BI-LIPSCHITZ RIGIDITY OF DISCRETE SUBGROUPS

RICHARD CANARY, HEE OH, AND ANDREW ZIMMER

ABSTRACT. We obtain a bi-Lipschitz rigidity theorem for a Zariski dense
discrete subgroup of a connected simple real algebraic group. As an
application, we show that any Zariski dense discrete subgroup of a higher
rank semisimple algebraic group G cannot have a C'*-smooth slim limit
set in G/ P for any non-maximal parabolic subgroup P.

1. INTRODUCTION

For ¢ = 1,2, let G; be a connected simple real algebraic group and I'; a
Zariski dense discrete subgroup of G;. Let

pZF1—>F2

be an isomorphism. The classical rigidity problem searches for a condition
on p which guarantees that p is algebraic, that is, it extends to a Lie group
isomorphism G; — Gs.
If I'; is a lattice in G and either
e (G1 = G3 has rank one and is not locally isomorphic to PSLa(R), or
e (51 has higher rank,

then any isomorphism p : I'y — I'y is algebraic by celebrated theorems of
Mostow, Prasad, and Margulis ([16], [I7], [15]). On the other hand, there
are very few rigidity theorems for non-lattice discrete subgroups, especially
in higher rank. In this article, we provide a rigidity criterion on p : I'y — I'y
in terms of its boundary map between the limit sets of I'y and I's.

Since I'; is Zariski dense, for a parabolic subgroup P; of G;, there exists a
unique I';-minimal subset A; in F; = G;/P;, called the limit set. When both
parabolic subgroups P; and P, are maximal, our result takes the following
simple form:

Theorem 1.1 (Bi-Lipschitz rigidity theorem I). Assume that Py and Py are
maximal parabolic subgroups. Let p : 'y — T’y be an isomorphism. If there
exists a bi-Lipschitz p-equivariant map f : Ay — Ao, then p extends to a Lie
group isomorphism

p: G1 — Gy
which induces a diffeomorphism f : Fi — Fo such that flp, = f

Canary is partially supported by the NSF grant No. DMS-2304636. Oh is partially
supported by the NSF grant No. DMS-1900101. Zimmer is partially supported by a Sloan
research fellowship and NSF grant No. DMS-2105580.

1



2 RICHARD CANARY, HEE OH, AND ANDREW ZIMMER

Recall that f: A1 — Ay is bi-Lipschitz if there exists C' > 1 such that for
all 57 ne Ala

(1.1) C Yy (&) < dry(f(£), f(m) < Cdr, (&)

where dr, is a Riemannian metric on F; for 7 = 1,2. Since any two Rie-
mannian metrics on F; are bi-Lipschitz equivalent to each other, this notion
is well-defined. We note that there can be at most one p-equivariant map
f A1 — Ag [12] Lemma 4.5]. We emphasize that we do not require f to
be defined on all of Fj, but only on A;. For G; = Gy = SO(n,1)°, n > 2,
Theorem [1.1| was proved by Tukia [29, Theorem D].

Remark 1.2. (1) The hypothesis that G; and G are simple is necessary;
see Remark [4.8
(2) The global bi-Lipschitz hypothesis on f can be replaced by the con-
dition that f is bi-Lipschitz on some non-empty open subset of Aq;
see Lemma

We now state a general version of Theorem where P; and P are
arbitrary parabolic subgroups.

Theorem 1.3 (Bi-Lipschitz rigidity theorem II). Let p : Iy — T’y be an
isomorphism. If there exists a bi-Lipschitz p-equivariant map f : Ay — Ao,
then p extends to a Lie group isomorphism

p: G — Go.

Moreover, there exists a parabolic subgroup Py of Ga containing Py such
that p(P1) C Py up to a conjugation and the smooth submersion Gy/P; —
G2/ Py induced by p coincides with the composition wo f on Ay where 7 :
G2/ Py — Go/ Py is the canonical factor map.

Al%AQ

[ o I
Gl/P1T>G2/P2,

See Theorem [1.7] for a stronger version which relaxes the bi-Lipschitz
condition to a k-bi-Holder condition for x > 0.

Remark 1.4. In general, P} is not the same as P». We use the theory of
hyperconvex subgroups to construct a Zariski dense discrete subgroup of
SLg(R) which demonstrates this point in Proposition

Theorem also has consequences for the regularity of the limit set of I'
in G/P when G is a higher rank semisimple real algebraic group and P is a
non-maximal parabolic subgroup.

Theorem 1.5 (Regularity of slim limit sets). Let G be a connected semisim-
ple real algebraic group of rank at least 2 and P a non-mazximal parabolic
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subgroup of G. Any Zariski dense discrete subgroup of G cannot have a slim
limit set in G/ P which is a C*-submanifold.

Note that any non-maximal parabolic subgroup P is contained in at
least two non-conjugate maximal parabolic subgroups of G. We call a sub-
set S C G/P slim if there exists a pair of non-conjugate maximal par-
abolic subgroups Pi, P> containing P such that the canonical factor map
m; : G/P — G/P; is injective on S for i = 1, 2.

G/P
G/P G/P,

In particular, the limit set of any subgroup of a P-Anosov or relatively P-
Anosov subgroup is always slim. More generally, if any two points in the
limit set are in general position, then the limit set is slim.

The non-maximal hypothesis on P in Theorem is necessary, as there
are many Zariski dense discrete subgroups of PSL,(R), n > 3, whose limit
sets are O'l-submanifolds of P(R"), e.g., images of Hitchin [14] and Benoist
representations [2]. We remark that the limit sets of these examples are not
C? as shown by Zimmer [32].

Remark 1.6. (1) When G is of rank one, the limit set A of a Zariski
dense subgroup of G is not a proper C"-submanifold of G/P where
r =1 for G = SO(n,1)° and r = 2 for other rank one groups
([30, Proposition 3.12 and Corollary 3.13]). In higher rank, there
exists 0 < r < oo, depending on G, such that A is not a proper
C"-submanifold of G/P for any parabolic subgroup P [, Lemma
2.11].

(2) Theorem |1.5(was previously established for images of Hitchin repre-
sentations [26, Corollary 6.1] and for images of (1, 1, 2)-hyperconvex
representation of a surface group [I8, Corollary 7.7]. We also men-
tion [6], [31], and [20] for related work on the regularity of the limit
set for certain classes of subgroups of G = SO(d,2), PSL4(R) and
SO(p, q) respectively.

On the proofs. We deduce Theorem and Theorem from the fol-
lowing property of limit sets of a Zariski dense subgroup in higher rank:

Proposition 1.7. Let G be a connected semisimple real algebraic group of
rank at least 2. Let Q1 and Q2 be a pair of parabolic subgroups of G such
that there is no parabolic subgroup of G containing Q1 and a conjugate of
Q2 (e.g., a pair of non-conjugate maximal parabolic subgroups).

IfT" < G is a Zariski dense discrete subgroup, then there is no I'-equivariant
bi-Lipchitz map between the limit sets of I' on G/Q1 and G/Qs.
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Indeed, if p in Theorem does not extend to a Lie group isomorphism
G1 — G, then the following self-joining subgroup

(1.2) I'=(dxp)(T'1) ={(g,p(9)) : g €1}

is a Zariski dense subgroup of the product G = G; x G2. On the other
hand, a bi-Lipschitz map f as in Theorem yields a bi-Lipschitz homeo-
morphism between the limit sets of the self-joining group I' in G/(P1 x G2)
and G/(G1 x P,), which then gives a desired contradiction by Proposition
We mention the recent work [I0] and [I1] on related rigidity theorems
which use the idea of self-joinings.

If T has a C'-slim limit set in G /P as in Theorem and P; and Py
are non-conjugate maximal parabolic subgroups containing P, we get a bi-
Lipschitz map between the limit sets of I' in G/P; and G/P, from the
slimneess hypothesis. Therefore Proposition [1.7] implies Theorem

For the proof of Proposition we relate the exponential contraction
rates of loxodromic elements v € ' on G/Q; with the Jordan projections of
the image of «v under Tits representations of G. This part of the argument is
motivated by earlier work of Zimmer [32], Section 8]. We then show that the
bi-Lipschitz equivalence of the limit sets gives an obstruction to Benoist’s
theorem [I] on the non-empty interior property of the limit cone of a Zariski
dense subgroup (see the proof of Proposition .

Acknowledgement. We would like to thank Dongryul Kim for helpful
comments on a preliminary version of this paper.

2. PRELIMINARIES

Unless mentioned otherwise, let G be a connected semisimple real al-
gebraic group throughout the paper. This means that G is the identity
component G(R)® for a semisimple algebraic group G defined over R. A
parabolic R-subgroup P of G is a proper algebraic subgroup defined over R
such that the quotient G/P is a projective algebraic variety. A parabolic
subgroup P of G is of the form P(R) for a parabolic R-subgroup P of G;
in this case, the quotient G/P is equal to (G/P)(R) and is a real projective
variety, called a G-boundary [3]. Any parabolic subgroup P is conjugate
to a unique standard parabolic subgroup of G, once we fix a root system
associated to G.

To be precise, let A be a maximal real split torus of G. The rank of
G is defined as the dimension of A. Let g and a respectively denote the
Lie algebras of G and A. Fix a positive Weyl chamber a™ C a and set
A" = expa’, and a maximal compact subgroup K < G such that the
Cartan decomposition G = KATK holds. We denote by M the centralizer
of Ain K. For g € G, we denote by pu(g) the Cartan projection of g, which
is the unique element of a™ such that g € K exp u(g)K.

Any g € G can be written as the commuting product g = gng.g, where g,
is hyperbolic, g. is elliptic and g, is unipotent. The hyperbolic component
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gn is conjugate to a unique element exp A(g) € AT and
(2.1) Ag) € at

is called the Jordan projection of g. When A(g) € inta™, g € G is called
loxodromic in which case g, is necessarily trivial and g, is conjugate to an
element m € M.

Let ® = ®(g,a) denote the set of all roots and II the set of all simple
roots given by the choice of a*. The Weyl group W is given by Nx (A)/M
where Nk (A) is the normalizer of A in K.

Consider the real vector space E* = X(A)®zR where X(A) is the group of
all real characters of A and let E be its dual. Denote by (-, ) a W-invariant
inner product on E. We denote by {w, : @ € II} the (restricted) fundamental
weights of @ defined by

(war B)
(3.5) ~ o0

where ¢, = 1 if 2a ¢ ® and ¢, = 2 otherwise.
Fix an element wy € Ng(A) of order 2 representing the longest Weyl
element so that Ad,, a™ = —a™. The map

2

i=—-Ady,:a—a

is called the opposition involution. It induces an involution of ® preserving
II, for which we use the same notation i, so that i(a) = aoi for all a € .

For a non-empty subset 6 of II, let ag = Nperr_g ker «, and let Py denote
a standard parabolic subgroup of G corresponding to 0; that is, Py = LyNy
where Ly is the centralizer of exp ay and Ny is the unipotent radical of Py
which is generated by root subgroups associated to all positive roots which
are not Z-linear combinations of elements of IT — 0. If § =11, then P = Ppg
is a minimal parabolic subgroup. For a singleton 6 = {a}, P, is a maximal
parabolic subgroup of G. Any parabolic subgroup P is conjugate to a unique
standard parabolic subgroup Py for some non-empty subset 6 C II.

We consider the #-boundary:

Fo=G/Pp.

We denote by dr, a Riemannian metric on Fy. Let P;r = woPyp)wy 1 which
is the standard parabolic subgroup opposite to Py such that Py N P,” = Lg.
Hence Fip) = G/ Py = G/P;f. The G-orbit .7-"(52) = {(gPs, gwoPyg)) : g €
G} is the unique open G-orbit in G/Py x G/P, under the diagonal G-
action. Two elements § € Fy and n € F;(y) are said to be in general position

if (¢,m) € T3,
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3. CONTRACTION RATES OF LOXODROMIC ELEMENTS AND TITS
REPRESENTATIONS

The first part of the following theorem immediately follows as a special
case of a theorem of Tits [25], and the second part is remarked in [I] and
proved in [23].

Theorem 3.1 ([25, Theorem 7.2], [23 Lemma 2.13]). For each a € II,
there exists an irreducible representation p, : G — GL(V,) whose highest
(restricted) weight xo is equal to kows for some positive integer ko and
whose highest weight space is one-dimensional.

Moreover, all weights of po are Xa, Xa — @ and weights of the form xq —
o — Z,BeH ngB with ng non-negative integers.

These representations are called Tits representations of G. Fix o € Il and,
as before, set F, = G/P,. We denote by V; and V5 the weight spaces of p,
for the highest weight . and the second highest weight y, — a respectively.
We have dimV; = 1 and dimV, > 1. If we set &, = [P,] € Fq, the map
géa — gV1 gives an embedding

(3.1) Fo = P(Va)

whose image is a closed subvariety. We may hence identify F, as a closed
subvariety of P(V,). Let (-,-)o be a K-invariant inner product on V,, with
respect to which A is symmetric and we have the orthogonal weight space
decomposition of V,. Using the norms on V,, and A2V, induced by this inner
product, we get a K-invariant Riemannian metric d, on P(V},):

do([v]; [w])

Recall that an element g € G is lozodromic if there exist a € int AT and
m € M such that g = hgamh;1 for some hy € G. The element h, is then
uniquely determined modulo AM and A(g) = loga € inta™.

Let m; = mq,i : Voo — V; be the orthogonal projection for i = 1,2. Recall
the following standard lemma:

_ A

for [v], [w] € P(V4).

~ ollllwll

Lemma 3.2. Let g be a lozodromic element of G. For & € F,, we have
Wl(hg_lf) # 0 if and only if g"& converges to hy&, as n — oo.

The point y3 := hyéa € Fq is called the attracting fixed point of g.
Lemma 3.3. Let g € G be a lozodromic element and o € 1I1.

(1) For all £ € Fo with mi(hy'E) # 0, we have

1
—a(A(g)) > limsup — log da(9"&, y2)-

n—oo N

(2) For all € € F,, with Wl(hglf) # 0 and Fg(h!;lf) # 0, we have

1
— = 1i — n g
a(A(g)) = lim —logda(g"€, y3)-
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Proof. 1t suffices to prove the claim when hy = e, ie., g = am € AM
with loga € intat. Considering ¢ € F, C P(V,), choose a vector v € V,
representing £. List all distinct weights of p, given by Theorem as
follows: X1 = Xa, X2 = Xa— @, and x; = Xo —a—F;, 3 < i < ¥; in particular,
Bi # 0 is a non-negative integral linear combinations of simple roots. Let V;
denote the weight space corresponding to y; and write v = vi +vo+---+ vy
so that v; € V; for each 1 < i < ¢. Suppose that m1(§) # 0, that is v; # 0.
We may then assume that v; is a unit vector relative to (-,-)q. Since M
commutes with A, M stabilizes each weight subspace, and in particular,
Muv; = +v;. Now

¢
gnv _ en)(oz(loga)ynn,v1 + en(XOéfoz)(loga)rnnv2 + Zen(Xafafﬁi)(loga)mnvi.
i=3
Hence the projection p(¢g™v) of g"v to the affine chart A = {w € V, :
mi(w) =wv1} is

)4
p(gnv) — 4 efna(loga)mn,vé + Z efn(OHrﬁi)(lOga)mnvé
i=3
where v} = %wv;, depending on the sign of m™v;. Note that lim "¢ = Vi,
and that the metric d, on a neighborhood on V; in P(V,) is bi-Lipschitz
equivalent to the metric d on the affine chart A, obtained by restricting the
distance on V,, induced by (-, -)4.
Since the weight spaces are orthogonal, we have

n —nollog a 1 2
d(p(g™v), v1) = e 08D (|log]|? + [|w,|2)

where w,, = S2¢_; e Bil0ga)mny and || - || is the norm induced by (-, -)q.
Since loga € intat and hence S;(loga) > 0 for all 3 < i </, we have

lim w, = 0.
n—0o0

First consider the case when m3(§) = 0, that is vo = 0. Since log ||w, || < 0
for all large n, we have

1 1
lim sup — log da ("¢, y2) = limsup —log d(p(g"v), v1)
n

n—oo N n—00

1
= lim sup — (—na(loga) + log ||w,||) < —a(loga).
n

n—o0

Now suppose that m2(£) # 0, that is ve # 0. Again since w,, — 0, we have

. 1 n . 1 n
lim —logda(g"¢,y3) = lim —logd(p(g"v),v1) = —a(loga).

n—o0

This finishes the proof. O



8 RICHARD CANARY, HEE OH, AND ANDREW ZIMMER

4. BI-L1PSCHITZ RIGIDITY OF DISCRETE SUBGROUPS

Let G be a connected semisimple real algebraic group and X = G/K be
the associated Riemannian symmetric space and fix o = [K] € X.
We consider the following notion of convergence of a sequence in G to an
element of Fy = G/ Py for a non-empty subset 6 C II.
For a sequence g;o € X and & € Fy, we write lim g;o = £ and say g0 € X
converges to £ if
(1) mingeg a(p(gi)) — oo as @ — oo; and
(2) limy—yo0 kg, Py = & in Fp for some ky, € K such that g; € kg, ATK.

Definition 4.1. Let I' < G be a discrete subgroup and let 7 = G/P for
a parabolic subgroup P. Let § C II be a unique subset such that P is
conjugate to Py and hence F = Fy. The limit set of I' in Fy is then defined
as the set of all accumulation points of I'(0) in Fp:

Ag = AQ(F) = {lim'yi(o) eFop:v € F}.

It is a I-invariant closed subset of Fy, which is non-empty provided I'" con-
tains a sequence ~; satisfying lim;_, o mingeg a(p(7y;)) = oo. If T' is Zariski
dense, Ag is the unique I'-minimal subset of Fy and can also be described
as the set of all £ € Fy such that the Dirac measure d¢ is the weak limit
of (7;)« Leby for some sequence ~; € I" where Leby denotes the unique K-
invariant probability measure on Fy ([I], [21]). Moreover, if © C 6, then
Ag is equal to the image of Ay under the canonical projection Fy — Fg, by
minimality.

The limit cone of I is defined as the smallest closed cone of a™ containing
all Jordan projections of loxodromic elements of T

Theorem 4.2 (Benoist [I]). If I' < G is Zariski dense, its limit cone has
non-empty interior in a.

For k > 0 and 61,02 C II, a map F' : Ag, — Ay, is called s-bi-Holder if
there exists C' > 0 such that for all z,y € Ay,

(4.1) C’_lcl].-g1 (z,y)" < dg,, (F(z), F(y)) < Cdg, (2,y)"

where dr, is a Riemannian metric on Fy, for i = 1,2. Observe that if I'
is Zariski dense, any I'-equivariant x-bi-Holder map Ag, — Ay, is a homeo-
morphism; the minimality of Ay, implies the surjectivity and the bi-Holder
property implies the injectivity. Therefore F' is k-bi-Holder if and only if F
is k-Holder and F~! is x~'-Holder.

Proposition follows from the following for xk = 1:

Proposition 4.3. Let I' < G be Zariski dense. Let 01 and 62 be disjoint
non-empty subsets of II. Then for any k > 0, there exists no I'-equivariant
k-bi-Holder map F : Ag, — Ay, .

Proof. For simplicity, we write A; = Ap, and dp, = dr, . Let F': Ay — Ao
be a I'-equivariant homeomorphsim. Fix £ > 0. Since 6; N6y = (), the union
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Uas €0, asep, ker(san — az) is a finite union of hyperplanes of a. Therefore
by Theorem [£.2] T' contains a loxodromic element + such that

{k-a(A(y):a e b} n{a(A(7)): a € by} =0.
For each 1 = 1,2, let a; € 8; be such that

(4.2) a;(A(7)) = min{a(A(7)) : a € 0;}.
Note that

(4.3) k- ar(A(7)) # a2(A(7))-
Claim: If F~! is k~!-Holder, then

(4.4) a2(A(7)) < K- ar(A(7))-

By replacing I' by a suitable conjugate, we may also assume that v =
am € T with a € int A" and m € M. For each i = 1,2, let y; = ya,
denote the attracting fixed point of v in F;; we have y; € A;. As T is Zariski
dense, A; is Zariski dense in F; for each ¢ = 1,2. Let 7,1 and 7,2 be as in
Lemmas and [3.3] for each o € II. Since the set

O={e€F:ma1(&) #0,ma2(§) #0 for all o € 6;}

is a Zariski open subset of Fi, the intersection O N Ay is a non-empty open
subset of Aj. As F'is a homeomorphism, the image F(ONA;) is a non-empty
open subset of Ag. Since Z = {{ € Fo : v"¢ 4 y2 as n — oo} is a proper
Zariski closed subset of F» by Lemma F(ONAy) cannot be contained
in Z; otherwise it would imply that Ay is contained in a proper Zariski
closed subset by the I's-minimality of Ag, which contradicts the Zariski
density of I'y. Therefore there exists an element & € O N A; such that
lim,, 00 V" F(§) = y2. By the equivariance and continuity of F', we have

(4.5) F(y1) = lim F(y"§) = im " F(§) = y».
Let i = 1,2. Since Py, =) aco, Fa, we have a diagonal embedding

Fi=G/Py, — [] P(Va)
ach;

via the product of the maps in (3.1)). Consider the metric d; on F; obtained
as the restriction of ) 4 do to Fi: for n = gPy, and 1’ = ¢'Pp, with
9,9 €G,

di(n, 1) = da(n,n)

a€l;
where do(n,7") := da(gVa,1,9' Va,1) where V1 is the highest weight line of
P 88 In . Since d; is bi-Lipschitz equivalent to a Riemannian metric on
Fi, we have that F~1: (Ag,ds) — (A1, dy) is k~-Holder.
Since € € O and lim~"F(§) = y2, we have by Lemma that

1
—a(A(v)) = lim - logdy(v"€,y1) for each a € 64
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and
1
—a(A(y)) > limsup - logda (v F(€),y2) for each o € 0.

Since da, (n,1') < di(n, 1), da(n. 1) < #02 maxaep, da(n,7'), and F~ is
k~1-Hoélder, we have

(4.6) —a1(A(y)) = lim % log da, (Y€, 91)
< lim % log d1 ("¢, y1)
<k~ Him sup % log da(F(v"€), F(y1))
= k' limsup % log da(Y"F'(£),y2)

1
=k 'maxlim sup — log da(’YnF(f)a Y2)
aclr n

< —g ! (r)réleri a(A(7)) = =k Laa(A(V)).

This implies that az(A(y)) < ka1 (A(7)), proving the claim.

By switching the role of #; and 65, this claim then implies that if F' is
k-Holder, then a;(A(7)) < K taa(A(y)). Therefore if F is x-bi-Holder, then
k- a1(A(y)) = az(A(v)), contradicting (4.3). This finishes the proof. O

The proof of Proposition shows the following as well:

Proposition 4.4. Let I' < G be Zariski dense and let 01,605 C II be non-
empty disjoint subsets. Suppose that Ag, and Ay, are Ct-submanifolds of Fp,
and Fy, respectively. If F': Ng, — A, is a I'-equivariant homeomorphism,
F cannot be C' with non-vanishing Jacobian at any & € A, where A C Ay,
is the set of all attracting fized points of loxodromic elements v € T' such
that {a(A(7)) : a € 01} N{a(A(y)) : a € 62} = 0.

Proof. Let v € I" be as above. For each ¢ = 1,2, let y; € Ay, be the attracting
fixed point of 4. Then F(y1) = ya by . Suppose that F is C' at y1, and
the Jacobian of F at 1 is not zero. Then F~! is also C' at y». Using the
exponential maps and the Taylor series expansion of F', we get that there
exist ¢ > 1 and an open neighborhood U of y; in Ap, such that for all y € U,

(4.7) iy, p1) < do(Fy), F(y1)) < edi(y, ).

Let a; € 6; be as in (4.2). Without loss of generality, we may assume
a1(A(7)) < az(A(y)) by switching the indexes if necessary. On the other

hand, using (4.7), the computation (4.6)) gives aa(A(7)) < a1(A(7)), which
yields a contradiction. O

Remark 4.5. It would be interesting to know whether A can be replaced by
the set of all conical limit points of I in Proposition 1.4, A point § = gP,
is [-conical if limsup I'g(K N Py, )AT # (), that is, there exists a sequence
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v €T, a; € AT and m; € K N Py, such that v,gm;a; converges (see [13|
Lemma 5.4] for an equivalent definition in terms of shadows).

This question is inspired by a related result for G = SO(n + 1, 1)°. Tukia
[27] showed that if f : S” — S™ is a homeomorphism which conjugates
a discrete subgroup I'y of G to another discrete group I'y and has a non-
vanishing Jacobian at a conical limit point of I'y, then I'; is conjugate to I'y
(see also [7] for an extension of this result to other rank one groups). For a
related result for (1, 1,2)-hyperconvex groups, see [I8, Corollary 7.5].

In the rest of this section, let G; be a connected simple real algebraic
group and 6; be a non-empty set of simple roots of G; for ¢ = 1,2. Let
I'j < G; be a Zariski dense discrete subgroup and Ay, denote the limit set

Lemma 4.6. [12, Lemma 4.5 For any isomorphism p : I'1 — T'a, there
exists at most one p-equivariant continuous map f : Ag, — Ag,.

Indeed, f must send the attracting fixed point of any loxodromic element
v to that of p(vy) whenever p(7) is loxodromic. Since the set of attracting
fixed points of loxodromic elements is dense in Ay, by the Zariski density
hypothesis on I'y [I] and f is continuous, this determines the map f.

Theorem [1.3]is a special case of the following theorem for x = 1:

Theorem 4.7. Suppose that there exists a p-equivariant k-bi-Holder map
[+ Ng, = Fo for some k > 0. Then p extends to a Lie group isomorphism
p: Gy — Ga. Moreover, there exists a non-empty subset ©y C 0y such that
p maps Py, into a conjugate of Po, and the smooth submersion G1/Py, —
G2/ Pe, induced by p coincides with the composition mo f on Ag, where
7 : G2/ Py, — G2/ Po, is the canonical factor map.

Proof. Let G = G1 X G2. Define the following self-joining subgroup

I'=(id xp)(I'1) = {(7,p(7)) : v €T1} < G.

Note that P, := Py, X G2 and P := G X P, are parabolic subgroups of G.
The maps g1 Py, — (g1,€)P1 and g2Py, — (e, g2) P2 define diffeomorphisms
between G1/Py, and Ga/ Py, with G/P, and G/P; respectively. Moreover,
under this identification, the limit set Ay, of I'; in G;/ Py, corresponds to the
limit set A; of the self-joining I in G/P; for each i = 1, 2.

Since f is a p-equivariant continuous embedding of Ag, into G/Py,, its
image is a I'p-invariant compact subset. Since Ay, is a I'j-minimal subset,
the image f(Ag,) is also a I';-minimal subset. Therefore f(Ag,) = Ay, and
hence we have a I'-equivariant bijection f : Ay — Ay which is k-bi-Holder.

Since Py and P» are parabolic subgroups corresponding to disjoint subsets
of simple roots of GG, Proposition implies that I" cannot be Zariski dense
in G. Since both G1 and G2 are simple, the non-Zariski density of the self-
joining group I' implies that p extends to a Lie group isomorphism p : G; —
Gy (cf. []).
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Since p(Py,) must be a parabolic subgroup of Ga, there exists g € Ga
such that p(Py,) = gFy, g~ where 6 is a non-empty subset of some simple
roots of Gy. We claim 6y N 6y # (). By replacing p by inn(g) o p where
inn(g) : Go — Go is the conjugation by g, we may assume without loss
of generality that g = e. The isomorphism p induces a diffeomorphism
& : G1/Py, — G2/Py, given by ®(g1Ps,) = p(g1)Ps,- Denote by Ay, the
limit set of T'y in Ga/Py,. Since plr, = p and hence ® is p-equivariant, we
have ®(Ag,) = Ag,. Then the composition F := f o ®~! restricted to Ag,
yields a k-bi-Holder map between Ag, and Ay,. Since o~ is p~l-equivariant
and f is p-equivariant, F' is I's-equivariant. So by applying Proposition
one more time, we obtain 6y N @y # (). Setting Oz = Oy N ba, since Py,
and Py, are subgroups of Pg,, we get a map ¢ := G1/Py, — Ga2/Pe, by
composing ® with the canonical factor map G/ Py, — G2/Ps,. The last
claim @ = wo f on Ay, follows from Lemma@ This finishes the proof. [

Remark 4.8. The hypothesis that G; and Go are simple is necessary in
Theorem [£.7] For example, consider a discrete Zariski dense subgroup I' of
a simple algebraic group G with a discrete faithful representation p : I' = G
which does not extend to G. ThenI', = (id x p)(I") is Zariski dense in G and
the map v — (7, p(7)) gives an isomorphism I' — I",. On the other hand, for
any parabolic subgroup P of G, the isomorphism G/P ~ (G x G)/(P x G)
provides an equivariant bi-Lipschitz bijection the limit set of I in G/P and
the limit set of I'y in (G x G)/(P x G).

We note that the global bi-Holder condition in Proposition [4.3]and Theo-
rem [£.7]can be relaxed to a local bi-Hélder condition by the following lemma.

Lemma 4.9. Keep the notation as in Theorem [{.7 but assume Gy and
Ga are semisimple, not just simple. Let f : Ag, — Ag, be a p-equivariant
homeomorphism which is k-bi-Hélder on some non-empty open subset U of
Ay, for some k > 0. Then f is k-bi-Holder globally.

Proof. Let A; = Ay, for ¢ = 1,2. Since Ay is I'i-minimal, A; = I'"U
and hence, by compactness, we have A; is a finite union of v,U for some
Y1, 5 € ['1. If f is not k-Holder globally, by the compactness of Aj, we
have a sequence & — £ and 7n; — 7 such that

(4‘8) d-7:2 (f(§2)7 f(m)) = 50

dfl (5@7 771)”
Since Fy is compact, we have dr, (&;,7;) — 0. Therefore, for some 1 <
k < n, &,n € U for all i. Noting that the action of each element
of g; € G; on F; is a diffeomorphism for ¢ = 1,2, we can let L be the
maximum of the bi-Lipschitz constants of 7, on F; and of p(yx) on Fo.
Now we have dz,(f(&), f(m:) < Ldr,(f(v, "€,y 'mi)) and d, (&, mi) >
L=Ydx (v, ',y 'mi))- Since f is x-Holder on U, it follows that the ratio
in is bounded, yielding a contradiction. This shows that f is xk-Holder
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globally. Similarly by considering f~!, we can show that f~!is x~!-Hélder
globally. O

Theorem is now a special case of the following corollary of Theorem
together with Lemma

Corollary 4.10. Let o; be a simple root of G; for i = 1,2. Suppose that
there exists a p-equivariant bijection f : Ay, — Ao, which is k-bi-Holder
on some non-empty open subset of Ay, for some k > 0. Then k =1 and
p extends to a Lie group isomorphism p : G1 — Go which induces a diffeo-
morphism f : G1/Pa, — Ga/P,, such that flx, = f

Note that the conclusion x = 1 follows since f is diffeomorphism and
hence bi-Lipschitz.

Remark 4.11. In general, we cannot replace f bi-Lipschitz by Lipschitz in
Theorem For example, let I be a Schottky subgroup of SLy(R) gener-
ated by two loxodromic elements a,b. Then for any N > 2, the representa-
tion p of I" into SLy(R) given by a +— a’¥ and b — b induces an equivariant
homeomorphism A — A which is Lipschitz, but not bi-Lipschitz. Clearly, p
does not extend to SLa(R).

On the other hand, we have the following corollary of the proof of Theorem
where f is required only to be Lipschitz under an extra hypothesis on
the Hausdorff dimension of limit sets. In the statement below, a Mobius
transformation is the extension of any isometry of H"*! to its boundary
S" = oH" !,

Corollary 4.12. Fori = 1,2, let I'; be a convex cocompact Zariski dense
subgroup of G; = SO°(n; + 1,1), n; > 1. Let A; C S™ be the limit set of
;. Suppose that the Hausdorff dimension of Ay is equal to the Hausdorff
dimension of Aa. Let f : Ay — As be a p-equivariant homeomorphism which
is Lipschitz on some non-empty open subset of A1. Then p extends to a Lie
group isomorphism of G1 — Go and f extends to a Mdébius transformation
of S forn =ny = ns.

Proof. By the proof of Lemma f is Lipschitz on all of A;. Let I' :=
(id x p)(T'1) be the self-joining subgroup of G = G1 X Ga. For i = 1,2, let
«; be the simple root of G = G; X GG from the i-th factor. Then for any
loxodromic element g = (7, p(7)) € G, a1(A(g)) and a2(A(g)) are equal to
A(y) and A(p(v)) respectively. Suppose that I' is Zariski dense in G. The
proof of Proposition [£.3]for I shows that if there exists a loxodromic element
g = (v,p(7)) € I such that a1(A(g)) > a2(A(g)), then f: Ay — Ay cannot
be Lipschitz. On the other hand, if Ay and As have the same Hausdorff
dimension, the middle direction (1,1) € a ~ R? is always contained in the
interior of the limit cone of I' by [9, Corollary 4.2]. Note that when I'; are
cocompact lattices and ny = ng = 2, [9, Corollary 4.2] is due to Thurston
[24]. Therefore, the desired element g € I' can always be found. This
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implies that I' cannot be Zariski dense in G. As before, this implies the
conclusion. 0

5. SLIM LIMIT SETS OF G/P FOR P NON-MAXIMAL

Let I' be a Zariski dense subgroup of a connected semisimple real algebraic
group G. Fix a subset 6 C II with #6 > 2. Recall from the introduction
that a subset S C Fy is called slim if there exists a pair of distinct elements
ap and ag of 0 such that the limit set Ay injects to G/P,, and G/P,, under
the canonical projection map Fyp — G/P,, for i =1,2.

In this section we prove the following theorem.

Theorem 5.1. If #0 > 2 and Ay is a slim subset of Fy, then no non-empty
open subset U of Ag is contained in a proper C'-submanifold of Fp.

We first prove the following lemma which connects Theorem with
Proposition [£.3]

Lemma 5.2. Let 6y C 6 C II. Suppose that Ag is a C'-submanifold of
Fo and that the canonical projection Fy — Fy, is injective on Ag. Then
Ag, is a C'-submanifold of Fo, and fo, : Ag — Ag, is a I'-equivariant
diffeomorphism.

Proof. For simplicity, we write A = Ay. We suppose that A is a C'-
submanifold of Fy. Since the projection Fy — Fy, given by f(gFPy) = 9Py,
is a smooth map, its restriction f : A — JFy, is a C* map which is also
injective by hypothesis. We claim that there exists a point x € A where
dfz © ToA — Ty Fa, is injective. Pick a point z € A which maximizes
rank dfy, y € A. Then there exists a neighborhood of  in A where df has
constant rank. Then if r := rank df,, there exist local coordinates near x
where

flxt,. .. 2™ = (z4,...,2",0,...,0).

Since f is injective, we must have r = m and hence df, is injective.

Now the set {x € A : df, is injective} is open and I'-invariant. Since I'
acts minimally on A, this set must be all of A. Thus f is an immersion.
Since f is an injective immersion and A is compact, f is a C'-embedding.
Hence f is a diffeomorphism onto its image, which is Ag,. In particular, Ag,
is a C''-submanifold of Fo,- O

Proof of Theorem [5.1} By the hypothesis on the slimness of Ay, there
exists a pair of distinct elements oy and a9 of 6 such that Ay injects to
G/P,, and G/P,,.

Suppose on the contrary that some non-empty open subset U of Ay is
contained in some C'-submanifold. Since Ag is I-minimal, we have that
for any & € Ay, T¢ is dense, so v¢ € U for some v € I'. Since ¢ € y~1U,
it follows that Ag is a C'-submanifold of Fy. By Lemma we have
I'-equivariant diffeomorphisms f,, : Ap — Ay, for each ¢ = 1,2. Hence
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faz © 0711 : Ay, — Ay, is a T-equivariant diffeomorphism, contradicting
Proposition This finishes the proof.

Remark 5.3. We remark that Proposition implies that if A is a slim
subset of G/ P, then there exists a maximal parabolic subgroup @ containing
P such that the projection G/P — G/Q restricted to A is not bi-Lipschitz.

Antipodal groups. Theorem applies to the class of P-antipodal dis-
crete subgroups of G, which contains any subgroup of a P-Anosov or a
relatively P-Anosov subgroup. To define an antipodality, we recall that a
parabolic subgroup P is called reflexive if its conjugacy class contains a par-
abolic subgroup P’ opposite to P, that is, PN P’ is a common Levi subgroup
of both P and P’. For example, a minimal parabolic subgroup of G is always
reflexive. For a parabolic subgroup P, let Piefiexive b€ the largest reflexive
parabolic subgroup contained in P. If P = Py, then Pefiexive = Pyio)-

Definition 5.4. A discrete subgroup I' is called P-antipodal if its limit set
in G/ Preflexive 1S antipodal in the sense that any two distinct points are in
general position.

If a discrete subgroup I' is P-antipodal, then its limit set on G/P injects
to G/ P’ for any P’ containing P [I3, Lemma 9.5]. Hence if I" is P-antipodal
for a non-maximal parabolic subgroup P, then its limit set is a slim subset
of G/P. Therefore the following corollary is a special case of Theorem

Corollary 5.5. Let G be a connected semisimple real algebraic group of
rank at least 2 and P a non-mazximal parabolic subgroup of G. The limit set
of a Zariski dense P-antipodal subgroup of G cannot be a C'-submanifold of
G/P.

Note that there are many slim limit sets which are not antipodal (e.g.,
the limit set of a self-joining group defined in (1.2))).

6. AN EXAMPLE

In this final section, we construct an example of a Zariski dense discrete
subgroup of SLg(R) which explains the necessity of introducing Pj in the
conclusion of Theorem in the case when P» is not maximal. The exam-
ples we construct are Borel-Anosov and (1,1, 2)-hyperconvex subgroups of
SLg(R).

We begin by setting up some notation. For any d > 2, let A be the diago-
nal subgroup of SL4(R) consisting of diagonal elements with positive entries

so that a and a® can respectively be identified with a = {(uy,--- ,uq) :
Zizluk =0} and at = {(u1, - ,uqg) €a:uy > >ug}. For 1 <k <
d—1, let

(U, ug)) = up — Upy1;
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then II = {ap : 1 < k < d — 1} is the set of all simple roots. For any
g € SL4(R), its Jordan projection \(g) € a™ satisfies

Ak(9)

ar(A(g)) = log et (0)
where \1(g) > -+ > A\i(g) are the absolute values of the eigenvalues of g.
Also, for 6§ C II, the boundary Fy = SL4(R)/Py coincides with the partial
flag manifold consisting of flags with subspaces of dimensions {k : o} € 0}.

Let A be a hyperbolic and denote by A its Gromov boundary. For vy € A,
denote by |vy| the minimal word length of + with respect to a fixed finite
generating set of A. Recall from [§] that a representation p : A — SLg4(R)
is {ag }-Anosov if there exist constants ¢, C' > 0 so that for all v € A,

ap(A(p(7)) 2 ¢-l(v) - C

where £(7y) is the translation length of v, i.e., £(y) = inf, ea |707761|. If pis
{ax}-Anosov, it admits a pair of unique continuous equivariant embeddings
f’; : OA — Grp(R?%) and fg_k : OA — Grg_i(R%). Furthermore, the image
of (§’;, g*k) coincides with the limit set of p(A) in Fiq,, o, ,3- We say that
p is Borel-Anosov if it is {ag }-Anosov for all 1 < k < d — 1. The image of a
Borel-Anosov representation is called a Borel Anosov subgroup.

A representation p : A — SLg4(R) is (1, 1, 2)-hyperconvex if it is {ay, aa}-
Anosov and for all distinct z,y, z € 0A,

& (@) @& (y) B (=) =R
Both being {ay }-Anosov and being (1,1, 2)-hyperconvex are open condi-
tions in the representation variety (see [19, Proposition 6.2]).

Proposition 6.1. There exists a Zariski dense discrete subgroup I' < SLg(R)
which admits an equivariant Lipschitz bijection Aoy — Ao, . Moreover, I is
Borel-Anosov, (1,1,2)-hyperconver, and the projection map p : Ao, aq) —
Ao is a bi-Lipschitz bijection.

Theorem in this case applies with f = p~!, P, = Pog, P = Pia, a3}
and P} = P,,.

Let A = (a1, a2) be the free group with two generators aj, as. Let N > 2.
Let 71 : A — SLy(R) be a convex cocompact representation and 7o : A —
SLa(R) be defined so that 7o(a;) = 71(a;)" for i = 1,2. We may choose N
large enough that
(A7)
a1(A(1(7)))

Let ¢ : SLa(R) — SL4(R) be an irreducible representation, which is unique
up to conjugations. Then each p; = ¢ o 7; is a positive representation and
hence Borel Anosov and (1,1, 2)-hyperconvex [19] Corollary 6.13]. One eas-

ily checks that % > 4 for all non-trivial v € A. Then a theorem of

Tsouvalas [26, Theorem 1.9] implies that f,, ,, = 5[1,2 o (5;1)_1 is 4-Holder.

>4 for all non-trivial v € A.
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Let @5 : A — SLg(R) denote the representation given by the direct sum
Dy = p1 B p2. One checks that

A(p2(7)) > A2(p2(7)) > Arlp1(7) > -+ > Ml(pr(7) > As(p2(7)) > Aalp2(7))

for all non-trivial v € A and that ®¢ is Borel Anosov with limit maps given
by
{0} & &k, (z) if k=1,2
((z) =S E-2(z) @2 (z) ifk=3,4,5.
R* & &b (x) ifk=6,7.
Then, the fact that f,, ,, is 4-Holder implies that C& o ({g)_l is also 4-Hélder.
In particular, ¢} o (¢3)7! 1 Aas (Po(A)) = Mg, (Po(A)) is Lipschitz.
However, ®y(A) is not Zariski dense. Since A is the free group on two
generators, there exists an arbitrary small deformation ® : A — SLg(R)
of &3 which is Borel Anosov with Zariski dense image. Arguing exactly
as in [31, Section 9], one can show that ®; and A3®q are both (1,1,2)-
hyperconvex. Therefore, we may assume that ® and A3® are both (1,1, 2)-
hyperconvex.
One may then use standard techniques (cf. [3I]) to show that if ® is
sufficiently close to ®¢, then

2 _ aa(M2())

2 @) 3, o (MA*2(7)) _ 3

2
37 a1(M®o(7))) 37 ar(A(A3®o(7))) ~ 2

for all non-trivial v € A. Let ¢ = (¢¥) be the limit map of ®(A) and
G A = Mgy (N3Do(A)) and (' : DA — Ay, (A3®(A)) be limit maps of
A3®o and A3®. One may again apply Tsouvalas’s theorem [26, Theorem
1.9] to conclude that ¢! o (¢})~! and ¢} o (¢1)~" are 2_Hélder. There is
a Cl-equivariant identification of A4, (A3®0(A)) with Aq,(®o(A)) and an
analogous identification for ®, so we may conclude that (3 o (¢3)~! is %—
Holder. Now set

IN

I':=®(A) < SLg(R).
Then the limit map

¢ho () =(¢T oG o (Go ) ) e (G e ¢
16

is a y-Holder and hence yields a Lipschitz map from Ay to Ay, . Since T’

is Borel Anosov, the projection map Ay, o3 — Aay is now a bi-Lipschitz
homeomorphism. This proves Proposition d
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