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0. INTRODUCTION

Let G be a center-free connected semisimple real algebraic group with
no compact factors. The unipotent radical of a proper parabolic subgroup
of G is called horospherical. Two horospherical subgroups are called
opposite if they are the unipotent radicals of two opposite parabolic
subgroups.
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We recall the following theorem:

THeoreM 0.1 ([12, Theorem 7.1.1], also see [18, Theorem 4.2]). Suppose
that the real rank of G is at least 2. Then for any irreducible non-uniform
lattice T in G(R), there exists a pair of opposite horospherical subgroups U,
and U, defined over R such that T' N U(R) is a lattice in U(R) fori = 1,2.

This theorem was one of the main steps in proving the arithmeticity of a
non-uniform lattice in such groups, without the use of the superrigidity
theorem [13] which had settled the arithmeticity of both uniform and
non-uniform lattices at once.

In this paper we study the converse problem, which may be stated as
follows: suppose that one is given opposite horospherical real subgroups U,
and U, and lattices F, and F, inside U,(R) and U,(R), respectively. Then
under what conditions is the group generated by F, and F, discrete? What
discrete subgroups of G can arise in this way?

Our main result is that if G is absolutely simple, then (under some
additional assumptions on U; and U,) any discrete group generated by
F, and F, is a non-uniform lattice in G(R). In particular we prove the
following:

THEOREM 0.2. Let G be an adjoint absolutely simple R-algebraic group
with real rank at least 2, U,, U, a pair of opposite horospherical R-subgroups
of G. Suppose that G is split over R and that U, is not the unipotent radical of
a Borel subgroup in a group of type A,.

Let F, and F, be lattices in U(R) and U,(R), respectively. If F, and F,
generate a discrete subgroup, then there exists a Q-form of G with respect to
which U, and U, are defined over Q and F, is commensurable to U(Z) for
each i = 1,2. Furthermore the discrete subgroup Ty .~ generated by F, and
F, is commensurable to G(Z).

Let us remark that Theorem 0.2 is not true in the group of real rank
one; in fact there exist discrete subgroups of the form I'; , which are not
lattices. For example, the subgroup T, of SL,(R) generated by (}7) and
(2 9) for some nonzero n € Z is not a lattice if n > 2. To see this, note
that the subgroup T, is contained in the subgroup generated by the ele-
ments (%) and (9 —1) and the fundamental domain in the upper half
plane for the latter subgroup is the set {z € H'| |z| > 1,|Re(2)| < n/2}
which has infinite volume when n > 2.

We can extend Theorem 0.2 in some cases by dropping the assumption
that G is split over R, giving the following more technical result.

THEOREM 0.3. Let Z; denote the center of U, for each i =1,2. In
Theorem 0.2 the assumption that G is split over R may be replaced by one of
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the following:

(1) U, is commutative, and either rankz(G) > 3 or G is not of type Ej.

(2) U, is Heisenberg, and either rankg(G) > 3 or G is not of type A,,
B,, orD,.

Q) [U,Ul= 2, Z, is not the root group of a highest real root, and
either rankg(G,) = 3, or G, is not of type Es, where G, is the subgroup
generated by Z, and Z,.

4) If [U,Ul# Z,, Z, is the root group of a highest real root, and
either rankp(Gy) > 3 or G} is not of type Eg, where G} is the subgroup
generated by the center of Uj and of U,, and U/ is the centralizer of
U={geUlguguteZ forallu € U} in U.

Since Theorem 0.2 follows from Theorem 0.3, we will refer to Theorem
0.3 as the main theorem hereafter.

As a corollary, we obtain a complete classification of discrete subgroups
generated by lattices in opposite horospherical subgroups U, and U,
considered in the main theorem. In particular, we note the following:

CoROLLARY 0.4. Let G, Uy, and U, be as in the main theorem. Then any
discrete subgroup generated by two lattices in U(R) and U,(R) is an arithmetic
subgroup.

Therefore for the R-split groups, combining Theorem 0.2 with Theorem
0.1, we obtain the following criterion for a discrete subgroup to be a
non-uniform lattice:

CoRoOLLARY 0.5. Let G be an adjoint absolutely simple R-split group with
rank at least 2 and T a discrete subgroup. In addition, assume that G is not
of type A,. Then 1 is a non-uniform lattice if and only if there exists a pair of
opposite horospherical subgroups U, and U, of G such that I' N U, is Zariski
dense in U, for eachi = 1, 2.

(Note that any arithmetic subgroup of G(R) which has a non-trivial
unipotent element is a non-uniform lattice in G(R) (e.g., [16, Theorem
10.18]).)

Remark. We note that the main theorem presents a strong necessary
condition for discreteness of a subgroup generated by lattices in U,(R) and
U,(R). We refer the readers to [9] for discreteness criteria of this kind in
SL,(R).

We call a horospherical subgroup U R-Heisenberg if [U, U] is equal to
the center Z(U) of U, i.e., 2-step nilpotent and Z(U) is the root group of a
highest real root of G. If U is R-Heisenberg and dim Z(U) = 1, then U is
Heisenberg. It should be noted that the main theorem would not cover the
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cases when U; is either R-Heisenberg with dim(Z(U)) > 1 or Heisenberg
in an R-split group of type A,, even if we were to drop the assumption on
R-anisotropic factors. On the other hand we can see that the main
theorem (Theorem 0.3) implies Theorem 0.2 as follows: if G is split over
R, none of the subgroups G,, Gj, and H has R-anisotropic factors.
Therefore the case when U, is either commutative or Heisenberg follows
from (1). When U, is neither of those, U, satisfies assumption (2) or (3)
according to whether U, is 2-step nilpotent or not, respectively.

The proof of the main theorem is given in three parts according to
whether the horospherical subgroups involved are commutative (Theorem
4.1.1), Heisenberg (Theorem 4.2.11), or non-R-Heisenberg (Theorem 4.3.4).
One of the main ideas for the first two cases is to use Raghunathan’s
conjecture proved by Ratner (Theorem 3.3.1) for the action of the group of
real points of the commutator subgroup of N(U,) N N(U,) on the space of
lattices in U(R) for each i = 1,2. A theorem of Margulis on the construc-
tion of a representation (Theorem 2.4.2) enables us to reduce the non-R-
Heisenberg horospherical subgroup cases to the commutative cases. In fact
the assumptions on R-anisotropic factors in (1)—(3) arise because of the
dependence of our proof on Ratner’s theorem.

The main theorem of this paper was announced in [14] together with a
detailed sketch of the proof, in the case when G(R) = SL,(R), n > 3, and
the horospherical subgroups involved are commutative.

1. PRELIMINARIES

1.1. Notation and Terminology

1.1.1. As usual, C, R, Q, Z, and N denote the complex numbers, the
reals, the rationals, the integers, and the positive integers.

1.1.2. For a group H, Z(H) denotes the center of H. For any subset
F c H, N(F) and C(F) denote the normalizer and the centralizer of F in
H, respectively.

For a Lie algebra §, the commutator of two elements X, Y of ) is
denoted by [ X, Y] and for any two subsets 4 and B of [), [ 4, B] denotes
the linear subspace generated by all the commuators [X,Y], X € A4,
Y € B. Z(}) denotes the center of ), that is, (X € § | [X,Y] = 0 for all
Y € b}

1.1.3. Two subgroups H, and H, are called commensurable if H; N H,
has a finite index in both of H, and H,. H, X H, denotes the direct
product of H, and H, and L X N the semi-direct product of L and a
normal subgroup N.



DISCRETE SUBGROUPS 625

1.1.4. For an algebraic group H, R(H) and R, (H) denote the radical
and the unipotent radical of H, respectively. For a Lie group H, we denote
by H® the connected component of the identity of H.

1.1.5. For a subfield k£ of R, a linear algebraic R-group G < GL,(C) is
defined over k if it consists of all matrices whose entries annihilate some
set of polynomials on M, (C) with coefficients in k. In this case, we denote
by G(J) the subgroup {g = (g,)) € G lg, g ' € GL,(J), g;; = 8, mod J}
for any subring J of k and G(R) = G n GL,(R).

1.1.6. A k-form of an algebraic R-group G is a pair (G, f) where G is an
algebraic group defined over k and f an isomorphism G — G defined
over R. For a given k-form (G, f) of G, we denote f~1(G(J)) by G(J) for
a subring J of k. If an algebraic R-subgroup H of G is such that f(H)is a
k-subgroup of G, we say that H is defined over k and denote H N G(J)
by H(J). A subgroup commensurable to G(Z) is called an arithmetic
subgroup of G(R).

1.1.7. We extend the definition of an arithmetic group to a semisimple
Lie group with finite center as follows. Let G be a connected semisimple
Lie group with finite center. A discrete subgroup I' of G is called an
arithmetic subgroup if there exist a connected adjoint semisimple algebraic
@-group G and an isogeny p:G — G(R) such that p(I') is commensu-
rable to G(Z) N G(R)°.

1.1.8. A connected algebraic k-group G is called absolutely almost
simple if it has no connected normal subgroup, and almost k-simple if it
has no connected normal k-subgroup. A connected semisimple algebraic
group G is called simply connected (resp. adjoint) if every central isogeny
¢:G' - G (resp. ¢:G — G'), for G’ connected, is an algebraic group
isomorphism. In characteristic 0 case, a connected semisimple algebraic
group is adjoint if and only if its center is trivial.

1.1.9. For a locally compact group G, a discrete subgroup I' of G is
called a lattice if the quotient G/I" has a finite invariant measure. A
lattice I in G is called uniform if G/I" is compact, and non-uniform,
otherwise. A lattice I' in a connected semisimple Lie group G with finite
center is called irreducible if for every normal subgroup N of positive
dimension, T" is dense when projected onto G /N.

1.1.10. A discrete subgroup F in a real vector space V' is called a
quasi-lattice and in particular, if F spans I, then we call it a lattice. The
determinant of a lattice F in 1 is the volume of the quotient VV/F.

1.1.11. A connected semisimple k-group G is isotropic over k if it
contains a non-trivial k-split torus and is anisotropic over k otherwise.

For k = R, G is anisotropic over R if and only if G(R) is compact.

1.1.12. Let G be a connected semisimple algebraic k-group. We call a
subgroup U a horospherical k-subgroup if it is the unipotent radical of a
parabolic k-subgroup P such that P N G’ is a proper parabolic subgroup
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of G’ for each semisimple normal k-subgroup of G. It is known that the
normalizer of a horospherical k-subgroup is a parabolic k-subgroup.

We note that, in our definition, the existence of a horospherical R-sub-
group of a semisimple R-group G implies that G does not have any
R-anisotropic factors.

1.1.13. In a connected simple algebraic group G, a horospherical sub-
group U is called Heisenberg if [U, U] = Z(U) and Z(U) has dimension
one. We call a horospherical subgroup U R-Heisenberg if [U,U] = Z(U)
and Z(U) is the root group of a highest real root of G (also see Subsection
1.3.1).

A parabolic (resp. horospherical) subgroup of a semisimple algebraic
group is called reflexive if its conjugacy class contains an opposite parabolic
(resp. horospherical) subgroup to it.

1.1.14. Let G be a connected semisimple algebraic k-group and P a
parabolic k-subgroup. A Levi decomposition P = LR, (P) of P is called a
k-Levi decomposition if L is defined over k. We denote by Ad: L —
GL(%) the representation of L in % = Lie(R,(P)) which is the restriction
of the adjoint representation of P.

1.1.15. Let G be a connected semisimple algebraic R-group and U, and
U, a pair of opposite horospherical R-subgroups. For lattices F; and F, in
U(R) and U,(R), respectively, we denote by I’z . the subgroup of G(R)
generated by F, and F,.

1.1.16. Let (G, U, U,) be a triple where G is a connected semisimple
adjoint algebraic R-group with no R-anisotropic factors and U, and U, a
pair of opposite horospherical R-subgroups. In order to avoid the lengthy
repetition, we say the triple (G, Uy, U,) has property (A) if every discrete
subgroup of the form Iz . is an arithmetic subgroup of G(R)° where F,
and F, are lattices in U;(R) and U,(R), respectively. We use this terminol-
ogy only in Section 4 where we prove the main theorem.

1.1.17. All algebraic groups are assumed to be connected and all fields,
usually denoted by k or K, have characteristic 0. We freely use terminol-
ogy from the theory of algebraic groups in [1, 5] and of Lie algebras in [8].

1.2. Some Known Algebraic Lemmas

1.2.1 (cf. [5, Chaps. 3—-4]). Let G be a connected semisimple algebraic
k-group, S a maximal k-split torus of G, and 7 a maximal k-torus
containing S. Denote by ,® = ®(S,G) (resp. ® = &(T,G)) the set of
roots of G with respect to S (resp. 7). An element in ,® is called a k-root.
We choose compatible orderings on ® and ,®, and let ,A and A be the
simple roots for these orderings. Let j be the map ® —,® U {0} induced
by the restriction onto S.
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For each b € ®(T, G), we denote by U, the unique one parameter root
subgroup associated with b. We observe that Lie(U,) = %, = {v € Lie(G)
Ad t(v) = b(v,t € T}, dim(%,) =1, and Lie(G) = @ ,cor.6)% @
Lie(T).

A subset ¥ c,® is called closed if a, b€ ¥ and a + b €,D imply
a+be W If V¥ is closed, then we denote by G, the subgroup generated
by T and the subgroups U,, a € j~*(¥ U {0}), and by G% the subgroup
generated by all the subgroups U,, a € j~*(¥). The subgroups G, and
G7, are algebraic and do not depend on the choice of a maximal torus T
containing S. The groups G, and G%, are defined over k if and only if ¥
is invariant under Gal(K /k), K the separable closure of k [5, Proposition
3.14]. If G, is unipotent, then it will be also denoted by U,, and the set ¥
in this case will be called unipotent. For a closed unipotent subset ¥ C, ¥,
the unipotent subgroup U,, is defined and split over k.

1.2.2. For ® C, A, [0] denotes the Z-linear combinations of ® which
are k-roots.

We define the following closed subsets of ,®:

m=[0]Ud", m =[0]ud,
=@ -[0], B =2 -[0]

For the sake of simplicity, we shall denote by ,Pg Pg . Ve Ve the
subgroups G, , G-, Us,, Us;. The subgroups , Pg  Pg Ve, and (Vg are
connected and deflned over k.

The subgroups , Py (resp. V), ® c A are called standard parabolic
(resp. horospherical) k-subgroups of G associated with S and ,®*. Every
parabolic (resp. horospherical) k-subgroup of G is conjugate by an
element of G(k) to a unique standard parabolic (resp. horospherical)
subgroup.

Lemva. (1) R, Py) = Ve, R, Pg) = Vg forany ©® C A.

(2)  Any pair of opposite parabolic (resp. horospherical) k-subgroups is
conjugate by an element of G(k) to the pair Py Pg (resp. Vi Vo) for
some © C,A.

(3) Any two parabolic k-subgroups opposite to P are conjugate by a
unique element of R, (P)(k).

1.2.3. The root system (S, G) (resp. ®(T, G)) is irreducible if and only
if G is almost k-simple (resp. absolutely almost simple). The type of an
irreducible root system ® is by definition the type of its Dynkin diagram.
For a k-simple k-group G, we refer the type of ®(T,G) by the absolute
type, or simply the type of G, and the type of ®(S, G) by the k-type of G.
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1.2.4. ProposSITION [21, 3.1.2]. (1) A connected simply connected (resp.
adjoint) semisimple k-group decomposes uniquely into a direct product of
simply connected (resp. adjoint) almost k-simple normal k-groups.

(2) A connected semisimple k-group decomposes into an almost direct
product of almost k-simple normal k-groups.

1.2.5. PROPOSITION. _For a connected semisimple k-group G, there exists a
sequence G -5 G >, >p G, where G is a simply connected k-group, G is an
adjoint k-group, and p and p are central k-isogenies. The groups G and G and
the isogenies p and p are determined uniquely up to k-isomorphism.

1.2.6. Let k' be a finite separable field extension of k. We denote by
R, ,; the restriction of scalar functor from k' to k. (For definition, see
[5, 6.17-6.21].)

PropOSITION. (1) If H is a k'-group, then the functor Ry, ,, defines a
bijection of the set of parabolic (resp. horospherical) k'-subgroups of H onto
the set of parabolic (resp. horospherical) k-subgroups of the k-group Ry ,,(H)
and if H is reductive, then rank, (H) = rank,(R,. ,,(H)).

(2) If G is a simply connected (resp. adjoint) almost k-simple k-group,
then there exists a finite separable field extension k' of k and a connected
simply connected (resp. adjoint) absolutely almost simple k'-group G' such
that G = Ry, ,,G'.

1.2.7. The next proposition is useful when we want to determine whether
some algebraic groups and algebraic maps are defined over a subfield.

ProPosITION (see [27, 3.1.8, 3.1.10D. (1) Suppose that G < GL,(C) is
an algebraic group and that G N GL,(k) is Zariski dense in G for some
subfield k of C. Then G is defined over k.

(2) Suppose that V, W are k-varieties and that {:V — W is a regular
map. Suppose also that there is a set A C V), which is Zariski dense in V such
that f(A) € W,. Then f is defined over k.

1.3. Adjoint Representation and Maximal Subgroups

1.3.1. Let G be a connected almost k-simple k-group, S a maximal
k-split torus, and ®(S, G) a corresponding root system. We fix a basis ,A
of ®(S,G). Since G is k-simple, ®(S,G) is an irreducible (but not
necessarily reduced) root system. We note that a horospherical k-subgroup
U is k-Heisenberg if and only if U is conjugate to .V such that
Vo, iVel = Z( V) and Z(Vy) = U, where a, is the highest root in
®(S,G). Note that the center of a k-Heisenberg subgroup is the root
group of a highest k-root.
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We note that if U, has dimension one, a k-Heisenberg subgroup is in
fact a Heisenberg subgroup If .V, is k-Heisenberg (resp. commutative),
we call ,A — @ the set of k-Heisenberg (resp. commutative) roots. In an
irreducible root system ®(S, G), there exist a unique highest k-root «,
and a unique set of simple roots A, <, A such that ,V,_ . is the
unique k-Heisenberg standard horospherical k-subgroup of G.

It is not difficult to prove the following lemma which characterizes the
commutative and k-Heisenberg roots in each irreducible root system.

LEMMA. (1) A simple root a is a commutative root if and only if its
coefficient in ay, is 1.
(2) The set Ay, is determined uniquely by the condition that if @ €, Ay,
then a, — « is a root and the sum of the coefficients of A, in «, is 2.

Commutative
k-type a, Ay roots
A, a; +a, + - +a, {ay, ay) {ag,..., a,}
B, a; +2a, + - +2a, a, aq
C, 200 + 20y + - +2a,_ 4 t+ a a,
D, o+ 20, + 420, ,+a,_; +a, a, {ag, a,_4, a,}
Eg ay +2ay, +2a3 + 3a, + 2a5 + ag a, {ay, ag}
E, 200 + 2a, + 3az + 4oy + 3ag + 205 + ay ay ay
Eg 209 + 3, + 4oz + 6y + Sag + 4ag + 3a; + 2ag ag 16}
F, 200 + 3a, + dag + 2q, a; 1G]
G, 3a; +2a, a, 16}
BC, 2a; + 20, + - +2a,_1 + 2a, a; 1G]

1.3.2 (cf. [7, 5.5.1]). Among maximal parabolic subgroups, the adjoint
representation of a Levi component on the Lie algebra of the unipotent
radical is absolutely irreducible if and only if the unipotent radical is
commutative. These cases are quite restricted, and the list is well known
(Table 1).

1.3.3 (cf. [7, 5.5.2]). The commutator quotient of the Lie algebra of a
Heisenberg horospherical subgroup carries a sympletic form defined in
terms of the Lie bracket. This form is preserved by the action of the Levi
component. Except for the groups of type A,, the representation of
the Levi component on the commutator quotient is absolutely irreducible
(Table 11).

1.3.4. The following two theorems of Dynkin classify the maximal con-
nected subgroups of SL,(C) into the three categories—reducible (as linear
groups), irreducible non-simple, and irreducible simple. It is known that
any irreducible connected Lie subgroup of SL,(C) is semisimple [15,
Theorem 1.1.1].
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TABLE |
List of Parabolic Subgroups with Commutative Unipotent Radical

Group Levi component Unipotent radical
GL, GL, X GL, _, Cke Cr*
S02n+1 02n71 X GLl CZn—l
Span GL, S3(C™)
50211 02n71 X GLl CZ(n_l)
S0,, GL, A(CH)
Eg Spin,y X GL, sping g+
E; Eg; X GL, Vyz

THeorem (cf. [15, 3.3.1-3.3.2]). Let M be a maximal connected (com-
plex) Lie subgroup of SL,(C).

(1) If M is reducible, then it is a maximal parabolic subgroup of
SL,(C).

(2) If M is non-simple irreducible, then it is conjugate to the subgroup
SL(C) ® SL,(C) where n = st, s, t > 2.

1.3.5. THEOREM (cf. [15, 3.3.3]). Let R: M — GL(V) be a non-trivial
irreducible linear representation of a simply connected simple complex linear
group M. If there are no nondegenerate bilinear forms in V invariant under R,
then R(M) is a maximal connected subgroup of SL(V'), and if R is orthogonal
or symplectic, then R is a maximal connected subgroup of SO(V') or Sp(V),

respectively. The only exceptions are the representations listed in Table 7
in [15].

TABLE 11
List of Parabolic Subgroups with Heisenberg Unipotent Radical

Group Levi component Commutator quotient
GL, GL, X GL,_, X GL, C"?2e (C" >
0, 0,_4XGL, c¥n=9
Span Span-1) X GLy cxn-b
Eq GL; A¥(C®
E; Spin,, X GL, Sping+
Eq E; X GL, Vso
F, Spe X GL, A%,im(C®)

G, GL, §3(C?)
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1.3.6. As a corollary of the above theorem and Subsections 1.3.2-1.3.3,
we obtain the following two propositions. We denote by P a parabolic
R-subgroup of an adjoint absolutely simple algebraic group G, by L a Levi
R-subgroup of P and H = [L, L], and H = H(R)°. The notation Ad is as in
Subsection 1.1.14.

ProrosiTION.  If R, (P) is commutative, the representation Ad,:H —
SL(%,) is absolutely irreducible and Ad,(H) is a maximal connected closed
subgroup of SL(Z,(R)).

Proof. The first statement is due to the well known fact that all the
representations listed in Subsection 1.3.2 are absolutely irreducible. By
Proposition 1.2.5, there exist a simply connected simple R-group H and an

R-isogeny p: ‘H - H. Consider the representation Ad;- p of H. By the
previous theorem, Ad (p(H)) which is the same as Ad ,(H), is a maximal
subgroup of SL(%;). Since Ad,(H(R)) < SL(Z(R)), it is clear that Ad, (H)
is a maximal connected closed subgroup of SL(Z,(R)). 1

1.3.7. Consider the case when R, (P) is Heisenberg. Except for groups of
type A,, % has two Ad-invariant subspaces one of which is Z(%).
Denote by 7; the other invariant subspace. For groups of type A4,, Ad,
decomposes into the direct sum p @ p* & id where p is the (n — 1)-
dimensional standard representation of A4, _,, p* is the dual of p, and id
is the one-dimensional trivial representation. Let 7; and 7;* be the
invariant subspaces of p and p*, respectively, and in this case, let 7;
denote 7; @ 7*. We shall denote by Ad’ the restriction of Ad; on 7. Set
Sp(77) ={g € SL(7)) | [gv, gw] = [v,w] for all v, w € 73}

ProrosiTION. (1) If G is not of type A, Ad; is absolutely irreducible
and Ad,(H) is a maximal connected closed subgroup of Sp(7;(R)) or
Sp(7(R)) itself.

(2) For A,, Ad;:H — Sp(7;) is equivalent to p ® p* and Ad(H) is
the maximal connected semisimple closed subgroup of Sp(7(R)).

Proof. Part (1) can be shown by the same argument as the proof of the
previous proposition. To see (2), it is enough to note that Ad,(H) is the
semisimple part of a Levi subgroup of the maximal parabolic subgroup
{g € Sp(77) | g7; = 7;} which stabilize 7;. |

1.3.8. LEMMA. Let H be a connected simple Lie group and for each
i =12, ¢;: H— G, an isomorphism for some Lie group G,. Then §(H) =
{(¢,(h), p,(h)) | h € H} is a maximal closed connected subgroup of G, X G,.

Proof. If L is a closed connected subgroup which contains 8(H)
properly, then there exists an element (g,e) € L. It follows that L
contains the subgroup {(¢,(h)gd,(h 1), e) | h € H}. Since H is simple
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hence so is G,, {(¢p,(W)gp,(h™1),e) | h € H} = G, X {e}. In the same way,
we can show that L contains {e} X G,; hence L = G; X G,. 1

1.3.9. ProPosITION.  Set H ={({4 9) 1A € SL,(C)} and n > 4. Then a
connected semisimple complex proper Lie subgroup of SL,,(C) containing H
properly is either {({ 9) | A, B € SL,(C)} or SL,(C) ® SL,(C).

Proof. Let M be a maximal closed semisimple subgroup of SL,,(C)
containing H. If M is reducible, then M is a semisimple part of a Levi
subgroup, say L, of some maximal parabolic subgroup. Then L is the
centralizer of a one-dimensional torus S. Since S should centralize H, we
have that S ={(§,%,) |t € C*}. Therefore L ={({ %) € SL,,(C)|A4,B
€ GL,(C)} and hence M =[L,L]. Since H is a maximal subgroup of
[L, L], in this case [L, L] is the only semisimple subgroup containing H.

Suppose that M is irreducible and non-simple. Then M = gSL,(C) ®
SL,(C)g~* for m > 1and k > 1 such that mk = 2n. Since the Lie algebra
of M is isomorphic to the direct sum of the Lie algebras of SL,(C) and
SL,(C), we have that n < m or n < k. It follows that k = n and hence
m = 2. Now we will show that g € SL,(C) ® SL,(C). Denote by T, the
diagonal subgroup of SL,,(C) and set S = T, N SL,(C) ® SL,(C). By a
direct calculation, we can see that C(S) = T,. Let T,, be a maximal torus
of M which contains S. Then T,, € C(S) = T,. Since any two maximal tori
are conjugate, there exists 4 € SL,(C) ® SL,(C) such that 7,, = gh(T, N
SL,(C) ® SL,(C)gh)~'. That gh(T, N SL,(C) ® SL,(C)Xgh)~t c T, im-
plies that gh € N(T,). Since (gh)(SL,(C) ® SL,(C))Xgh)* contains H, it
follows that gh and hence g belongs to SL,(C) ® SL,(O).

We can now exclude the case when M is simple irreducible. We recall
the well-known fact that the smallest possible dimensions of linear repre-
sentations of the groups of types G,, F,, E;, E;, and Eg are 7, 26, 27, 133,
and 248 respectively. If M is of type G,, it implies that 2» is at least 8 and
hence the rank of H is at least 4, yielding the contradiction. A similar
argument can be applied for other types of exceptional groups to show that
M is not of exceptional type. Now assume that M is of classical type. If it
is of type B,, C,, or D,, then k is at least n — 1 since the rank of H is
n — 1. This excludes the type of B, since the smallest possible dimension
of linear representations of the groups of type B,_; is 2n + 1. If M is of
type C, or D,, then we have k = n since the groups of type C,_, or D, _,
cannot contain a subgroup of type A4,_, and k cannot be bigger than »
since the dimension of the representation should be at most 2x. It follows
that M is either a symplectic or an orthogonal group. But by a simple
calculation we can see that there is no bilinear form which is invariant
under H. Therefore M can be neither C, nor D,. Now let M be of type
A,. Since H is reducible, there exists a maximal parabolic subgroup P,, of
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M which contains H. It is not difficult to see that a maximal parabolic
subgroup of SL,,(C) containing H is either

Pl={(‘g g)ESLZH(C)IA,BeGLn(C)} or

P, = {(g g) € SL,(C) |4, B € GLn(C)}.

Denote by L the common Levi subgroup of P, and P,. We can also easily
see that L is the only Levi subgroup of P, which contains H. Therefore a
Levi subgroup, say L,,, of P, which contains H is contained in L. It is
known that there is no semisimple subgroup of maximal rank in the groups
of type A,. It follows that L, is either L, ={(¢ %) SL,,(C) |4 €
GL,(C)} or L since H is a maximal semisimple subgroup of [L, L]. Hence
the type of M is either A4, or A4,, _,, respectively. But we can check from
the character formula that thre is no irreducible representation of dimen-
sion 2n for the groups of type A4, unless n = 3. |

1.3.10. ProposITION.  Set H ={({ 9) | A € SO,(C)} and n = 8. Then a
connected semisimple complex Lie subgroup of Sp,,(C) containing H is either
{(4.2.) € 8p,,(C) 1A € SL(C)} or SL,(C) ® SO,C).

The proof of the above proposition goes exactly the same as the proof of
Proposition 1.3.9.

1.4. Q-Forms of Algebraic Groups and Q-Rational Representations

We prove some basic propositions on the Q-forms of semisimple groups
and Q-rational representations. The main references for this section are
[21, 22].

1.4.1 (see [21, Chap. 2]). Let G be a semisimple algebraic k-group,
I' = Gal(K/k) where K is the separable closure of k,and S, T, A, and A
be as in Subsection 1.2.1. Denote by A, the subset of A which vanishes on
S. We define the so-called =-action of I" on A. For y € T', there exists a
unique element w in the Weyl group such that w(’A) = A and we set
v(a) = w(Ca). If the =-action is trivial, the k-form is called inner and
otherwise, outer. The orbits of I', whose elements do not belong to A, are
called distinguished orbits.

The Tits index of a group G is the data consisting of A, together with
Dynkin diagram, A,, and the =-action of I'". The group G is determined,
up to k-isomorphism, by its K-isomorphism class, the Tits index, the
commutator subgroup of C(S), called the semisimple anisotropic kernel of
G, given up to k-isogeny.
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PropPosITION [21, 2.5.4]. Let Py, denote the parabolic subgroup generated
by Tand U(a € A) and U_ (a € O). Then Py is defined over k if and only
if ® contains A, and is invariant under the *-action of 1.

1.4.2. For an adjoint semisimple k-group G, there exist an adjoint
semisimple k-split group G¢ and an adjoint semisimple k-quasi-split group
G? whose =-action of I' on the Dynkin diagram is the one given by the
index of G, both of which are K-isomorphic to G. The k-form of G is
obtained by twisting G (resp. G?) by a cocycle ¢ of I' with values in
Aut, (G?) (resp. Int,(GY)) (see [21, 3.4.2]).

The proof of the following proposition is due to G. Prasad.

PrRoPOSITION. Let G be an adjoint semisimple algebraic R-group. Then
for a given minimal parabolic R-subgroup P, there exists a Q-form on G with
respect to which every parabolic R-subgroup of G which contains P is defined
over Q.

Proof. The group G decomposes into a direct product of adjoint
R-simple normal R-groups by Proposition 1.2.4 and a parabolic R-sub-
group of G is a product of parabolic R-subgroups of each R-simple factor
of G. Therefore it is enough to prove the proposition for an R-simple
group.

Case (1). G is absolutely simple.

Let GY be the adjoint Q-split Q-group if the R-form of G is of inner
type, and the quasi-split @-form of G, splitting over k = Q(), if the
R-form of G is of outer type. Let P = MU be a minimal parabolic
R-subgroup of G and P? = MU? be the corresponding parabolic Q-sub-
group of G9, where M9 is a Levi Q-subgroup of P? and UY is the
unipotent radical. Set M’ = [M, M]and M? = [M?, M?]. Since the two
R-forms of G and G differ only by their semisimple anisotropic kernels
M’ and M7 and the indices of M’ and MY coincide, the R-form of G is
the twist of the R-form of G? by a cocycle ¢ of Gal(C/R) with values in
Intc M9 = M4 (see [21, 3.4.2]). But it is known (see [3, Theorem 1.7]) that
the natural homomorphism of HX(Q, M?) to HXR, M) is surjective.
Thus there is an M4 ’-valued cocycle d on Gal(C/Q) cohomologous to ¢
over Q. The twist of G? by the cocycle d is a Q-form of G with the
following properties: (i) over R, it coincides with the R-form of G; (i) its
distinguished orbits of Gal(C/Q) contain all the distinguished orbits of
Gal(C /R) of the R-form of G. Therefore by Proposition 1.4.1, this Q-form
has the required property.

Case (2). G is R-simple but not absolutely simple.
There exists an adjoint absolutely simple group G’ such that G =
R ,rG' by Proposition 1.2.6. Let G'? be the adjoint Q(i)-split form of G’
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and G’ =Ry, oG It is clear that G’ is a Q-form of G with the
desired property. 1

1.4.3. Let D be a central simple division algebra over k of degree d. For
any r, there exists a k-form GL, ,, of GL,, such that GL, (k) = GL(D).
Let IV be a finite dimensional (left) vector space over D. A D-representa-
tion or (D, k)-representation of G in V' is a k-homomorphism G — GL, .
A representation of G is called D-rational if it is equivalent to a D-repre-
sentation.

1.4.4. PrRoPOSITION [22, Theorem 3.3].  For any dominant weight A fixed
by T, there exists a division algebra D, unique up to k-isomorphism, such that
an absolutely irreducible representation of G with the highest weight A is
D-rational.

1.4.5. PROPOSITION. Let G be an absolutely simple algebraic k-group of
type C,. If the standard 2 n-dimensional representation of G is k-rational, then
G is split over k.

Proof. By the classification of k-forms given in [21], G(k) is
8U,, (D, h) where D is a division algebra of degree d and 4 is a
nondegenerate antihermitian sesquilinear form of index r relative to a
first kind involution o such that D“ has dimension 1/2d(d + 1). The
canonical representation SU,, ,,(D,h) — SL,, ,, is an absolutely irre-
ducible representation with the same highest weight as the standard
2n-dimensional representation. Since the standard representation is ratio-
nal over k, by the uniqueness of such a D, D = k. It implies that G is split
over k. 1

14.6. Let o be a dominant weight and k, the invariant field by the
stabilizer of « in I". Then Proposition 1.4.4 gives a central division algebra
D, over k, such that p,:G — GL, p is an absolutely irreducible
(D k )representatlon of dominant weight «. Define resty, sx. GL,, D,
—>GLnd2(K) GL,(D, ® ; K) and similarly rest; ,. We put “p,
rest, ,(restp, ;o pa)

THEOREM [22, Theorem 7.2, Lemma 7.4]. (1) For each dominant weight
koo .

of G, 'p, is irreducible over k.

(2) Each k-irreducible representation of G is k-equivalent to the repre-
sentation of the form kpa.

(3) Let a and o' be dominant weights. Then "o, and %o, are k-equiv-
alent iff there exists y € T such that y(a) = a'.

@ If T(a) ={ay,..., a,}, then kpa is equivalent over K to the direct
sum of d irreducible representations of dominant weight «, ..., d irreducible
representations of dominant weight &, where d*> =[D, : k]
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14.7. Let n> 3, and G be either SL (C) or SO,,(C), and ¢ be the
representation of SL,(C) X G defined by ¢(4,B)=A® B for A
SL,(C) and B € G.

ProrosITION.  Let H = SL,(C) X G. Assume that the representation s
is rational over Q.

(1) If G = SL,(O), the group H is equipped with either a split Q-form
or an inner Q-form such that H(Q) is conjugate to SL(Dg) X SL ('Dg)
where D is a division algebra defined over Q such that D, is a central simple
quarternion division algebra over Q, 2s = n, and 'D@ ={Xe MO I|Xe
Dg}.

(2) If G = SO,(O), the group H is equipped with either a split Q-form
or a Q-form such that H(Q) is conjugate to SL,(Dg) X SU('Dg,, h) where D
is a division algebra defined over Q such that Dg is a central simple
quaternion division algebra over ), 2s =n, and h is a non-degenerate
hermitian form relative to an involution o of the first kind such that D° has
dimension 3.

In particular, with respect to those Q-forms, {(I, A) | A € G} is a Q-sub-
group of H.

Proof. (1) Let T be a maximal torus consisting of the diagonal ele-
ments of SL,(C) X SL,(C). Then the highest weight A; of ¢ sends
t = diag(¢,,...,t,) X diag(s;,...,s,) to ¢, +s,. It is known that if an
absolutely irreducible representation i is rational over Q, then its highest
weight is invariant under the *-action of Gal(Q /Q) and the element B, in
the Brauer group Br(Q) associated to  is trivial (see [B-T, 12] for the
definition of 8,). Since n # 2, H cannot be not almost simple over @ and
hence there exist two subgroups H; and H, which are Q-forms of SL,(C)
and SL,(C) respectively such that H = H, X H,. Since the highest weight
), is invariant under the =-action of Gal(Q/Q), the =-action must be
trivial on the Dynkin diagrams of both H, and H,, from which it follows
that the Q-forms of H, and H, are inner. Therefore H(Q) is conjugate to
SL,(D,q) X SL(D,q) where D, and D, are as described in (1). If ¢ is
rational having this Q-structure of H, then the triviality of g, implies that
the two algebras (D,)g and ‘(D,)q (resp. (D,)g) represent the same
element in the Brauer group Br(Q). Since they are (central) division
algebras, this implies that they are isomorphic. In the case when (D,)q
and ‘(D,)q are isomorphic, an isomorphism of (D,), onto ‘(D) extends
to an isomorphism of the algebra M(D,), onto the algebra M,(D,)q
and hence to an automorphism of the algebra M, (C) through taking the
tensor product with C over Q. It follows from the Skolem-Noether
theorem that this automorphism is inner by an element g € GL,(C). Thus
we have gSL (D,)qg "t = SL,(D,)q.
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The proof of (2) goes exactly as above, using the classification of
Q-forms of groups of D,-type. 1

1.4.8. PropPosITION.  Let G = SL,(C) and let ¢: SL,(C) — SL,,(C) be
the direct sum p & p* where p is the standard representation of SL,(C) and
p* the dual of p, i.e., p*(A) =AY for A € G. Then the Q-forms of G with
respect to which  is Q-rational and irreducible over Q are such that
G(Q) = SU/(k, h) where k is a quadratic extension of Q and h € GL,(k)
such that 'h’ = h where o is the non-trivial element in Gal(k /Q).

Proof.  Since the highest weights of p and p* are obviously different,
the =-action of I' of the Q-form is non-trivial, proving the form of the
outer. That the division algebra attached to this outer Q-form is in fact a
field is a direct consequence of (4) in Theorem 1.4.6. |

1.4.9. The following propositions are easy consequences of Theorem
1.4.6; their derivation from the theorem is similar to the proof of Proposi-
tion 1.4.8.

ProrosiTION. Let H = SL,(C) X SL,(C) and let i be the representation
such that (A, B) = ({ 9). If H is equipped with a Q-form with respect to
which  is rational over Q, then H(Q) is up to conjugation either SL,(Q) X
SL, (@) or Ry ,qSL, (k).

1.4.10. ProrosITION. Let G be SL,(C) (resp. SO,,(C)) and i be the
representation of G defined by y(A) = ({4 9). If G is equipped with a Q-form
with respect to which s is rational over Q, then G(Q) is, up to conjugation,
either SL,(Q) (resp. SO,,(Q)) or SL (Dg) (resp. SU(Dg, h)) where D is a
division algebra described in (1) (resp. where D and h are described in (2)) in
the above proposition.

1.5. Extension of Q-Forms

We show that for an adjoint absolutely simple group G and its parabolic
subgroup P such that R, (P) is commutative or Heisenberg, a @-form of
[P, P] extends to a @Q-form of G. The following theorem of Raghunathan
plays a key role.

1.5.1. THEOREM (Raghunathan [18, 3.31]). Let & be a complex semisim-
ple Lie algebra and 2 the Lie algebra corresponding to a parabolic subgroup P
of G (= a semisimple Lie group with § its Lie algebra). Let %y be a Lie
algebra over Q and i: Py — P an injective homomorphism such that
i ®id: Py ®y C — P is an isomorphism. Then there exists a (-Lie algebra
Qo and injective homomorphisms j: qq — & and o : Py — §g such that

(1 joid:gq ® C — & is an isomorphism and
(2) joa= Boiwhere B:P — Z is the natural inclusion.
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1.5.2. Considering the adjoint reprsentation of G, the following is a
direct consequence of the above theorem.

COROLLARY. Let G be an adjoint semisimple algebraic R-group and P its
parabolic R-subgroup. If P is equipped with a Q-form, then there exists a
Q-form of G which extends the Q-form of P.

1.5.3. It is well known that for every unipotent subgroup U, the logarith-
mic mapping In U — Lie(U) is equivariant in the following sense: if f is a
biregular automorphism of U, then Ine f = df In (see [11, 1.1.3)]).

In particular, we have the following:

LEMMA. Let G be a semisimple algebraic group and P a parabolic
subgroup with a Levi subgroup L. Then Ad(h)eIn = IneInt(h) where Ad:
L — GL(%) is the representation as in Subsection 1.1.14.

15.4. LEMMA. Let G be an adjoint semisimple algebraic group and P, L,
% be as in the above lemma. Then the representation Ad: L — GL(%) is
faithful.

Proof. Applying the previous lemma to the conjugation map of U by
each element of L, we can see that the kernel of Ad: L — GL(%) is equal
to C(U) N L. But it is known (e.g., [10, Lemma 11.16] or [16, Proposi-
tion 11.19])) that C(U) c U. Therefore C(U) N L is trivial, proving the
lemma. |

1.5.5. PROPOSITION. Let G be an adjoint absolutely simple algebraic
R-group, P a parabolic R-subgroup with an R-Levi decomposition LR, (P),
and H = [L, L]. Assume that H and R, (P) have Q-forms such that H(Q)
normalizes R, (PYXQ). If R, (P) is commutative or Heisenberg and H is
non-trivial, there exists a Q-form of G which extends the Q-forms of H and
R,(P).

Proof. By Corollary 1.5.2, it is enough to extend a Q-form of H and
R,(P) to a Q-form of P. Consider the representation Ad: L — GL(%),
% = Lie(R,(P)) defined in Subsection 1.1.14. The Q-form on R, (P)
defines a Q-structure on the vector space %, through the logarithm map,
and hence a Q-form on GL(%). Since H(Q) normalizes R, (P)XQ) and the
logarithm map is Q-rational, Ad(H(Q)) preserves #Z(Q). Since H is
defined over @, and hence H(Q) is Zariski dense in H, it implies that
Ad(H) is a Q-subgroup of GL(%).

Case (1). Ad is absolutely irreducible, or equivalently, R, (P) is com-
mutative.

Since Ad is absolutely irreducible, it follows from Schur’s lemma that
the centralizer C(Ad(H)) of Ad(H) coincides with Z(GL(%)). Since
Ad(Z(L)) c C(Ad(H)) and Ad(Z(L)) has dimension 1, Ad(Z(L)) =
Z(GL(%)). 1t follows that Ad(Z(L)) is a Q-subgroup of GL(%). Since
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Ad(H) N GL(%(Q)) and Z(L) N GL(%(Q)) are Zariski dense in Ad(H)
and Z(L), respectively, Ad(H)AJ(Z(L)) N GL(%(Q)) is Zariski dense in
Ad(H)Ad(Z(L)). Since L = HZ(L), we obtain that Ad(L) is a Q-sub-
group of GL(%). Since Ad is faithful, (Ad, Ad(L)) now provides a @-form
of L, which extends the given Q-form of H. Since L(Q) normalizes R,(Q)
with respect to this (Q-form, we have a Q-form of P.

Case (2). R, (P) is Heisenberg and G is not of type A4,,.

Then % decomposes into & Z(#%) where 7" is the Ad(H )-invariant
subspace other than Z(%). Since Z(%) has dimension one and H has no
rational characters, Ad(H) acts trivially on Z(%). Denote by Ad’ the
restriction of Ad on 77 so that Ad = Ad’ @ Id. We note that 7" is a
Q-subspace of %; in fact, let (v, z) € #(Q) where v € 7 and z € Z(%),
and h € H(Q). Then Ad(h)v,z) = (Ad(h)v,z) € #(@) and hence
(Ad'(h)v — v,0) € Z(Q), giving a non-trivial element in 7 N Z(Q). It
follows from the fact that Ad’ acts absolutely irreducibly on 7 that
Ad(H)(QX7 N #(Q)) generates a Zariski dense subspace of 77, proving
the claim.

Since the restriction of Ad(H) on 7  is absolutely irreducible, by the
same argument as the previous case, we can extend the Q-form of H to L
with respect to which Ad(L(Q)) preserves 7°(Q). Since Z(#(Q)) =
[7(Q), 7(Q)], Ad(L(Q)) also preserves Z(#(Q)). It follows that L(Q)
normalizes R, (P)Q), yielding the desired Q-form of P.

Case (3). R,(P) is Heisenberg in a group of type 4,, n > 3.
In this case, H is of type A, _, and Ad is equivalent to the direct sum
p ® p* @ id where p (resp. p*) denotes the (resp. dual of) standard
representation of A,_,. By Proposition 1.4.7, the Q-forms of H with
respect to which Ad is Q-rational are, up to conjugation and isogeny, such
that H(Q) = SL,_,(Q), SUMXQ) = {g € SL,_(k) | 'g°hg = h} or
"SUMQ)* ={geSL, (k)|'g"* € SULXQ)} where k is a real
quadratic extension field of @, o is a non-trivial element in Gal(k/Q),
and h € GL,_,(k) such that ‘A" = h. We observe that each of those
Q-forms of H extends to a Q-form of G with respect to which G(Q)
is isogenous to SL, ., (@), SUK'XQ) ={ge SL,,(k)|'g"*h'g="h"} or
"(SUh'X(@))~? for
0 0 1
0 h 0],

n o=
1 0 0

respectively. |

1.5.6. Remark. If the rank of G is one, H is trivial. For the groups with
rank at least 2, H is trivial only if G is of type A, and P is a Borel
subgroup, or equivalently, R (P) is Heisenberg.
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2. THE SUBGROUPS OF THE FORM 1}
AND Q-FORMS

2.1. Discrete Subgroups in Algebraic Groups

2.1.1. The following two theorems are the well known Borel density
theorem and a theorem of Borel and Harish-Chandra, respectively.

THEOREM (Borel Density Theorem [2]). Any lattice in a connected
semisimple Lie group without compact factors is Zariski dense.

2.1.2. THEOREM [4].  Let G be a semisimple linear algebraic group defined
over Q. Then G(Z) is a lattice in G(R).

2.1.3. LEmMA. Let G be a connected semisimple algebraic R-group,
G = G(R)°, and T a discrete and Zariski dense subgroup in G. Then the
normalizer N(T') of T in G is discrete.

Proof. Let N° be the connected component of the identity of N(I).
Since N° normalizes T" and T is discrete, N° centralizes I'. That is,
N°® c C(I') and therefore ' ¢ C(N°). Since C(N°) is algebraic and T is
Zariski dense, G ¢ C(N°) and hence N° is contained in the center of G,
which is finite. Thus N° = {e}, implying that N(I") is discrete. [

2.1.4. LEMMA. (1) If G is a locally compact group and T is a discrete
subgroup of G containing a lattice in G, then T is a lattice in G.
(2) If G is a semisimple algebraic Q-group, G = G(R)°, and T is a
discrete subgroup containing an arithmetic subgroup G(Z), then T is also an
arithmetic subgroup of G.

(3) Let G be as in (2) and in addition, suppose that G has no compact
factors. Then the normalizer of an arithmetic subgroup of G is again an
arithmetic subgroup of G.

Proof. Part (1) is an immediate corollary of Lemma 1.6 of [16]. By
Theorem 2.1.2, G(Z) is a lattice in G. Again by Lemma 1.6 of [16], the
subgroup G(Z) is a subgroup of a finite index in T', proving (2). Part (3) is a
direct consequence of Borel density theorem and Lemma 2.1.3. |

2.1.5. We state a well known arithmeticity theorem of Margulis for the
real field case, followed by his finiteness theorem.

THEOREM (Margulis’ Arithmeticity Theorem, see [13] or [27, Theorem
6.1.2D). Let G be a connected semisimple Lie group with trivial center and no
compact factors. Suppose that the rank of G is at least 2 and that T is an
irreducible lattice in G. Then there exists a semisimple algebraic Q-group H
and an epimorphism p - HR)® — G with compact kernel such that p(H(Z)
N H(R)®) is commensurable to T'. Furthermore if T is a non-uniform lattice,
p can be taken as an isomorphism.
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2.1.6. THEOREM (Margulis’ Finiteness Theorem, see [11, Chap. 8] or [27,
Theorem 8.1.2]). Let G and T be as in Theorem 2.1.5. Then any non-central
normal subgroup of T has a finite index in T

2.1.7. Let G be a locally compact group and S, a sequence of subsets of
G. We say that S, converges S if for every compact subset K € G and a
neighborhood U of ¢ in G, there exists an integer r = r(K, U) such that
forall n>zrand xe S, NK, xUNS#Jandforall y e SNK, yUn
S, * .

THEOREM (Chabauty [16, Theorem 1.20]). Let G be a Lie group and T,
a sequence of lattices in G such that for some open set W of G with e € W,
W N T, ={e} for all n. Then a subsequence T; of T, convergesto I' and T
is a discrete subgroup. Furthermore, if w is a right Haar measure on G,

w(G/T) < Lim inf (G /T, ).

2.1.8. A subgroup H of a Lie group G is said to have property (P)
if every Ad(H )-stable subspace of g, is Ad(G)-stable where Ad denotes
the adjoint representation of G in the complexification g, of the Lie
algebra g.

THEorReM (Wang [16, Lemma 9.5]). Let G be a semisimple Lie group
and K a compact set of G. Then there is a neighborhood U of e in G such that
the following holds: if T is any discrete subgroup of G such that I NU
generates a subgroup with property (P), then T N U = {e}.

For example, a Zariski dense subgroup in an algebraic group has
property (P) since the adjoint representation is algebraic.

2.1.9. In the following, we list well known lemmas on lattices in unipo-
tent algebraic groups (see [12, Chap. 3]).

LEMMA. Let U be a unipotent algebraic R-group and F a discrete sub-
group of U(R). Then F is Zariski dense in U if and only if the factor space
U(R)/F is compact.

2.1.10. LEMMA.  Assume further that F is a lattice in UR). Then
(1) U(R)/F is compact.
(2) F is an arithmetic subgroup of U(R).
() F n ZUR)) is a lattice in Z(U(R)).
2.1.11. LEMMA. Let U be a unipotent Q-group.
(1) Foranyn € N, UnZ) is a lattice in U(R);
(2) if FcUQ) and F is a lattice in UR), then F is commensurable
to UZ);
(3) every subgroup of finite index in U(Z) contains U(nZ) for some
neN.
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2.2. Generators of Arithmetic Subgroups

2.2.1. Let k be a number field and G a simply connected and absolutely
almost simple algebraic group defined over k with respect to which U, and
U, are opposite horospherical k-subgroups. Let S be a finite set of
valuations of k containing all archimedean valuations and A be the ring of
S-integers in k and the S-rank of G is at least 2. If U, and U, are maximal
horospherical k-subgroups, then for any ideal A of A, the subgroup
generated by U(A) and U,(A4) is of fine index in G(A) (for k-rank G > 2
by Raghunathan [17] and for k-rank G = 1 by Venkataramana [25]). This
result was known for Chevalley groups for k-rank G > 2 by Tits [23] and
for classical groups of k-rank G > 2 by Vaserstein [24].

In fact, this result holds for an arbitrary pair of opposite horospherical
k-subgroups. The argument for this was explained to the author by T. N.
Venkataramana.

2.2.2. COROLLARY. Let G be as above and U,, U, a pair of opposite
horospherical k-subgroups. Then for any ideal A of A, the subgroup generated
by U(A) and U,(A) is of finite index in G(A).

Proof. Let P; c N(U)) and P, c N(U,) be a pair of opposite minimal
parabolic k-subgroups. This can be done as follows: if the pair N(U,),
N(U,) is conjugate to , Py, Py by g € G(k) as in Lemma 1.2.2, set
P/ =gP,g ! for each i=1,2. Set U/ = R,(P}) for each i=1,2 and
L = N(U,) N N(U,). Then U/ is the semi-direct product of (L N U/) and
U.. Denote by T, the subgroup generated by U,(A) and U,(A), and by T}
the subgroup generated by Uj(B) and U,(B). By the result mentioned
above for maximal horospherical k-subgroups, I'y is an arithmetic sub-
group. We note that (L N U/'XAU(A) has a finite index in U/(A).
Therefore there exists an ideal B ¢ A such that U/(B) c (L N
U/ X A)U(A). We claim that T, normalizes T,. Let x € U;(B) and write
it as &y where [ € (L N U/XA), y € U(A). For u, € U(A), yu;y * €
U(A) and hence ku,l 'y ' € U(A) since L(A) normalizes U,(A).
So, xU(A)x~' = U(A). For u, € Uy,(A), since xu,x ' =
(WY, =D~ I~ € U(A), and lu,l™* € U,(A), we have
xu,x~* € I,. It shows that U;(B) normalizes I', and similarly we can show
that U;(B) normalizes T,. Therefore T, < N(T}).

By the finiteness theorem of Margulis (Theorem 2.1.6), T, has a finite
index in N(T;) and hence an arithmetic subgroup. It is now clear that T,
has a finite index in G(4). 1

2.2.3. COROLLARY. Let G be a connected semisimple Q-subgroup such
that each Q-simple factor has Q-rank at least 1 and R-rank at least 2. Let U,
U, be a pair of opposite horospherical (-subgroups and F,, F, lattices in
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U,(R) and U,(R) which are commensurable to U(Z) and U,(Z), respectively.
If Ty, 5, is discrete, then it is an arithmetic subgroup of G(R).

Proof.  Suppose that G is simply connected. Using Proposition 1.2.4, we
may assume that G is almost Q-simple. By Proposition 1.2.6, there exist a
finite separable extension k of @, a connected simply connected absolutely
almost simple k-group G’, and a pair of opposite horospherical k-sub-
groups Uj, U; of G’ such that G = R oG’ and U, = R, ,oU; for each
i = 1,2. We also note that R-rank of G is equal to the S-rank of G’ where
S is the set of archimedean valuations of k. In fact, if k& has r real
embeddings and 2s imaginary embeddings, then § has r + s elements.
Both the R-rank of G and the S-rank of G’ are equal to (r + s)(k-rank of
(G")). Since there exists n € N such that U(nZ) C F, by Lemma 2.1.11, we
may assume that F; = U(nZ) for each i = 1,2. On the other hand, we can
find an ideal A of A, the ring of the integers of k, such that R, ,o(U;/(A))
c U(nZ). By the previous corollary, the subgroup of G’ generated by
U/(A4) and U,(A) has a finite index in G'(A). Since I},  contains a
subgroup generated by R, o(Uj(A4)) and Rk/@(UZ(A)) and G() =
Ry ,o(G'(A)), Ty p, contains a subgroup of finite index in G(2).

In general, there exists a simply connected semisimple Q-group G and a
central Q-isogeny p: G — G by Proposition 1.2.5. Then each U p HU)
is a horospherical Q-subgroup of G and there exists m € N such that
pU(m2)) c U(nZ) for each i = 1,2 Since p(Ty .z 5,mz) C
Uy (nz),u,nzy @nd the image of an arithmetic subgroup under an isogeny
map is an arithmetic subgroup, it only remains to apply the previous case
0 I'7 u2y, 7,0mz) 0 Obtain that 17, 7y .,z is an arithmetic subgroup. 1

2.2.4. ExampLE. We present an example which shows that the assump-
tion on the discreteness of I , in the above corollary is essential.

Let U; and U, be the subgroups of the form (‘g *»x®) and (,; ', 7)
for some m, k € N, respectively. By M, . ,(R), we mean the set of all
m X k matrices whose coefficients lie in R. In fact any pair of minimal
opposite horospherical subgroups in SL,(R), n = m + k, is conjugate to
such a pair U, U,. Let F, =M, ,Z and F, = (1/p)M,,,Z for some
p € N. Obviously F, is commensurable to My, 2.

We claim that unless p = 1, then I}, ,, is not discrete. The subgroup
Iy, r, contains a subgroup, which is isomorphic to the subgroup I, of

SL,(R) generated by (31) and (,},?). Applying Jorgenson’s inequality

given below to T’,, we obtain that if I, is discrete, then p <1, yielding
p = 1since p € N.
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Jorgenson’s Inequality (cf. [7]). Let A and B be matrices in SL,(C)
which generate an infinite subgroup. If the subgroup generated by 4 and
B is discrete, then [tr2(A4) — 4| + tr(ABA'B~Y) — 2| > 1.

2.2.5. ExamprLE. We close this section by giving some examples which
demonstrate how the discreteness assumption on I’z . restricts the choice
of lattices F, and F, in U,(R) and U,(R), respectively.

(1 Let g=(@9), h=C(19), and I, be the subgroup of SL,(R)

generated by g and 4. Jorgenson’s inequality says that if T’ , is discrete,
then x2y? > 1.

(2) Let U; and U, be as in Remark 2.24. Let F, =M,,,,Z and
F, = aM,_,,Z for some a € R.

We claim that if « is an irrational number, then I'; , is not discrete.
Let E;; denote the elementary matrix whose entries are all 0 but 1 in
(i, j)-entry. Note that the commutator [/ + «E,,, ,,, 1+ E; ] of two
elements I + oE, ,,, and I + E, , is the element [ + aE,, ., ,. Let’s
denote this element by g. Then

Im MkaZ -1 _ Im ( XkZ)(I + aEl k)
0 A L 0 I,

Therefore I' N U, is not discrete if « is an irrational number.

(3) LetG = SL,,(C) with an inner R-form given by G(R) = SL,(Dg)
where Dy, is a Hamiltonian quaternion division algebra over R and n > 3.
Let U, = (y "P)and U, = (,, ", ' ') where m + k = n. Consider
two quaternion division algebras D and D, defined over Q such that
D/(Q) is a central simple division algebra over @ and D,(R) = Dy, for each
i = 1,2. The notation D,(Z) denotes a Z-order of the algebra D,(Q). Let

Fy = (g M2y and F, = (,,, ", ) 7). We claim that if Ty . is
discrete, then D,(Z) = aD,(Z) up to commensurability. Since # is at least
3, we have either that m > 2 orthat k> 2. Set j=m if m>2; j=k
otherwise. We denote by E, the elementary matrix in M, (Dg) whose
(¢, s)-entry is the identity matrix and 0 elsewhere. Then for each x,
y € Dy, the commutator C,, = [I + xE; ,, I + yE, ;] is the element [ +
WE; smcej # 1. Forany x € D,(Z)and y € aD (Z) C,, € Iy p,. Since
C, F,C.! CF,, we obtain that xy € D,(2). Therefore We obtain that
aDl(Z)Dz(Z) c D,(2). It follows that «D,(Z) = D,(Z) up to commensura-
bility.
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2.3. Reflexive Horospherical Subgroups

2.3.1. Let G be a connected semisimple algebraic R-group without any
R-anisotropic factors and G = G(R)°. Let U,, U, be a pair of opposite
horospherical R-subgroups and F, and F, lattices in U(R) and U,(R),
respectively.

LEMMA. (1) G is a normal subgroup of finite index in G(R).

2 UM and U,(R) generate G. In particular G is generated by
one-parameter unipotent subgroups.

(3)  The subgroup Ty, . is Zariski dense in G(R).

Proof. Part (1) is well known. Since G has no R-anisotropic factors, (2)
follows from [5, 6.14-15] (or see [11, Chap. 1, Theorem 2.3.1]). Since
the Zariski closure of I'; . contains U; and U,, (3) is a direct corollary

of 2. 1

2.3.2. LEMMA. Suppose that P, is a reflexive parabolic k-subgroup of a
connected semisimple k-group G and that P, is a parabolic k-subgroup
opposite to P,. Then the set M(P,, P,) = {h € R (P,) | hP,h~* and P, are
opposite} is Zariski dense and open in R (P,). In particular, M(P;, P,) N
R, (P,)(k) is non-empty.

Proof. 1t follows from Proposition 4.10 and Lemma 4.12 in [5] that the
set M ={h € G| hPh~ ! and P, are opposite} is Zariski dense and open
in G. Since R, (P,)P, is open and M is right P;-invariant, we have that
R,(P,) N M isopenin R,(P,). 1

2.3.3. LEMMA. Suppose that U, is reflexive, i.e., wUw ™ = U, for some
w e G(R). If U, is commutative (resp. Heisenberg), there exist u € U(R),
x € (N(U,) N N(U)XR) (independent of F, and F,) such that uly pu"*
contains Uy ., p -1yt (resp. Tpy gy -1 where Fy and F; are lattices whose
quotients by commutators are the same as those of F, and wF,w™?, respec-
tively).

Proof.  Since I}, p, is Zariski dense, it follows from Lemma 2.3.2 that
there exists y € FF F, Such that yN(U)y™ ! is opposite to N(Ul) Then
there exists a unique element u € U(R) such that uyN(U)y ‘u~?! =
N(U,). Since wN(U)w ™! = N(U,), it follows that uyw ™" is in N(U,). By
Levi decomposition we can write uyw ' =xy for x € N(U)R) N
N(U,)(R) and y € U,(R). Now (uy)F(uy)™* = (xy)wF,w H(xy)~t. Set
F; =uFu ' and Fy =ywFw ty ' Then ul'u~* = uyl'y *u"' contains
the subgroup generated by uF,u~' = F; and (uy)F(uy)™* —ngx‘l. If
U, is commutative, then F; = F, and xFyx~' = xF,x . If U, is Heisen-
berg, it is clear that F; and F; satisfy the desired properties. 1
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2.3.4. Remark. For an adjoint absolutely simple group G and its root
system & with a choice of basis A, there exists a unique involutory
permutation i, so-called opposition involution of A such that a« - —i(a)
extends to an operation of a Weyl element, say n. Then nPyn™" = Py,
for each subset ® c A. Therefore if i(®) = 0, then P, (resp. V) is
conjugate to Py (resp. Vg).

It is known that i induces a non-trivial automorphism on A if and only if
G is type of A,, D,,.,, or E; (cf. [21, 1.5.1]). In such cases, we have
non-reflexive commutative horospherical subgroups. On the other hand, it
follows from the classification given in Subsection 1.3.1 that i(A,) = A,.
Therefore every Heisenberg horospherical subgroup is reflexive.

2.4. Margulis’ Theorem on Representation Theory and Extension
of Q-Structures

2.4.1. Let K be an algebraically closed field, H a connected algebraic
K-group, A € H a Zariski dense subgroup, T a faithful linear representa-
tion of H into a finite dimensional linear space L over K, M and N linear
subspaces of L, and W a non-empty Zariski-open subset of H. We put
d =min, . dim(N N T(h)M) and assume that dim(M N T(w)N) =
dim(N n T(w™H)M) = d for all w € W. In addition, we assume that M,
N, and L are generated as linear subspaces by the unions U, (M N
TWIN), U ,-1c (NN TWIM) and U, c 5z T(h)M, respectively.

For a subfield k of K, any k-structure on M (resp. N) induces in a
natural way a k-structure on T(A)M (resp. T(A)N) for any A € A. We say
that two k-structures on M and N are compatible if M N T(A)N for any
A € AN Wisa k-subspace of both M and T(\)N.

THEOREM (Margulis [12, Lemma 8.6.2]).  If there exist compatible k-struc-
tures on M and N, then H can be given a k-structure such that A C H,.

2.4.2. PROPOSITION. Let G be an adjoint semisimple algebraic R-group,
U,, U, a pair of opposite horospherical R-subgroups and F,, F, lattices in
U(R) and U,R), respectively. Suppose that Ty, . is discrete and that there
exists a non-trivial connected semisimple normal R-algebraic subgroup S of
N(U) N NU,) with a Q-form with respect to which S(R) N N(T'y ) is a
Zariski dense arithmetic subgroup of S(R) and the projection of S onto each
simple factor of G is infinite. Then there exists a Q-form of G such that
Ir r, € GQ.

Proof. Set T' = N(I; ), B={g € G |gN(U,g* and N(U,) are op-
posite}, A, =S X U,, and 2, = Lie(A,) for each i = 1,2. Denote by M
and N the subspaces of the Lie algebra g of G generated, respectively, by
U,ennr(UAy N Ad(y)A,) and U -1 c 5, r(2A, N Ad(y)A,) and by V' the
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set of g, € G for which dim(M N Ad(gy)N) = min, . dim(M N
Ad(g)N). Weset W=BnNnV.

We claim that the assumptions of Theorem 2.4.1 hold for G = H,
I'=A,Ad=T, L =g, M, N, and W. First of all, since G is adjoint,
equivalently Z(G) is trivial, the adjoint representation Ad of G is faithful.
Since 2, N 9, is the Lie algebra of S, 2, N A, € M is non-trivial. Since
g is simple and the projection of S onto each simple factor of G is finite,
g is generated by Ad(g)M, g € G. We observe that M N Ad(y)N =
A, N Ad(y)A, and N N Ad(y)M = A, N Ad(y)U, for all ye BNT.
Since the set B is of the form N(U,)N(U,) [5, Lemma 4.1.2] and A4, is a
normal subgroup of P, we have that A, = (A, N yA4,y~ ) X U; for all
v € B. This implies that dim(M N Ad(y)N) = dim(2(, N Ad(y),) =
dim(A4; N yA,y™ 1) = dim(4,) — dim(U,) for all ye BN T. But W C B,
W is open, and T is Zariski dense. Therefore d = dim(A,) — dim(U,)
and hence BNT'=WnT. It follows that M and N are generated
by U, N Ad(y)A,) and U1, (A, N Ad(y)A,), respectively,
proving the claim.

Since F, is a Zariski dense arithmetic subgroup of U(R) for i = 1,2 and
S N T is a Zariski dense arithmetic subgroup of S(R) normalizing F; and
F,, we can give Q-forms on A4, and A4, with respect to which 4, N I" and
A, N T are arithmetic subgroups of 4,(R) and A4,(R) (e.g., Lemma 3.4.9).
In a natural way, these @-forms induce Q-structures on 9, and 2, and
also on M and N. Since A; N T is a lattice in A4,(R) for each i = 1,2, and
I is discrete, we have that forany y € T, (4, N y4,y ' N T) X F, has a
finite index in 4, N I'. Since A, N I" is Zariski dense in A,, the Zariski
closure of A, N yA,y * NTis A, N yA,y ' and hence 4; N yA,y !
is a Q-subgroup of A,. Since M N Ad(y)N = 2, N Ad(y)2, for all
vy€ B NT, it follows that the Q-structures on M and N are compatible.
Now by Theorem 2.4.1, there exists a @-form of G such that I'; < G(Q).
1

243. Lemma.  If Ty p € G(Q), then U is defined over Q and there

1

exists n € N such that U(nZ) C F, for eachi = 1,2.

Proof. Since F, c U N G(Q) and F, is Zariski dense in U; by Lemma
2.1.9, U is defined over Q by Proposition 1.2.7. The second claim follows
from Lemma 2.1.11. |

244. Lemma. (D) If Ty, € G(Q) and for every infinite proper normal
R-subgroup G’ of G, F, N G'(R) is finite for each i = 1,2 then G is
Q-simple.

) If Gis Q-simple and U, is defined over Q, then for every infinite
proper normal R-subgroup G' of G, U; N G'(R) is finite.
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Proof. (1) If G is not Q-simple, there exist non-trivial semisimple
normal Q-subgroups G’ and G” such that G is the direct product of G’
and G” by Proposition 1.2.4. By Lemma 2.4.3, F, contains U(nZ) for
some n € N. Since U, N G’ is a Q-subgroup, U, N G'(nZ) is infinite. But
U(nZ) = (U N G'(n2)U; N G"(n2)), yielding that F; N G'(R) is infinite.
This contradicts the assumption.

(2) There exist a finite extension field £ of @, an adjoint absolutely
simple k-group G,, and a horospherical k-group U/ such that G =
R, ,o(Gy) and U, = R, ,o(U/) by Proposition 1.2.6. Any infinite normal
algebraic R-subgroup G’ is then isomorphic to the product of suitable
n-copies of G,. Since U(Z) = R, ,o(U/)(J), J the ring of the integers of k,
the claim follows. |

2.45. CoroLLARY. Let G, U, U,, F,, F,, and S be as in Proposition
2.4.2. Assume that the real rank of each R-simple factor of G is at least 2 and
F, N G'(R) is finite for every infinite proper normal algebraic R-subgroup G'
of Gand each i = 1,2. If Ty p is discrete, then it is an arithmetic subgroup
of G(R).

Proof. By Proposition 2.4.2 and Lemma 2.4.3, there exists a Q-form of
G such that I}, , < G(@Q) and U(nZ) C F; for some n € N. By Lemma
244, G is almost Q-simple. It follows from Corollary 2.2.3 that the
subgroup T generated by U(nZ) and U,(nZ) is an arithmetic subgroup of
G(R). By Lemma 2.1.4, I} , is an arithmetic subgroup of G(R). 1

2.4.6. PROPOSITION. Let G be a Q-simple algebraic Q-group with real
rank at least 2 and U,, U, be defined over (). Suppose that the semisimple
part of N(U)R) N N(U,)R) does not have compact factors. If F, and F,
are commensurable to U(Z) and wU(Z)w~* for some w € Z(L)R), respec-
tively, and Ty, p is discrete, Iy p is an arithmetic subgroup of G(R).

Proof. We may assume that F, = U(Z) and F, = wU,(Z)w™*. Let
N = NI} ) and H the semisimple part of N(U;XR) N N(U,)R). Then
N is discrete by Lemma 2.1.3 and H is a semisimple subgroup defined
over Q. Since w € Z(L), H(Z) normalizes F, and F, and hence H(Z) c N.
Since H(Z) is a Zariski dense arithmetic subgroup of H(R), it follows from
Proposition 2.4.2 that there exists a @-form of G such that N c G(Q).
Since Iz r, < G(Q), we can show the rest of claim by the same argument
as the proof of Corollary 2.4.5. |

2.5. The Subgroup Generated by Z(U,) and Z(U,)

We prove some algebraic lemmas which we will need later in applying
Proposition 2.4.2.

2.5.1. Let G be an adjoint k-simple algebraic k-group. This section has
content only when the k-rank of G is at least 2. We continue the notation
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from Subsection 1.3.1 for S, T, ® = &(T,G), & = O(S,G), j: ® -, d U
{0}, A, A, Ve, Ve for ® c, A and so on. We recall that «, denotes the
highest k-root in ,® and A, the unique set of k-Heisenberg roots in ; A.

The following lemma can be checked case by case in each irreducible
root system.

LEMMA. (1) The only positive k-root the sum of whose coefficients with
respect to which the roots in Ay is 2 is a,.

) If B, is such that the sum of the coefficients with respect to
Ay is 1 and there exists a simple root in A with respect to which the
coefficient of B is 0, then o), — B €,®".

2.5.2. The commutator law over an algebraically closed field is well
known. The following is a result of Vinberg which says that the commuta-
tor law holds for an arbitrary field. Hereafter, we shall also refer to this
lemma as the commutator law.

LemmA (e, [12, 45.1)D). If a,b,a + b €,®, then [ %, . %] =, %,.,
and moreover, for any nonzero x € (,%,), we have [x,,#%,] # 0.

2.5.3. We recall that the notation U, denotes the k-root group corre-
sponding to the highest k-root «, and U, denotes the k-Heisenberg
horospherical k-subgroup ,V,_ 4, -

We observe that Z(, V) = U, where ¢ ={p €,®"—[O] | B+ a &P
for any a €,®" —[0]}. In particular «), € .

LemMMA.  Z(, V) = U, if and only if | Ay €, A — O,

Proof. If y€, A, N0, o, —y is a k-root by Lemma 2.5.1; hence
a, — v €,P"—[0O]. We claim that (a, — y) + B &, P for any g ,d*
—[O®]. Suppose not. Then by the height calculation, we have (a, — y) +
B = a,. It implies that y = B, contradicting the assumption y € 0. There-
fore if Z(U) = U, , or equivalently s = {a,} as the above notation, then
Ay N O is empty.

To see the converse, suppose that A, C ©°. Then U, is contained in
Ve- Since the centralizer of Uy, in .V, is contained in R, (N(Uy)) = Uy,
and hence coincides with Z(U,) = U, , we have Z(,Vo) c U, . |

2.5.4. For a €,®, denote by ,%, the root space corresponding to a and
put .G, = exp(,%,). Note that for any subset ¢ c,®, the subgroup Gﬁ,]
(as in the notation of Subsection 1.2.1) coincides with the subgroup
generated by all the .G, (a € ).

A closed subset ®, of ® is called an ideal if the following holds: for all
ac®, and Be ® such that a + B P, a + B € ®,. It follows from
the commutator law that if @, is an ideal of ®, then the subgroup G  is
a normal subgroup of G.
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In proving the following proposition, we use the fact (e.g., [26, Proposi-
tion 1.1.10]) that if ¢ is a closed subset of ® such that if a« € ¢ then
—a € ¢, then the subalgebra generated by %, b € ¢ is semisimple.

ProposITION.  Let U, =,V and U, =,V for some ® C,A. Denote by
G, the subgroup of G generated by Z(U ) and Z(U,), H the commutator
subgroup of N(U,) N N(U,) and S = H N G,. Then

(1) G, is a connected almost k-simple algebraic k-subgroup, Z(U,) and
Z(U,) are opposite commutative horospherical k-subgroups of G, and S is a
connected semisimple normal algebraic k-subgroup of H. Moreover, if G is
absolutely almost simple, so is G,,.

Q) If Z(U,) is strictly bigger than U, , then S is isotropic over k and the
k-rank of G is at least 2.

(3) If H does not have any k-anisotropic factors, neither does S.

Proof. Set y={Be,®"—[O]| B+ ag,d for any a €, —[O]}.
Note that ¢ is a closed subset of | @* and Z(U,) = U, and Z(U,) = U_,,.

(1) Note that [¢] is a closed set of ,® and the subgroup G,
generated by U,, b € *([¢] (or equivalently, b € [j ()] coincides
with G,,. This group is algebraic, connected (any algebraic group generated
by unipotent subgroups is connected) and semisimple (by the fact men-
tioned preceding the statement of this proposition). On the other hand, ¢
is invariant under Gal(K /k) since Z(U,) is defined over k (see Subsection
1.2.1). Therefore [¢] is also invariant under Gal(K/k) and hence G, is
defined over .

To show that G, is almost k-simple, assume that ¥ = [] is the disjoint
union ¥; U ¥, U --- U ¥, where each ¥, is a non-empty irreducible ideal
of w. We will show that each ¥, contains the unique highest k-root «,
which is an obvious contradiction if s > 2. Note that W, N ¢ is non-empty
for each i. For any a € V¥, Nj (), there exists simple k-roots
Qs s, (not necessarily different) such that « + a, + o €
(@7 foreach j=1,2,... . kand a=q, + -+, =q,

Since a + o; € D, a+a LE . Itfollowsthat o; € W. Since W, is
an ideal of ‘lf we have a + a; € V. Therefore by induction « +
a; + - +o, €V, for each j = 1 2,...,k; hence o, € V.. This proves
that G, is almost k -simple.

If G is absolutely almost simple, then ® has the unique highest root.
Then using the same argument as above we can show that [ j~*(y)] cannot
be a disjoint union of ideals. It follows that G, is absolutely almost simple.

We note that Lie G, is decomposed into (Lie L N Lie G,) & Lie Z(U,)
® Lie Z(U,). Clearly Z(U,) are Z(U,) are opposite horospherical sub-
groups of G,.
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By the same argument we made for G,, we can show that S is a
semisimple algebraic k-group.

We now show that S is a normal subgroup of H. Let s € Sand h € H.
Then S = aja, -+ a, for some a; € Z(U;) U Z(U,). Since H ¢ N(U;) N
N(U,), ha;h~' € U, U U, for each i. Suppose that a, € Z(U,); hence
hah~' € U,. To see ha,h~* € Z(U,), let u € U, and consider u(ha,h™*)
= h(h *uh)a;h~*, which is equal to ha,(h *uh)h™! since «; € Z(U).
So u(ha,h™1) = (ha;h~Y)u. It proves that H normalizes Z(U,) and sim-
ilarly Z(U,). Therefore hSh™' € G,; hence hSh~' e S, proving H
normalizes S.

(2) Suppose that U, is a proper subgroup of Z(U,). By Lemma
2.5.3, we have an element « € © NAy. Then a, — a €, by Lemma
2.5.1. We claim that this root belongs to . Otherwise, for some element
B e, d"—[0] (o, — a) + B is a k-root. By comparing height, it follows
that (o, — @) + B = o, hence a = B, contradicting a € 0. Therefore
a=(a,) — (o, — @) € [¢], showing that S is isotropic over k, since
Lie S clearly contains %, for all « € [y]1 N O.

(3) Since S is a normal algebraic k-subgroup of H, S has no
k-anisotropic factors unless H does. |

2.5.5. ExampLE. The following example illustrates the power of Propo-
sition 2.4.2, which will be also one of the most fundamental ideas of the
proof of the main theorem.

Let U,, U, be the pair of opposite horospherical subgroups in SL,(R),
consisting of the elements of the form

L, X, Z, I, 0 0
0o I, Y, and X, I, 0],
0 0 I, Z, Y, I

respectively, where / + m + k = n. Note that U, and U, are two step
nilpotent groups, i.e., [U, U] = Z(U,) for each i = 1, 2.
If Ik > 2and F; and F, are lattices in U, and U, such that F, N Z(U,)
=M, . (Z) and F, N Z(U,) = M, ,.(Z), there exists a Q-form of SL (R)
such that I'y », C G(Q). To see this, note that the subgroup G, generated
by Z(U,) and Z(U ) consists of the elements
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in SL,(R) and § = H N G, consists of the elements

X 0 0
o 1, 0},
0 0 Z

where H is the commutator subgroup of N(U,) N N(U,). Observe that
SN Iy I8

M (Z) 0 0
0 I, 0
0 0 M (Z)

It only remains to apply Proposition 2.4.2.

Since S(Q) is split in this case and hence at least one of «; and «,_,
belongs to A — A, (see the notation in Subsection 1.4.1), it follows from
the classification of Q-forms [21] that G(Q) is conjugate to SL ,(Q).

3. ADJOINT ACTION ON THE SPACE OF LATTICES

3.1. The Space of Lattices in Algebraic Unipotent Groups
We collect some well known lemmas.

3.1.1. ProposITION (e.g., [10, Lemma 1.3.1]). The group of real points of
a unipotent algebraic R-group is a topologically connected, simply connected,
nilpotent Lie group, and every unipotent subgroup of an algebraic group is
nilpotent.

3.1.2. We state a well known criterion of compactness due to Mahler.

LEMMA (Mahler [6]). A set A of lattices of some Euclidean space is
relatively compact if and only if there are positive constants d and € such that
the e-neighborhood in the Euclidean space does not contain any nonzero
element from any lattice belonging to A and det x < d ifx € A.

3.1.3. LEmmA (Minkowski [6]). For any n, there is a constant c(n) such
that in any quasi-lattice A lying in an Euclidean space of dimension not
exceeding n, there exists a basis e, e,,...,e, of A (k =dim A) such that for
any 1 (1 <1 < k), TT'_ lle;ll < c(n)d(A)*.

3.1.4. LemmA. Let W be the space of lattices of some fixed Euclidean
space. For any relatively compact subset M C W, there are positive constants
d, and d, such that in any lattice M, there is a basis consisting of elements of
norm less than d, and greater than d,.
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Proof. Itis easily deduced from Mahler’s compactness criterion and the
previous lemma. |

3.1.5. ProrosITION [10, Lemma 5.2]. Let Z be a simply connected
nilpotent Lie group and 3 its Lie algebra. Then there exists an integer b such
that if T is a subgroup of Z and InT is the subring in 3 generated by InT,
then b(INT) C In T'. Furthermore b depends only on the length of the lower
central series.

3.1.6. Let G be an algebraic R-group, G = G(R)°, and g the Lie algebra
of G. We choose a Euclidean metric p, on g and a left invariant metric
pc on G(R) corresponding p,. Denote by X the set of all discrete
unipotent subgroups of G. Since in an algebraic R-group, any two maximal
unipotent R-groups are conjugate to each other, there exists an integer
N € N such that for any subgroup F € X, the length of the lower central
series of F' is at most N. Therefore there exists an integer b € N such that
if F € X, then b(In F) C In F. We denote b(In F) by A.. We introduce in
the following topology on the space of quasi-lattices () in that a subset
B c Q is open if, for any F € B, there exists some € > 0 such that any
quasi-lattice of the form T(F) belongs to B for each linear transforma-
tion T with ||[T — Id|| < e. Let f: X — Q be the mapping defined by
fF) =

LEMMA [10, Lemma 5.7]. For any subset L c X for which f(L) is
relatively compact in (), there are constants € > 0 and c such that if F € L,
then

@) pgle, x) > € for all non-trivial x € F;

(2) there exists x,, ..., x;, € F such that ps(e, x;) < ¢ for any i and any
algebraic subgroup of G containingx,, . . ., x,, also contains the Zariski closure
of Fin G.

3.2. Adjoint Action

3.2.1. Let G be a connected adjoint semisimple algebraic R-group with
no R-anisotropic factors and U,, U, a pair of opposite horospherical
R-subgroups. Set L = N(U;) N N(U,), H = [L, L], and H = H(R)? as well
as G = G(R)". As before set %, = Lie(U,) and denote by Ad, : L — GL(%,)
the restriction of the adjoint representation of N(U,). We recall that Ad,; is
faithful.

We mention that this section has no content if H is trivial.

3.2.2. Denote by Q, the space of lattices in the Euclidean space Z.(R).
The group H acts through Ad; on #%(R) and hence on .. The notation
H.J; denotes the orbit {Ad,(h)J; € Q, | h € H} of J, under H for a lattice
J; in Z(R). We also diagonalize the action of H on (), described above to
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the space Q, X Q, of pairs of lattices in Z,(R) and %,(R) by h(J, J,) =
(Ad,(h)J,, Ad,(h)J,). the image of H under this action is the subgroup
{(Ad,(h), Ad,(h)) € SL(Z,(R) X SL(%,(R)) | h € H} and will be denoted
by 8(H). The notation 8(H).(J,,J,) denotes the H-orbit of the pair
(J,, J,) via this action.

3.2.3. Let F; be a lattice in U(R) and A, be as in Subsection 3.1.6 for
i = 1,2. Denote by A the stabilizer {g H | Ad(g)A, = Ap}of A, and
by Ap p, the stabilizer {g € H|Ad(gAy = A, Adz(g)A =Ag } of
(AFI AFZ

The following lemma then immediately follows from the definition of
Ap and Lemma 1.5.3.

LemMMA. (1) A,p,-1 = Ad (WA, for any h € H and any lattice F; in
U(R).

) AFi—{gengFg‘l—F}.
(3) AF F, {gengFlg 17gF2g 1=F2}'

3.2.4. We choose a Euclidean metric p, on the Lie algebra g of G and a
left invariant metric p; on G corresponding to this metric. We define a
topology on Q; and Q,; X , in the following way: a sequence of lattices
A, €0, 1k=1,2,. } converges to a lattice A if and only if there is
€e>0 such that pq(O x) > € for all nonzero x € A, and for all £ and
there exist bases in the lattices A, which converge to some basis in A. It is
not difficult to see that this topology coincides with the topology defined in
Subsection 3.1.6.

We note that not every lattice in the Euclidean space %,(R) is of the
form A, for a lattice F;, in U(R) unless U, is commutative. In fact any
Z- Ilnear span of n- Ilnearly independent vectors forms a lattice in #%,(R)
where n = dim(%,); while a lattice in U(R) should satisfy certain relations
from the group structure of U, since by definition a lattice in U(R) is a
subgroup. On the other hand, the following lemma says that any lattice in
H.Ap is of the form A for some lattice E; in U(R).

For a subset M of the space of lattices, we denote by M the closure
of M.

LEMMA.  For any lattice J; € H.Ap, there exists a lattice E; in U(R) such
that Ay = J; and the determinant of J; is equal to the determinant of A .

Proof. Let x, € H be a sequence such that Ad,(x,)A; converges to
J;. Since {Ad,(x )AF | n € N} is relatively compact, by Lemma 3.1.6, there
is a neighborhood W of e such that W Nx,Fx,* = {e} for each n € N.
By Chabauty’s theorem (see Theorem 2.1. 7) there exists a discrete sub-
group E; in U(R) to which a subsequence of x,F.x, ! converges. Since H

is a semisimple group, the volume of U(R)/x,F.x, coincides with the
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volume of U(R)/F, for all n. It follows from Chabauty’s theorem (Theo-
rem 2.1.7) that E; is a lattice in U(R). Since a subsequence of Ad,(x,)Ay
converges to A, Ap = J;, proving the lemma. 1

3.2.5. PROPOSITION. _ Suppose that Ty p is discrete. Then for any pair
(A, Ag) bingin 8(H).(Ar, Ap,), the subgroup Ty is discrete.

Proof. Consider a sequence x; € H such that Ad(x,X(Ap, A ) con-
verges to (A, Ay ). Since the set {Ad;(x)A;, Ad(x)Ap , Ay, Ap i > 1}
is relatively compact in the space of lattices, there exist d, > 0 and d, > 0
such that for any lattice in this set, there exists a basis consisting of
elements of norm less than d; and greater than d, by Lemma 3.1.4. Let d;
and d;, be such that d, < p;(e, x) < d; implies that d, < p,(0,In x) < d,
for all erluUz.SetK {g€G|d2<pG(e g)<d} Foreach X; €
H, the set x;I} px; ' N K generates the subgroup X, Up, Fx Slnce
Iy, r, and hence x, L, p,%i -1 are Zariski dense and hence have property
(P5 and K is compact there exists a neighborhood 1V of e such that
V0 x, Ty px;* = {e} for each x; by Theorem 2.1.8. Theorem 2.1.7 implies
that the limiting subgroup I'; . of the sequence xiFFl,sz;1 is discrete.

3.2.6. We will need the following lemma for the proof of Proposition
3.2.7.

LeEMMA (e.g., [10, Lemma 1.6.1]). There is an e-neighborhood V of the
identity e in G such that for any x, y € V, we have pg(e, xyx~ty~1) <
3 minCpg(e, x), pgle, y)).

3.2.7. PROPOSITION.  Suppose that 1y . is discrete. Then for a sequence
x; € H, the set M, = {Ad(x)A, € H A r, | 1= 1} is relatively compact if
and only if the set M2 {Ad,(x, )A € H.A r, | 1 = 1} is relatively compact.

Proof.  Suppose that M, is relatively compact and M, is not. Choose a
positive € and V" as in Lemma 3.2.6. Since the set M, is relatively compact,
by Lemma 3.1.3, there exists a d > 0 such that for any lattice Ad,(x,)F; in
M, there exists a basis 8, such that p;(e, exp x) < d for all x € %5,. Let
B be the union of all ®B,’s. It is not difficult to see that we can find
g € C(H) such that p.(e, gug™') < € for all u € U,(R) such that p;(e, u)
< d. By Mabhler’s criterion of compactness, there exists €, > 0 such that
€, < € and Ad,(g)M, does not contain any non-trivial element x such that
pc(e, exp x) < e,. Since Ad,(g)M, is not relatively compact and the
determinants of the lattices in Ad,(g)M, are equal, there exists some
J € N such that Ad,(g)Ad,(x;)A; contains a non-trivial element y with
pcle, exp y) < €. Set n = x, Set U={xeUllnhxeBn
Ad,(g)Ad,(m)A .} With U_, gUg LU, ={expy} and U, = {sts™ 1t 1|
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s € U,t € U_,}, sup,cy pgle,u) =d, tends to 0 as i goes to », as U_,
and U, lie in V. On the other hand, both U, and U_, belong to the
discrete subgroup gnl;  n~'g~' and hence U, C gnTy, ,n"'g™* for all
i = 0. Thus there exists k > 0 such that U, is not trivial and U, , is trivial.
Let z be a nontrivial element of U,. Then ps(e, z) < €, and z belongs to
C(U_,). Since the centralizer of any subset is algebraic, the elements of
gnUn~'g~! commute with z since U, is the Zariski closure of exp(‘B).
Therefore, n™'g~'zgn € C(U,) N Ty . Since C(U,) < U; (see the proof
of Lemma 15.4), C(U,) NIy p = F;. But psle, z) < ¢, contradicting
that the e,-neighborhood intersects Ad(g)M, trivially. This proves the
proposition. I

In fact, we have proved that if the sequence Ad(x,)A . converges, then
we can find a convergent subsequence of Ad,(x;)A . . The following is an
immediate corollary of Propositions 3.2.5 and 3.2.7.

3.2.8. PropPoSITION.  If Ty p s discrete, then for any lattice Ay in
H.Ap, there exists a lattice E, in Uy(R) such that (Ap,Ap) lies in

8(H).(Ap,, Af,) and the subgroup Ty, . is discrete.

3.3. Ratner’s Theorem and Orbit Closures

3.3.1. Let G be a connected Lie group and T a lattice in G. Consider the
natural action of G by left translation on the homogeneous space G /T.
For xe G/T, G, ={g € G |g.x =x} is the stabilizer of x. M. Ratner
proved the following theorem which was known as Raghunathan’s
conjecture.

THEOREM (Ratner [19]). Let H be a connected closed subgroup of G
generated by unipotent one-parameter subgroups in it. Then for x € G /T,
there exists a connected and closed subgroup L of G containing H such that H.x
coincides with L.x and L N G, is a lattice in L.

3.3.2. THEOREM (see [16, Theorem 1.13]). Let G and I' be as above and
H be a closed subgroup of G. Then if H N G, is a lattice for some x € G /T,
then H.x is closed.

3.3.3. ProposITION [20, Proposition 3.2]. Let G € SL,(C) be an alge-
braic Q-group, G = G%, ' = G N SL,(Z), and H be a subgroup generated
by algebraic unipotent one-parameter subgroups of G contained in H. Suppose
that HT = M.T for a connected Lie subgroup M of G. Let M be the smallest
algebraic Q-subgroup containing M. Then the radical of M is a unipotent
algebraic Q-subgroup and M = MY,. Furthermore, if M = SU, U = R, (M) is
an R-Levi-decomposition of M, then M = S(R)°U(R)°.

In particular, we note that the Levi component of M is semisimple in the
above proposition since the radical of M is unipotent.
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3.3.4. PROPOSITION. With the same notation as the above proposition,
there exists an element u € U(R) such that the orbit S(R)°. (uT) is closed.

Proof.  Since M is defined over Q, there exists u € U(R) such that
uSu~?! is defined over Q. It follows that ©~(S)R°..T" is closed. Therefore
its left-translation by u, S(R)°.(uI), is closed. |

3.4. Closedness of Some Orbits and Q-Structures

3.4.1. We keep the notation for G, L, G, and H from Section 3.2.1. In
addition, we assume that the R-rank of G is at least 2 and H is non-com-
pact. We fix a non-trivial semisimple normal R-subgroup H’ of H without
any R-anisotropic factors and set H' = H'(R)°. Then H' is generated by
unipotent one-parameter subgroups by Lemma 2.3.1.

In this section, we fix lattices F; and F, in U(R) and U,(R), respec-
tively. Let ), denote the space of lattices in #%,(R) of the same determi-
nant as A, for each i = 1,2. Since SL(#Z,(R)) acts transitively on Q,, Q,
can be |dent|f|ed with the homogeneous space SL,(R)/SL(2), through the
isomorphism of %, with the Euclidean space R’ where [ = dim(Z,(R)).

3.4.2. PROPOSITION.  The orblt H'Ap (resp. 8(H')(Ap, Ap)) is closed if
and only if Ap N H' (resp. Ap p, ﬁH ) is a Zariski dense arithmetic
subgroup of H.

Proof.  Suppose that H'.A, is closed. Choose a representative of A, in
SL,(R)/SL/(Z), say gSL,(Z) so that Ad(A, N H') c g,SL(Z)g;*. By
Ratner’s theorem, A, is a lattice in H'. Smce H’ has no compact factors
by the assumption, it follows from Borel density theorem that g; *Ad,(A .

NH')g, € SL(Q) is Zariski dense in g; *Ad,(H")g,. Therefore by Prop05|—
tion 1.2.7, g7 *Ad,(H")g, is a Q@-subgroup of SL,(C), providing a Q-form of
H' such that H'(Z) is commensurable to A, N H'. If 8(H').(Ap,Ap) is
closed and A, = g,SL/(Z) for i = 1,2, by the same argument as above
(gt 8 1){(Ad1(h) Ad,(h) | h € H')(g,, g,) is a Q-subgroup of SL,(C) X
SL,(©), providing a Q- form of 8(H') and hence of H' such that H (2) is
commensurable to (Ap, p, N H'). The converse is a direct consequence of
Theorem 2.1.2 and Theorem 3.3.2. |

3.43. COorROLLARY. Let F; and E; be commensurable lattices in U(R).
Then H'.Ay is closed if and only if H'.A is closed.

Proof. 1f F, and E; are commensurable, then A, and A, are com-
mensurable. Therefore Ap N H'is a lattice in H' if and only if Ap NH'
is a lattice in H'. The corollary now follows from Theorem 3.4.2. |

3.4.4. PROPOSITION.  Assume that for any infinite proper normal R-sub-
group G' of G, F,N G'(R) is finite and that Up, r, is discrete. Then
8CH")(Ap,, Ay is closed for some non-trivial semisimple normal R-subgroup



658 HEE OH

H' of H without any compact factors if and only if Uy p is an arithmetic
subgroup (also, irreducible lattice) of G.

Proof.  Suppose that 8(H').(Fy, F,) is closed. Then the stabilizer A, .
N H' is a Zariski dense arithmetic subgroup in H' by Proposition 3.4.2.
Let N be the normalizer of I'; , N H'. Then N contains Ay » N H' by
Lemma 3.2.3. By Corollary 2.4.5, there exists a Q-form of G such that
I'r, r, i1s commensurable to G(2). Since G is Q-simple by the assumption
on F; (Lemma 2.4.4), it follows that T  is an irreducible lattice.

Suppose that I'; . is an arithmetic subgroup of G, that is, there exists a
Q-form of G such that I, is commensurable to G(2). It follows that U,
and U, are defined over Q and F, is commensurable to U(Z) for each
i =1,2. Therefore H' is also deflned over @and Ap » N H'is commen-
surable to H'(Z). By Theorem 3.4.2, 8(H').(F,, F,) is closed. |

3.4.5. COROLLARY. Suppose that G is a Q-simple group with respect to
which U, and U, are Q-subgroups and that E;, = U(Z) and E, = zU,(Z)z*
for some z € C(H"). If Ty p is discrete, the orbit §(H')(Ag, Ay ) is
closed.

Proof. Since z € C(H'), Ay, 7y v,z N H' = Ayz) 20,29, N H'. On
the other hand, Ay 7, y,z) N H' is commensurable to H'(Z). By Proposi-
tion 3.4.2, the orbit §(H').(A., A ) is closed. 1

3.4.6. Since H' is a normal subgroup of finite index in H'(R), the
following is another corollary of Theorem 3.3.2 and Proposition 3.4.2.

Lemma. (1) H'(R).A is closed if and only if H'.A . is closed.

(@ SH)R(Ap, Ap) is closed if and only if 8(H').(Ap,Ap) is
closed.

3.4.7. PROPOSITION.  Suppose that Uy p, is discrete and that H'.A and

H'.Ap are closed. If 8(H'(R)).(Ag,Ag) contains a closed orbit
SCH')(A gp Ap) and Ty p is an lrreducible lattice in G, then
5(H' )(AF VAL 3 is closed.

Proof. Let H®R) = U,_, , gH and S(H)(Ap, Ap)
c 8(H'(R)).(Af,Ar,) be a closed orbit. Then &(H).(Ag,Ap) C
5(H' )(Adl(gk)AF , Adz(gk)A ) for some 1 <k < n. Let A =
Ad(g; DA, for each i = 1,2. Since H' is a normal subgroup of H ®),
we have that 8(H' (A, Np) c8(H').(Ap, Ar). Since g; (T, )8, =
Iz gy, the subgroup I, . is an irreducible lattice in G.

Therefore we may replace H'(R) by H’ in the statement of the proposi-
tion. By Ratner’s theorem, there exists a connected closed subgroup M’ of
SL(%(R)) X SL(%,(R)) containing 6(Ad(H")) such that 6( H').(Ar, Ar,)
is M'.(Ap,Ap). Since H' A, and H'.A. are closed by the assumption,
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M' c H' X H'. Assume that 8(H').(Ay, Ay ) is not closed. We claim that
8(H')(Ap,Ap) is openin M'.(Agy,Ag ). It is enough to show that for a
sequence (Ad;(x)Ag, Ad,(y)A;), i =1 in M'(Ag,Ag) converging to
(Ag, Ag), there exists neN such that (Ad(x, )AE JAd(y)AE) €
S(H )(AE ,Ag ) for all i > n. Denote by I; the subgroup generated by
x,Ex;t and y,Ezyl ' Since M'(Ag, Ag )Iles inside M'.(Ap,Ap), each
Fl. is dlscrete by Proposition 3.2.5 and the sequence of I7’s converges to
'y, ,- Therefore there exists a neighborhood 1 of the identity e such that
V' N T, = {e} (see the proof of Proposition 3.2.5). It is well known that an
irreducible lattice in a semisimple Lie group with real rank at least 2 is
finitely presentable and locally rigid (for example, see [11]). Let
hiy,hy,..., hs be generators of I}, . with relations w;(h;, h,,...,h) =e
j=12,...,t. We may assume the generators lie in the set E; U E,.

Denote by h;, € x,E;x;* UyE,y7* the element in T, such that
xhyx;t - h, if h, €E;, and yh,y;t > h, if h, €E, as i — o, for
eachi > land k = 1,2,...,s. Since the number of generators is finite, we
can find a sufficiently large n such that w,(h,,, by, ..., 0, ) € VN T, = {e}
for each j =1,2,...,¢t, and i > n. Thus we can define a homomorphism
r;: Ty, g, = I; which carries &, to hy for each k =1,2,...,s and for all
i > n. Note that the sequence {r; | i > n} tends to the identity map id of
Iz g, in the limit. It follows from the local rigidity of I'; . that there is
ngy > n such that r;, is an inner automorphism for each i > n,. Now if
r,=int(g,) for g, € G, g, € N(U) N N(U,) = L, since gE g * < U(R)
and g,E,g;* € U,(R).

Therefore Ad(g;) = Ad,(x;) and Ad(g,) = Ad,(y,), and hence (x;, y,) €
(H' X H') N 8(LR)) = 8(H") for all i > n,. It follows that 8(H").(Ag,
Ap)) is open. On the other hand 8(H').(Ap, Ay ) is also closed by the
assumption. Since both 8(H’) and M’ are connected, 8(H') = M'. This
contradiction establishes the closedness of the orbit §(H").(A;, Az ). |

3.4.8. PROPOSITION.  There exists a lattice E; in U(R) such that A, €
SL(Z,(R)).Ap, and the orbit H'.Ap, is closed.

Proof. By Proposition 1.4.2, there exists a @-form of G such that every
parabolic R-subgroup is defined over Q. Therefore N(U,) and N(U,) are
defined over Q. We may assume that the determinant of 4 ;) is the same
as A, by modifying the Q-form by the inner automorphism by an element
of L. It is now enough to set E;, = U(Z) to conclude the proof since
H' N H(Z) is a lattice in H'. |

3.49. LEMMA. Let H be an algebraic group, H =L X N, A a Zariski
dense arithmetic subgroup of L, and F a Zariski dense arithmetic subgroup of

N which normalizes A. Then A X F is a Zariski dense arithmetic subgroup
of H.
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Proof. Consider the Q-forms of L and N such that A and F are
commensurable to L(Z) and N(Z), respectively. Since A normalizes F,
L(Q) normalizes N(Q) and hence they define a Q-form of H. The lemma
now follows from the well-known fact that L(Z)N(Z) is of finite index
in HZ). 1

3.4.10. PROPOSITION.  Suppose that G is absolutely simple, that U, is either
commutative or Heisenberg and that H has no compact factors, i.e., H = H'.
Then the orbit H.Ay is closed if and only if there exists a Q-form of G with
respect to which U, and N(U,) N N(U,) are defined over Q and F, is
commensurable to U(Z).

Proof.  Suppose that the orbit H.A. is closed. By Proposition 3.4.2,
there exists a Q-form of H such that A, is commensurable to H(Z). Since
F; is a Zariski dense arithmetic subgroup of U; and A normalizes F;, we
obtain a Q-form on HU. Since HU, = [N(U) N(U,)], it follows from
Proposition 1.5.3 that there exists a @—form of G which we are looking
for, proving the claim since in the proof we see N(U;) N N(U,) is defined
over Q.

Let G have a Q-form with respect to which U, and H are defined over
Q. If F; is commensurable to U(2), then Ay is ‘commensurable to H(2).
It foIIows from Proposition 3.4.2 that H.A is closed. [

3.4.11. LeMMA. Let G be a semisimple Q-group such that U, and
N(U,) N N(U,) are defined over Q. Then U, is also defined over Q.

Proof. The map P’ — P' N P is a bijection between the set of oppo-
site parabolic subgroups to a parabolic subgroup P and the Levi subgroups
of P [5, 4.8]. It follows that an opposite parabolic subgroup P’ to P is
defined over Q if P and P N P’ are defined over Q. Therefore N(U,) is
defined over Q; hence sois U,. 1

3.4.12. We close this section by presenting specific lattices F; such that
the orbit H'.A is closed, which will be also used in the proof of the main
theorem.

Let G = SLy . 1,(0) with the R-form defined by G = SL, . ((Dg), k > 2,
Dy, is a Hamiltonian quaternion algebra over R,

1 MleD[R
s ")

1 0
= (o 1)
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and

SL.(Dg) 0 )

Then

o (1 0
1[0 .oy

Let F, be a lattice in U;(R). We will show that if the orbit H".A. is
closed, then there exists a central simple division algebra D, over Q and

D, is isomorphic to Dy over R such that F, = (! «MuxPu(?) for some

a € R and up to conjugation by an element in H'.

That the orbit H'.A, is closed implies that there exists a Q-form of H’
such that the representatlon Ad, restricted to H' to SL,,(C) given by
A — (A, A) is Q-rational. By Proposition 1.4.10, the Q-form of H' is up to
conjugation such that H'(Q) = SL,(D,)Q) for some D, described above.
Without loss of generality, we may assume that H'(Q) = SL,(D,XQ). This
Q-form of H' obviously extends to a @Q-form of H such that H(Q) =
SL(D, Q) X SL, (D, XQ). Now set E, = (} Mu«P«®). Then H(Z) pre-
serves E, by conjugation. Now the claim that E;, = F; up to a constant
multiple and commensurability follows from the fact that any two irre-
ducible Q-rational representations which are isomorphic over C are iso-
morphic over Q.

4. THE PROOF OF THE MAIN THEOREM

For the entire Section 4, we assume that G is an adjoint absolutely
simple algebraic R-group with real rank at least 2 and U,, U, is a pair of
opposite horospherical R-subgroups. We recall the notation G = G(R)°,
L = N(U) N N(U,), H =[L,L], and H = H(R)° from Subsection 3.2.1
and the terminology Property (A) from Subsection 1.1.16.

4.1. Commutative Horospherical Subgroup Cases

We are now ready to give the proof of the main theorem for commuta-
tive horospherical subgroup cases. A main feature in this case is the fact
that Ad;(H) is a maximal connected closed subgroup of SL(%(R)); hence
by Ratner’s theorem H.A, is either closed or dense in ();. Moreover,
unless G is of type 4, 8(H) is a maximal connected closed subgroup of
Ad,(H) X Ad,(H); hence 8CH).(Ap, Ay ) is either closed or dense in
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H.Ap X H.Ap . This feature facilitates finding a closed 8(H )-orbit lying in

8(H).(Ap,, Ag,), which is enough to prove the main theorem by Proposi-
tions 3.4.4 and 3.4.7.

4.1.1. Remark. The case when H does have compact factors occurs
only when the R-type of G is 1A,,, n =2k + 1, and U, is conjugate to the
minimal parabolic subgroup V, where O is either A — a; or A — «

4.1.2. PROPOSITION. Let U, U, be a pair of commutative horospherical
R-subgroups of G and F; and F, be lattices in U(R) and U,(R) respectively.
Let H' be the maximal semisimple normal R-subgroup of H without any
R-anisotropic factors and H' = H'(R)°. Then there exists a lattice E, in U(R)
such that H'.\A, € H".Ap and H'.A . is closed for each i = 1,2.

Proof. Suppose that H' = H. Since Ad;(H) is a maximal connected
closed subgroup of SL(%(R)) (see Proposition 1.3.6) it follows from
Ratner’s theorem that H.Ap is either H.Ap or SL(Z(R).Ap. It then
follows from Proposition 3.4.8 that H.A;, contains a closed orbit H.A for
some lattice E; in U(R).

According to the previous remark, it remains to consider when the
R-form of G is of type ‘A, ,,, and H and H' are of types ‘A, X4, _,
and 'A,, _, respectively. Without loss of generality, we may realize G as
follows: G = SL,. (Dg), Dy is a Hamiltonian quarternion division alge-
bra over R, H = SL,(Dg) X SL,(Dg), and H' = SL,(Dg). By Theorem
3.3.1, there exists a connected closed subgroup M’ of SL(#,(R)) contain-
ing Ad,(H’) such that H".A, = M'.A . Denote by S’ a Levi subgroup of
M’ which contains Adl(H) By Proposmon 3.3.3, §' is a semisimple
subgroup, and for some u € R (M"), S'(uAp) is closed. We claim that
H'(uAp) is closed. Note that Adl(H ) =1, ® SL,,(C) and since Ad, is
rational over R, Ad,(H') c xSL,,(R)x~ ! where x is a basis transformatlon
of Z(R) = D§ to R*. Let g EXSLM(([R{)x*l be a representatlve of the
lattice uA, in the space xSL, (R)x!/xSL,(Z)x~*. We consider the
Q-form of SL(?/l) = SL,,(C) given by this choice of th|s lattice uAj in
7,. Denote by M’ the smallest Q-subgroup of SL,,(C) containing M’ and
by S' the smallest Q-subgroup containing S’. Then M’ = M'(R)° and
S = S'(R)°. Denote by p, the block diagonal embedding of S; = SL,,(C)
X SL,,(C) into SL,,(C). Also denote by p, the tensor product representa-
tion of S, = SL,(C) X SL,,(C). By Proposition 1.3.9, we have that S’ is
either p,(S;) or p,(S,). That S' = p,(S,) would imply that there exists a
Q-form of ;, compatible with the R-form of S; (i.e., S,(R)° = §’) such that
p; becomes Q-rational in such a way that p,(S,(Q)) c gSL,,(@)g . We
first observe that this condition on compatibility with the R-form cannot
be satisfied by any Q-form of §,. By Proposition 1.4.9, the Q-forms of §,;
with respect to which p, is rational over @ are such that S,(Q) is
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conjugate to the subgroup SL,,(Q) X SL,,(Q) or to the subgroup
R, ,oSL,(k) where k is a quadractic extension of Q. Since Ad;(H") must
be an R-subgroup of S', it follows that Ad,(H') = {(A4, A)| A € SL,(Dg)}
must be conjugate to {(A4, A)| A € SL,,(R)} or R¢,zSL,(R) by an
element in §,;, which cannot be true.

Now, for the Q-forms of §,, which makes p, be Q-rational, it follows
from Proposition 1.4.10 that p,*(Ad,(H")) is also defined over Q. It
follows also that H’.uAF1 is closed. 1

413. Lemvma. Let U, U,, F,, F,, H', and H' be the same as in
Proposition 4.1.2. Assume that Ty p is dlscrete Then there exists (A, Ap )
inside 8(H').(Ap,, Ag,) such that H'.A g, and H'.Ap are closed.

Proof. By the previous proposition, H.A,. Ap, contains a closed orbit
H'.Ap for some lattice E; in U(R). By Proposmon 3.2.8, there exists a
lattice E, in U,(R) such that (A, ,A;) € 8(H).(Ag,Af,). By the re-
mark preceding Proposition 3.2.8, in fact (A, ,A; ) € 6(H' ).(AFl, AFz)'
If H'.A, is not closed, then let E, be a lattice in U,(R) such that A,
€ H.A; and H'.Ap, is closed. Again we get a lattice E; in Uy(R) such
that A, € H.Ap such that (A, Ag) € 8(H').(Ag,, Ag,). Since H'.Ap,
is closed sois H'.A £, proving the lemma. ]

4.1.4. THEOREM. Let U,, U, be a pair of commutative horospherical
R-subgroups of G. Assume that if rankyz(G) = 2, then G is not of type Ej.
Then the triple (G, Uy, U,) has property (A).

Proof. Let F,, F, be arbitrary lattices in U(R) and U,(R) respectively.
To prove that T}, p, is arithmetic subgroup, it is enough to find a closed
orbit 8(H").(Ag, Ag) lyingin 8(H").(Ax, Ap,) by Propositions 3.4.4 and
3.4.7. By the previous lemma, there exists (A, Az ) € 8(H').(Ar, Ap)
such that H'.A; and H'.A. are closed.

Case 1: U, Is Reflexive. In this case, we always have that H' = H.
Since H.Ap is closed, by Proposition 3.4.10 there exists a Q-form of G
with respect to which U, and H are defined over Q and E; is commensu-
rable to U(Z). Since U, is also defined over Q by Lemma 3.4.11, there
exists w € G(Q) such that wU(Q@w™! = U,(Q) by Lemma 12.2. By
Lemma 2.3.3, we may assume that E, = x(wE,w 1)x~! for some x €
(LXR). Write x=yz for y € HR) and z € Z(L)XR). Suppose that
8(H).(Ag,Ag) is not closed, and denote by M a connected closed
subgroup of Ad,(H) X Ad,(H) such that 8(H) ¢ M and
8(H).(Ag, Ap,)=M(Ag,Ap) (Theorem 3.3.1).
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Subcase (i) M = Ad,(H) X Ad,(H). In that case, it is clear that
8(H(R)).(Ag, Ag,) is HR).Az X H(R).Ap . Therefore we have found a

closed orbit 6(H).(Ay, 7 A,y,z).+) lying inside 8(H(R)).(Ag,Ag,) up
to commensurability. It follows from Proposition 3.4.5 that 6(H).(A., Az )
is closed

Subcase (ii): M 1s a Proper Subgroup of Ad,(H) X Ad,(H). If the
absolute type of G is not A4, then H is a simple group and hence 8(H) is
a maximal closed connected subgroup of Ad,(H) X Ad,(H). Therefore
the case when M is a proper subgroup of Ad,(H) X Ad,(H) can happen
only when G has type A4,.

Let us now suppose that G has type A,. From Fig. 1.3.2,, H is the
product of two absolutely simple R-groups, say, N; X N,. Also Ad,(H) =
N, ® N, and Ad,(H) = N, ® N,. There are only two proper connected
closed subgroups of Ad,(H) X Ad,(H) which properly contain 8(H):
M, = {Ad,(A4, B),Ad,(C, B)| A, C € N(R)’, B e N,(R)° and M, =
{(Ad,(A4, B), Ad,(A4,D))| A € N(R)°, B, D € N,(R)°}. Assume that M
=M, If ye HR) is (a,,a,) where a; € N(R) for each i = 1,2, then
(Ay,zy, Ady(a)Ad(2)Ay 7)) € My (Ag A ) Recall that E, = U,(Z) and
denote by E7 the lattice (a ,2)U,(Z)Xa, z) We claim that the M,-orbit of
(A, Apy) is closed. Observe that the subgroup {(Ad,(A4, B), Ad (A D))|
Adl(A B)A = Ag, Ady(A4, D)Ag, = Ag} is equal to {(Adl(A B),
Ad,(A4, azDaz_l))I(A B) € H(2), (A D) € H(Z)}. Since this group, which
is the intersection of the stabilizer of (A, , A;,) and M,, is a lattice in M,,
it follows that the M,-orbit of (A, , Ag,) is closed. Since M; N M, = 8(H)
and M;.(Ag,Ag,) and M, (AE,AE)are closed, 8(H).(Ag, Ag,) is closed.
It follows ‘that S(H). (AE , A ) is closed since 6(H) (AE ,Ap ) C
M(Ag,Ag). The case when M M, can be dealt with in the same Way

This establishes the proof of the theorem when U, is not reflexive.

Case 2. U, Is Not Reflexive and H = H'. First we observe that the
only Q-forms having a nonreflexive conjugacy class of a commutative
horospherical Q- subgroup are the followmg 'A, with Q-rank >2, D,, .,
with Q-rank 2m + 1, 'EZ,, and 'EQ ¢ [21]. Since HAp and H.Aj, are
closed, there are Q-forms G and 5 of G such that E, and E, are
commensurable to U, N G(Z) and U, N G(2) respectively. Suppose that
the Q-rank of G is less than or equal to that of G.

Subcase (i): G and G Are lsomorphic over Q. Since U, and U, are
defined over @ with respect to both of the Q-forms, we may assume that
G(Q) = xG(@)x~* for some x € N(U,)(R) N N(U,)(R). It follows that E,
is commensurable to x(U, N G(Z))x‘l Let x =yz for z € Z(N(U,) N
NU)R) and y € HR). Then (A, A p 1) € HAp X HAp while E,
and yE,y~! are commensurable to U, N G(Z) and z(U, N G(Z)z~* re-
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spectively. By the same argument as in the previous case, we can show that
8(H).(Ag, Ap) is closed.

Subcase (ii): G and G Are Not Isomorphic over @. By the unigueness
of Q-split forms of G, G is not split over @; hence the Q-form of G has
type either *4, or 'EZ,.

There exist a maximal torus 7 containing a maximal Q-split torus S and
G and a basis A of ®(T,G) such that U, =V, _, and U, = V,_, for some
commutative root « € A. Since U, is a Q@-subgroup of G, by Proposition
1.4.1, « is fixed by the =-action (in the Tits index of G) of Gal(C/Q) and
a & Ay, A, the subset of A whose elements vanish on S. Set Uj =
Vi taitay @Nd Uy = Vi_ (. iay Where i is the opposition involution on A
(see 2.3.4). Since i commutes with the -action of the Galois group, i(«) is
also fixed by the =-action and i(a) & A,. It follows that U; and U; are
Q-subgroups of G. In partlcular U] is a maximal horospherical Q-sub-
group of G when G is of type ‘EZ,.

Since U; is a @-subgroup of G, it is enough to note the fact that i is
invariant under an isomorphism between two Dynkin diagrams to see that
Ul and U, are also Q-subgroups of G. Therefore E; = G(Z) N U/(R) and

= G(2) N UYR) are lattices in U;(R) and Uj(R) respectively. Note that
for each k = 1,2, E;, N U(R) = E, up to commensurability.

Set i(Uy) =V, _;,, and iU,) = Vy_;,,. Then U, N iU,) = Z(U)]) for
each k = 1,2 (see the following Lemma 4.1.5). In particular, we have
Z(U)) c U,. Then Z(U(R) N E; is a lattice in Z(U{(R)) for each k = 1,2
since Z(U}) is a Q-subgroup with respect to both Q-forms G and G.
Denote by G, the algebraic R-subgroup of G generated by Z(U;) and
Z(Uy), Gy, = G,(R)°, and by I, the subgroup generated by Z(U;(R)) N E,
and Z(Uy(R)) N E,. Note that I, is discrete since [y € I .

By Proposition 2.5.4, G, is an absolutely simple algebraic R-group and
Z(U]) and Z(U,) are opposite commutative horospherical R-subgroups of
G,. Since i obviously preserves the set {a, (@)}, U] is reflexive and it
follows that Z(Uy)) is also reflexive.

We now claim that the commutator subgroup, say S’, of N(Z(U])) N
N(Z(U;)) N G, has no R-anisotropic factors. Recall from Proposition 2.5.4
that S’ is a semisimple normal algebraic R-subgroup of N(U;) N N(U,). If
the absolute type of G is E;, the R-form of G is split by the assumption
that the R-form of G is not 'EZ,, and hence so are the R-forms of G, and
S’, proving the claim in that case. For reference the types of G, and S’ are
in this case Dy and D, respectively. Now if the absolute type of G is A4,
and hence H is H; X H,, where H, and H, are respectively of types A,
and A, , ,, k> 1 (from the assumption that G is not Q-split), then in
that case G, is of type A, for some m < n and the type of S" is H; X H,
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where j =1 if k <n —k — 1; otherwise, j = 2. The claim follows from
the assumption that H has no R-anisotropic factors.

It also follows that the R-rank of G, is at least 2 since the R-rank of S’
is at least 2.

Therefore there exists a Q-form of G, with respect to which I is
commensurable to G,(Z) by the previous result (Case 1) on the case of
reflexive horospherical subgroup cases. Note that I'; c I'; . and Ty £, N
S'(R) = 8" N Gy(2) is a Zariski dense arithmetic subgroup of S’ since
S’(R) has no compact factors. Observe that G(Q) N S" = G(Q@) N S’ since
S'N G2 c Iz, £, up to commensurability. In a group G of type 4, an
inner Q-form of G is completely determined by a Q-form of §’ up to
Q- lsomorphlsm In a group G of type E;, it implies that both G and G are
of type E6 » with the same semisimple anisotropic kernel determined by
S'NG (Z) In conclusion, there exists a @-isomorphism F: G — G. By
the same argument as that in Subcase (i), we can prove that the orbit
8(H).(Ag, Ag,) is closed.

Case 3: U, Is Not Reflexive and H # H’'. Without loss of generality,
we may realize G as follows (see Section 3.4.12): G = SLy;,,,(O), k = 2,
G = SL,, (Dg), Dy is a Hamiltonian quaternion division algebra over R,
H = SL,(Dg) X SL,(Dg), and H' = SL,(Dy). The closedness of the orbit
H'.Ap implies that there exists a Q-form of H' such that the representa-
tion of H' to SL,,(C) defined by A — (A, A) is Q-rational. It follows that
the Q-form of H’ is up to conjugation such that H'(Q) = SL,(D,XQ),
where D; is a central simple division algebra over Q@ and D; is isomorphic
to Dy over R. Assume that 8(H').(Ag,Ag) is not closed. Since H' is
simple, then it follows that the orbit is dense in H'.A; X H'.Ag . There-
fore the pair (A;, A;) € 6(H').(Ag, Ay ) where
1 My D(2)
0 I,
Since the subgroup I}, is discrete, by Example 2.2.5, we have that up to
commensurability Dl(Z) = AD,(Z). Denote D' = D,. Therefore I}y , is
an arithmetic subgroup commensurable to SLk+1(D)(Z) By Proposmon

3.4.4, this proves that §(H").(A;, Ay ) as well as that 8(H).(Ag,Ag) is
closed. 1

1 0

= AM,,..D,(Z) .|

and E, = (

4.1.5. We now give a proof of the lemma used in the proof of the above
theorem.

Lemmva. U, N iU,) = Z(U;) for each k = 1,2.

Proof. It suffices to prove that (®*—[A — a]) N (®*—[A — i(a)]) =
{(Be " —[A —{a,i(a)})] | B+ y& ®F for any y € & —[A —
{a, i(a)}]}. That the coefficient of 8 is nonzero with respect to each « and
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i(a) implies that the coefficient is 1 in each case by Lemma 1.3.1 and by
the assumption that « is a commutative root hence so is i(«). Since the
highest root has the coefficient 1 with respect to each « and i(a), B + v
cannot be a root for any y €, ®*—[A — {a, i(a)}], proving the inclusion
C . Suppose that U, ¢ Z(U;) and the coefficient of g with respect to ais
zero. There exist S|mple roots @;,...,a; suchthat g+ o, +-+q; €
gPT for each j=1,2,....m and B T o+ ta is the hlghest
root Then for some j, a, = a. Since a € <I>+ [A"— {a,i(a)}] and

Ups a, + ba cZ(Ul) we obtain a contradiction to the assumption

Us © Z(U ). Slmllarly we can show that the coefficient of 8 with respect to
l(a) is nonzero. This proves the other inclusion relation. ||

4.1.6. Remark. We remark that in [14], we proved the closedness of the
orbits H.Ap and H.Ap in adirect way, in the case of G(R) = SL,(R) and
this method works for the R- -split groups of classical types

4.2. Heisenberg Horospherical Subgroup Cases

4.2.1. In this section, let U; and U, be a pair of opposite Heisenberg
horospherical R-subgroups. We recall the representations Ad,;:L —
GL(%,) from Subsection 1.1.14 and Ad;:H — SL(?;) from Subsection
1.3.7. Denote by 7 the projection of %, onto 7.

The following lemma easily follows from Lemma 2.1.10.

LEMMA.  Let F; be a lattice in U(R) and X = w(Ap). Then Ap N Z(%)
and Xy are lattices in Z(%,) and 7, respectively.

The group H acts through Ad; and Ad; on the space of lattices in %;
and 77, respectively. The notation H.J; and H.J; denotes the orbits
Ad,(H)(J)) and Ad;(H)(J}), respectively, under this action.

4.2.2. To prove the main theorem in this case, we investigate the
closures of the orbits H'.A; and 8(H').(A., Ay ) as we did in Section 4.1.
Unlike the case when U, and U, are commutatlve we have various closed
subgroups between Ad,(H) and SL(#Z,(R)). The key point of narrowing the
possibilities for the closures of those orbits will be that (1) we may assume
that the closures are the homogeneous spaces under semisimple subgroups
of SL(#,(R)), after replacing A, and A, by suitable lattices inside the
closures and (2) Ad;(H) is a maximal connected closed (resp. semisimple)
subgroup of Sp(Z;(R)) if G is not of type A4, (resp. if G is of type A4,).

4.23. Since [7;, 7;] = Z(%,), we have a skew-symmetric bilinear prod-
uct {,): Z:(R) X 7:(R) - Z(#%(R)) defined by {v,w) =[v,w]. We set
Sp(77) ={g € SL(7}) | {gv, gw) = {v,w) for all v,w € 7}.
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LEMMA. Let F, be a lattice in U(R) and ®(F) ={g e SL(7)) |
(g(v), glw)) € Ap N Z(#%) forallv,w € A/F[}. Then the connected compo-
nent of identity in ®(F,) is Sp(7;)

Proof. In a Lie group, the connected components coincide with the
path-wise connected components. Denote by ®° the path-wise connected
component of the identity in ®(F,) and let g € ®° Then there exists a
continuous family g, € ®°, ¢ € [0, 1], such that g, = e and g, = g. For any
v,w € Ay, (g(v), gW)) € Ap N Z(%). Since Ap N Z(%,) is discrete, it
follows that (g/(v), g,(w)) = (v,w) for all ¢r<[0,1]. In particular,
it implies that (g(v), g(w)) = (v, w) for all v,w € Z(%,) since Ay is a
lattice in 7;. Hence g € SP(77). 1

4.2.4. Denote by P; the parabolic subgroup of SL(%;) which stabilizes
the line Z(#%,). Then [P;, P,] is isomorphic to SL(Z;)W, where W, = R (P)).

Lemma. (1) H’.A’F‘_C Sp(%([Ri)).A’Fi.
2 H Ay c Sp(%(R))Wi(R).AFi.

Proof. By Ratner’s theorem, there exists a connected closed subgroup
L. c SL(7(R)) containing Ad,(H') such that H.A, = L,.X.. Since
Ad’(H ) € Sp(Z(R)), it is not difficult to see that L, C CD(F) and hence
(1) follows from Lemma 4.2.3. Since A, N Z(%,) is a lattice in Z(%,), it
follows that P. is defined over @ with respect to the @-form of SL(?/)
given by A . Then (2) follows from (1) and Proposition 3.3.3. |

4.2.5. PROPOSITION.  For any lattice E; in U(R), the orbit Sp(7;(R)).A
is closed.

Proof. Similarly to proof of Lemma 4.2.4, we can show that if
Sp(7;(R)).Xp = M'.A, for some connected closed subgroup M’ of
SL(Z(R)), M’ c Sp(%(lR)) Therefore M’ = Sp(7(R)), proving that the
orbit is closed. |

4.2.6. PROPOSITION.  If Sp(7(R)).Ap, is closed, it contains a closed orbit
H'A, .

Proof. By Proposition 1.4.2, there exists a Q)-form of G such that U,
and U, are defined over Q. Set E; = U(Z).Since A, = H(Z)and A, N H’
are Iattlces in H and H', respectlvely, HAg and H. A, are closed We
will show that A, is contained in Sp(7;(R)). AF It is enough to show that
Ay, is contained in Sp(7;(R)).A .. Fixing an isomorphism of 7(R) to R",
let J, be the standard lattice Z" Since Sp(7(R)).A is closed, it follows
that A, is commensurable to gSp,(Z)g~! for some g € Sp(7;(R)). It
implies that A is commensurable to gZ". For the same reason, Ay is
commensurable to AZ" for some h € Sp(7;(R)), proving the claim. 1
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4.2.7. If we assume that the real rank of G is at least 3, then the cases
when H has compact factors occur only when G is of type D, ,, n > 4.
Furthermore, the nonsplit real forms of G admitting Heisenberg horo-
spherical R-subgroups are such that G = SU,, ,(Dg,h) where D is a
Hamiltonian quaternion division algebra over R and & € GL,, ,(Dg) is a
nondegenerate hermitian form relative to an involution o of the first kind
such that the space of o-symmetric elements in Dy has dimension 3. Since
the real rank of G is at least 2, we may assume that

0 0 1
h={0 hy 0
1 0 0

where h, € GL,(Dy) is a non-degenerate hermitian form relative to . In
this case,

A 0 0
H= 0 B 0 ||4A€SL(Dg), BeSU,(Dg,hy)
0 0 %4
and
1 0 0
H =10 SU(Dg,hy) O
0 0 1

4.2.8. PROPOSITION.  Suppose that H = H' or that the real rank of G is at
least 3. Then H'.Ay contains a closed orbit H'.A

Proof. By Theorem 3.3.1, there exists a connected closed subgroup M
containing Ad,(H’) such that H .A, = M’ Ap. By Proposition 3.3.4, we
may assume that M'isa sem|5|mple subgroup of Sp(7(R)). Suppose that
H=H'. Then M is either Ad.(H) or Sp(Z(R)). Therefore the claim
follows from Proposition 4.2.6. Now if H # H', we consider the realization
of the R-form of G given in the previous section. Note that Ad)(H') =

{491 A4 e S0,,(C)} and hence the Zariski closure of M’ is either M, =

{(7.2)14 €SL(C)} or M, = SL,(C) X SO,,(C). By the same argument
as in the proof of Proposition 4.1.2, we can show that M’ cannot be M|,
and when M = M,, the closedness of the orbit M.A, implies that H'.Ap
is closed.

4.29. LEMMA. If H.A is closed, then Ay N 7(R) is a lattice in 7(R).
Furthermore A is, up to commensurability, determined by Ap N 7(R).

Proof. 1t follows from the Q-rationality of Ad, that 7; is a (Q-subspace

L

with respect to the Q-structure of %; given by Ap (see the proof of
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Proposition 1.5.5). It implies that A, N 7(R) is Zariski dense and hence
is a lattice in 7;(R). The second claim follows from the fact that [A; N
7{(R), A N 7(R)] is commensurable to Z(%) N Ax. 1

4.2.10. Remark. (1) The subgroup H is trivial only when G is R-split of
type A4,.
(2) The subgroup H has compact factors only when G is of the
(absolute) type B, with the real rank 2 and D,,.

The following theorem covers the cases not only when H has no
compact factors but also when G is of type D, as long as the real rank of G
is greater than 2. For example, it covers all Heisenberg horospherical
subgroup cases for the groups with real rank at least 3.

4.2.11. THEOREM. Let U,, U, be a pair of opposite Heisenberg horospheri-
cal R-subgroups. Assume that if ranky G = 2, the (absolute) type of G is
none of A,, B, and D, for some n. Then (G, U;, U,) has property (A).

Proof. By the same argument as in Theorem 4.1.4, it is enough to find a
closed orbit 8(H").(Ag,A;) inside 8(H').(Ag,Ar, ). By Proposition
4.2.8, H'.A contains a closed orbit H'.A . By the same argument as the
proof of Theorem 4.1.3, we may assume that there exists a lattice £, such
that H'.Ap is closed and (A, Az ) € 8(H').(Ap, Ap,). Therefore there
exist a Q-form of G with respect to which U;, U,, and H' are defined over
Q and E, is commensurable to U,(Z).

If H=H’, this follows from Proposition 3.4.10. It only remains to
consider the case described in 4.2.7. That the orbit H'.A. is closed
implies that there exists a Q-form of H’' such that the representation
A — (49) is rational over Q. It follows that H'(Q) = SU(D'(Q), i)
where D' and h|, are described as in Proposition 1.4.10. Therefore it is
enough to observe that this Q-form of H' naturally extends to a Q-form of
G by declaring that G(Q) = SU,  ,(D'(Q), k') where

0 0 1
=10 Ky 0
1 0 0

Assume that the orbit 6(H').(A;, A ) is not closed. Denote by M’ a
connected closed subgroup of Ad,(H') X Ad,(H’) such that §(H') c M'
and 8(H').(Apy, Ay )= M'(Ag, Ap).

Case (1). M = Ad,(H') x Ad,(H’). Since a Heisenberg horospherical
subgroup is reflexive (see Remark 2.3.4), there exists w € G(Q) such that
wU,(@w™! is conjugate to U,@Q). By Lemma 2.3.3, we may assume
that for some x € N(U,XR) N N(U,)[R), A, N 7, is commensurable to
Ay, N7, By Lemma 233, Ay is commensurable to X, 7,1
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Write x as yw where y € H and w € Z(L(R)). Again y =y,y, where
y, € H and y, € C(H') since H' commutes with compact factors of H.
Set z = y,w. Then (8,7, A, 15, € 8(H'(R)).(Ag, Ag,). Since the H'-
orbits of A,-.p, and A, .-+ are closed and their projections onto
7(R) are commensurable, by Lemma 429, (Ay ), A,y 7).-1)
€ 8(H'(R)).(Ag,Ag,) up to commensurability, contradicting that
8(H')(Ag,, Ag,) is not closed by Proposition 3.4.5.

Case (2). M’ is a proper subgroup of Ad,(H') X Ad,(H").

This case happens only when the type of G is B, or D,; otherwise H is
a simple Lie group, and hence 8(H’') is a maximal connected closed
subgroup of Ad,;(H') X Ad,(H"). Since in this case H is a product of two
simple groups, by the same argument as Case (1)(ii) in Theorem 4.1.4, we
can show that 8( H').(Ag,, Ag,) contains a closed 8(H')-orbit. This con-
cludes the proof. |

4.3. Non-R-Heisenberg Horospherical Subgroup Cases

We deal with non-R-Heisenberg subgroup cases by reducing into com-
mutative horospherical subgroup cases. If Z(U,) is not the root group of a
highest real root, this can be done by considering Z(U,) and Z(U,).
Otherwise we show that we can replace U,, U, by another pair Uj, U, of
opposite horospherical subgroups such that Z(U;) is not a root group of a
highest real root.

4.3.1. In Subsections 4.3.1-4.3.2, we assume that G is almost R-simple.
We define the pair of horospherical R-subgroups U;, U, mentioned in the
beginning of this section and prove their needed properties.

For each i = 1,2, set 7 = Lie(U), ?/ {Xe 7%, X]cZ()} and

= Xe#%||X %= 0} Denote by U, and U/ the connected sub-
groups of U, such that Lie(U) = ?/ and Lie(U/) = %,. Equivalently, U =
{ueUlgugtut e Z(U) for aII g € U} and U’ the centralizer of
U in U.

PROPOSITION. (1) The subgroups Ul and U/ are R-subgroups of U..
(2) If U, is defined over Q, then U, and U, are Q-subgroups.
(3) IfF, is a lattice in U(R), F, N U/(R) is a lattice in U/ (R).

Proof. 1t is well known that the normal subgroups in the ascending
central series of a unipotent R-group are defined over Q. Hence U is
defined over R. Since U/ is the centralizer of U, in U, it is defined over R.
This argument works in the same way for the field Q. Part (3) directly
follows from (2) and Lemma 2.1.11. |
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4.3.2. The notation in this section is the same as in Subsection 2.5.1 with
k=R. Set ¥, ={a €p®"—[0]| the coefficient of « with respect to

A—(® UgA,)is 0} and ¥, = (zk®"—[O] — ¥,. Then ¥, and V¥, are
closed sets of @™ . It is easy to see that ¥, =, ®*—[0 UzA, ]

To simplify the notation, let kA = A and gA, = A, in the following
proposition.

PROPOSITION.  For U; =gV and U, =gV, suppose that Z(U,) = U,
and (U}, U1 # Z(U,). Then

(1) T, = U, where yy = {a €,®*—[0] | a;, — a € V).

@ U =xVoua, U; =gVeua, In particular, U; and U, are opposite
horospherical R-subgroups of G and Z(U,) is strictly bigger than U, .

Proof.  The last claim directly follows from Lemma 2.5.3. Since Z(U,) =
U, we have that A,  ©° and that A — (® U A) is non-empty by the
hypothe3|s that U, # [U,, U;]. We observe that {a e, ®"—[0O] | U, c U;}
={aepd*— [@]I |fa+~ﬁe ®* for B €@ —[0], then a + B = a,},
which we will denote by ®. Also {a €@ —[0]| U, c Uj} = {a €z®"
—[O]la+ B &zd" forall g with U; U} which we will denote by D'
It is enough to show that ® = ¢ for (1) and &' = W, for (2).

(1) To show that ¢ C ®, let g = a, —a with ae V. If a+ ye
gr®* for some y e, ®*"—[0], then the coefficient of y with respect to
each simple R-root in A — (® U A,) must be 0. Since y €,®*—[0O], the
sum of the coefficients of y with respect to A, should be non-zero and
hence 1. Therefore the sum of all coefficients of 8 + y with respect to A,
is 2, yielding B + y = «, by Proposition 1.3.1.

To show the converse, assume that o € ®. If a & ¢, then ht(a) <
ht(a,) — 2. We can find R- S|mple roots «;, a; ..., «, (not necessarily
different) such that « + o, + -+ +a; € CI>+ for each j=12,...k
and a+a; ++ao; = ah Let j be the smallest number such that
a, €A — G) Then ]<k since a & . Set @' =a+aq + - ta .
It 'follows from the property of ascending series of U that |f U, c U and
a+a, €g®’ for @, €A, then U,,, C U. Therefore by mductlon we
have U CU But o' + o; €3®7, o ERCI)+ [®] while a’ + a; # a.
Therefore a' & D, contradlctlng U, cu.

(2) To show that ¥, c &', assume a € ¥, — ®'. Then a + B €
®* for some B € . Therefore a+ B=a, Since B=a, —a <€y by
1), a € ¥, =3 ®"— W¥,, contradicting the assumption.

To show the converse, suppose that « € ®’ — ¥,. Since A — (@ U A})
is non-empty and « € ¥,, the sum of the coefficients of « with respect to
A, is 1 and there exists a simple root in A with respect to which the
coefficient of « is 0. It follows from Lemma 2.5.1 that a, — a €zP™.
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Hence a, —a € ¢; U, _, C UButa=a+ (a;, — a), contradicting the
assumption that « € ® by (1). 1

4.3.3. PROPOSITION. Let G be a connected adjoint R-simple algebraic
R-group with real rank at least 2 and U,, U, a pair of opposite horospherical
R-subgroups. Let the notation G, H, and S be the same as Proposition 2.5.4
and Z; = Z(U,) for each i = 1,2. Suppose that S is non-trivial and has no
R-anisotropic factors. If the triple (G, Z,, Z,) has property (A), then so does
(G,U,U,).

Proof. By Proposition 2.5.4, G, is a connected almost R-simple R-group
with real rank at least 2 and S is a semisimple normal algebraic R-group of
H. Now let F; and F, be lattices in U(R) and U,(R), respectively, such
that the subgroup Iz generated by them is discrete. Note that ZR) NF,
is a lattice in Z,(R) for i = 1,2, by Lemma 2.1.10. By the assumption that
(G, Z,, Z,) has property (A), there exists a Q-form of G, with respect to
which Z, and Z, are defined over Q and the subgroup I’y generated by
Z,NF, and Z, N F, is commensurable to the subgroup G,(Z). Since
S(R) has no compact factors, S N I'y(Z) C I} p is a Zariski dense arith-
metic subgroup of S(R). Therefore by Corollary 2.4.5, T , is an
arithmetic subgroup of G. |

4.3.4. THEOREM. Let G be an adjoint absolutely simple algebraic R-group
with real rank at least 2 and U,, U, a pair of opposite horospherical
R-subgroups which satisfies either of the following condition:

Q) [U,U]]l=2Z,,Z, is not the root group of a highest real root, and if
rank(G,) = 2, G, is not of type Eg, where G, is the subgroup generated by
Z, and Z,.

2 [U, U] # Z,,Z, is the root group of a highest real root, and if
rank,(G}y) = 2, G}, is not of type Eg, where U, is the centralizer of U, = {g €
Ulgugtu=t € Z, forallu € U} in U, and G, is the subgroup generated by
the center of U] and of Uj.

Then the triple (G, U,, U,) has Property A.

Proof. (1) Let U,, U, satisfy the first condition. By Theorem 4.1.4 and
Proposition 2.5.4, the triple (G,, Z(U,), Z(U,)) has property (A). This
proves the theorem by the previous proposition.

(2) Since U,, U, is conjugate to the pair zV, and Vg for some

O cRA, by Proposition 4.3.2, U] and U, are opposite horospherical R-sub-

groups and Z(U;) is not the root group of a highest real root. By part (1),
we have that the triple (G}, Z(U;), Z(U,)) has property (A).

Now let F, and F, be lattices in U(R) and U,(R), respectively, and

I, p, e discrete. Then F/ = F, N U/(R) is a lattice in U/(R) by Proposi-
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tion 43.1 and I}, p, is discrete since Iy, p, C I} . Therefore the sub-
group I, , is an arithmetic subgroup; hence so is I . |

4.4. Arithmetic Subgroups of the Form 1y .

We discuss, for a given pair U, and U, of opposite horospherical
subgroups, how specifically we can determine the discrete subgroups of the
form I’ r, from the main theorem.

4.4.1. COROLLARY. Let G be an absolutely simple algebraic Q-group with
the Tits index (A, A, *-action of Gal(C/Q)) and U, = Vg, U, = Vg for
some @ CA. If T} p is a subgroup commensurable to G(Z) for some
lattices F, and F, in U(R) and U,(R), respectively, then © contains A, and
is invariant under the *-action of Gal(C/Q).

Proof. 1t follows from the assumption that I'; , is commensurable to
G(2) that F, is commensurable to U(Z) = U; N G(Z) Since F, is a lattice
in U(R), it foIIows that U,(7) is Zariski dense in U,. By Proposition 1.2.7,
U, is defined over Q. Therefore the normalizer N(U,) is defined over Q.
Since N(U,) = Py, the corollary follows from Proposition 1.4.1. |

4.4.2. Let U;, U, be as in the Example 2.2.4 and F, and F, lattices in
(B and M, (R), respectively.

COROLLARY. Let n >3 and G = SL,(R). If the subgroup Ty p is
discrete, there exist elements g € GL,, (R) and h € GL «(R) such that gFlh !
and hF,g™* are, up to commensumbzhty one of the followzng pairs:

(1) the pair consisting of M, (D;) and M, (D,) where D is an
R-algebra defined over Q with Dy = M,(R) such that Dy is a central
division algebra over Q, d = DeggDy, rd = m, sd =k, D, is a Z-order
of the algebra D¢, and M, (D) denotes the set of r X s matrices over the
ring D,;

(2) the pair consisting of {(X;;) € M(D))|X;; + o0(X;;) =0} re-
peated twice, where K is a real quadratic extension field of Q, J is the ring of
integers of K, and D is an R-algebra defined over K with Dy = M (R) such
that Dy is a central division algebra with an involution of the second kind o,
d = Degg Dy, rd = m = k, and D, is a J-order of the algebra Dy compatible
with o.

Moreover by conjugation by the element (§7), the subgroup Ty p is

commensurable to either the subgroup (SL,, D), or the subgroup SU(h),
={Y € (SL,, D), | 'Y?h,Y = ho} where hy = (0 §), respectively.

Proof. By Theorem 4.1.4, there exists a Q-form of G such that I}, is
commensurable to G(2). Let A = {«ay, ay,..., a,_,} be the set of S|mple
roots such that «,(diag(¢,,¢,,...,t,)) =t;, —t;., for each i. Then U, =

P~
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Vi_ ., By the previous corollary, «,, € A — A,. If the Q-form G is inner,
G = SLj(D@), up to conjugation, where D is described as above and
jd =n. Since A — A, = {a;, € A}, we have m = rd for some r and hence
k = (j — r)d. If the Q-form G is outer and has a minimal horospherical
subgroup defined over Q, then »n should be even and the standard minimal
horospherical @Q-subgroup is VA_%/Z. Therefore m = n/2, followed by
k=n/2. 1
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