3

)
ĉ∗2
t

+
1 + ϕ∗ − A∗

1 − A∗
2 − A∗

3 − A∗
4 − A∗

5 − A∗
6

s∗ ŷ∗2
t

+
σ∗γ∗

(1 − γ∗)
(
ĉ∗
t − γ∗ĉ∗

t−1
)2 −

(
βγ∗ρ∗

p − 1
)(

ĉ∗
t − ε̂∗

p,t

)2

+
A∗

1

s∗
(
ŷ∗

t − ĉn
t

)2 +
A∗

2

s∗
(
ŷ∗

t − ĉn
t−1

)2 +
A∗

3

s∗
(
ŷ∗

t − ĉ∗n
t

)2

+
A∗

4

s∗
(
ŷ∗

t − ĉ∗n
t−1

)2 +
A∗

5

s∗
(
ŷ∗

t − ε̂p,t

)2 − 1 − A∗
6

s∗
(
ŷ∗

t − ε̂∗
p,t

)2

+
θα∗

(1 − α∗)(1 − βα∗)s∗
(
π̂∗

F,t − ξ∗π̂∗
F,t−1

)2
}

+ t.i.p. + O(‖η‖3),

where Ψ∗
c = (1 − βγ∗).
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