
FRACTAL CLOSURES OF GEODESIC PLANES
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Abstract. Ratner’s theorem implies topological rigidity of immersed
totally geodesic subspaces of noncompact type in finite-volume locally
symmetric spaces. In higher rank and infinite volume, however, counter-
examples to this rigidity have remained elusive.

We construct the first such examples using floating geodesic planes.
Specifically, we exhibit a Zariski-dense Hitchin surface group Γ < SL3(R)
such that the Hitchin manifold Γ\SL3(R)/SO(3) contains immersed float-
ing geodesic planes whose closures are fractal, with non-integer Haus-
dorff dimensions accumulating at 2. Moreover, Γ can be chosen inside
SL3(Z).
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1. Introduction

The study of orbit closures for actions of subgroups generated by unipo-
tent elements has been one of the central themes in homogeneous dynamics.
A landmark result is Ratner’s 1991 theorem [23], which resolved the conjec-
ture of Raghunathan. It says the following: if G is a connected semisimple
Lie group G and Γ < G is a lattice (a discrete subgroup of finite covolume),
then for any connected subgroup H < G generated by unipotent elements,
the closure of everyH-orbit in Γ\G is itself a homogeneous subspace, namely,
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a subspace of the form xL where L < G is a Lie subgroup containing H and
x is a point in Γ\G. This result implies the following topological rigid-
ity of geodesic planes: in any locally symmetric space of noncompact type
and finite volume, the closure of an immersed totally geodesic subspace of
noncompact type1 is an immersed submanifold.

An important special case was obtained earlier by Margulis and Dani-
Margulis (1989): in SL3(Z)\SL3(R), any orbit of SO(2, 1) is either closed
or dense ([18], [7]). This implies that in the associated locally symmet-
ric space SL3(Z)\SL3(R)/ SO(3), every irreducible totally geodesic plane is
either properly immersed or dense. The closed or dense dichotomy has a
far-reaching consequence. In fact, Margulis’s proof of the Oppenheim con-
jecture that for any irrational indefinite quadratic form Q(x1, . . . , xn) with
n ≥ 3, the set of values Q(Zn) is dense in R was his famous application of
this result [18].

In the infinite-volume setting, the geometry of the ambient space plays
a decisive role. For convex cocompact acylindrical hyperbolic 3-manifolds,
McMullen–Mohammadi–Oh proved that geodesic planes inside the interior
of the convex core is either properly immersed or dense ([19], [20]), and
Benoist–Oh extended this to geometrically finite acylindrical manifolds [3].
In higher dimensions, Lee–Oh gave a complete classification of geodesic plane
closures for convex cocompact real hyperbolic manifolds with Fuchsian ends
([15]; see also the survey paper [21]).

The picture changes dramatically once we leave the acylindrical setting.
Using bending deformations, McMullen–Mohammadi–Oh [19] constructed
quasi-Fuchsian hyperbolic 3-manifolds that contain chaotic geodesic planes,
arising from planes orthogonal to a chaotic geodesic of a closed hyperbolic
surface. Here “chaotic” means that the closures of these planes have non-
integer Hausdorff dimension. This stands in sharp contrast with the acylin-
drical case: acylindrical hyperbolic manifolds exhibit strong geometric con-
straints that enforce a certain k-thickness property for every circular slice of
the limit set, whereas quasi-Fuchsian manifolds may support much thinner
circular slices. Geometrically, thin circular slices of the limit set translate
into scant recurrence for unipotent flows, obstructing the standard homoge-
neous dynamics approach to orbit closures.

In higher rank and infinite volume, examples demonstrating the failure of
topological rigidity of orbit closures have remained elusive. In this paper,
we provide the first such examples.

Let

G = SL3(R), K = SO(3), X = G/K,

1this means the image of a totally geodesic immersion of a locally symmetric space of
noncompact type
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Figure 1. Floating geodesic plane

so that X is the Riemmanian symmetric space of unimodular positive-
definite symmetric matrices. We consider

H = SO(2, 1)◦, Y = H · o ⊂ X, where o = [K] ∈ X;

Y is an irreducible totally geodesic plane passing through the basepoint o.
Our primary objects are what we call

floating geodesic planes

defined as follows: Given a complete geodesic L ⊂ Y , there exists a unique
maximal flat F ⊂ X that intersects Y orthogonally along L. The plane
Y can then be shifted away from itself along F , producing ultra-parallel
copies that “float” in the ambient space. More precisely, for any t > 0,
the floating geodesic plane YL,t is defined as the translate of Y along the
orthogonal direction in F at distance t. Equivalently, if ξt = ato is the unit
speed geodesic in F orthogonal to L at o for a one-parameter diagonalizable
subgroup {at : t ∈ R}, then

YL,t = atY ;

see Figure 1. We also refer to the image of YL,t in any quotient manifold
Γ\X as a floating geodesic plane.

In hyperbolic spaces, there are no flats of dimension larger than one, so
a geodesic plane cannot be displaced in this way. The existence of floating
geodesic planes is therefore a phenomenon that only appears in higher rank.

The main result of this paper is as follows:

Theorem 1.1. There exists a Zariski dense Hitchin surface subgroup Γ <
SL3(R) such that the locally symmetric space Γ\X contains a sequence of
floating geodesic planes whose closures have Hausdorff dimensions strictly
bigger than 2 and accumulating at 2. Moreover, Γ can be chosen inside
SL3(Z).
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The proof of Theorem 1.1 requires a combination of geometric and dy-
namical arguments that go well beyond existing rank-one techniques. Sub-
stantial difficulties already arise in the Fuchsian case: even for a Fuchsian
surface group, relating the Hausdorff dimension of floating geodesic plane
closures in the locally symmetric space Γ\X to the dynamics of the geodesic
flow on the underlying hyperbolic surface requires delicate analysis beyond
homogeneous space considerations.

To transport these fractal phenomena from the Fuchsian locus to Zariski-
dense Hitchin subgroups, we combine Goldman’s bulging deformations with
a central geometric ingredient: a detailed analysis of the nearest-point pro-
jection to the reference plane. In higher rank, the fibers of this projection
contain entire maximal flats, creating parallel families of geodesics and mak-
ing stability under deformation substantially more subtle than in rank one.

We now explain the bulging deformations. We begin with a torsion-free
cocompact Fuchsian group Γ0 < H and choose a simple closed geodesic β
in the hyperbolic surface S = Γ0\Y . This curve β, called the bulging locus,
is represented by some hyperbolic element δ ∈ Γ0. Goldman introduced
the notion of bulging deformation along such a curve β ([12]; see also a re-
cent work [4] where they use the terminology grafting instead of bulging).
Roughly speaking, bulging is an analogue of Thurston’s earthquake defor-
mation, but in the setting of convex projective structures: one “bends” the
geometry of the surface along β by a parameter from the identity component
centralizer CG(δ) of δ.

Formally, the deformation yields a representation ρβ,b : Γ0 → G for any
b ∈ CG(δ)

◦, which lies in the Hitchin component of the character variety of
representations of Γ0 into G. Choi–Goldman identified this Hitchin compo-
nent with the space of marked convex RP 2-structures on the surface Γ0\Y
[6]: the bulging deformation then corresponds to varying the convex projec-
tive structure by stretching along β. In particular, each representation ρβ,b
is discrete and faithful,

We therefore obtain a discrete subgroup of G:

Γβ,b := ρβ,b(Γ0);

see (8.5) for further details. Moreover Γβ,b is Zariski dense whenever the
width wd(b) of b is nonzero (see (8.4) for the definition). Subsequent
developments have provided broader frameworks for understanding these
groups: Labourie [13] introduced the notion of Anosov representations, while
Fock–Goncharov [11] developed the theory of positive representations. Both
have become central tools in the study of Hitchin representations of surface
groups into split semisimple real Lie groups.

Theorem 1.1 is deduced from the following result, which shows that float-
ing planes inherit their Hausdorff dimensions from the geodesic dynamics
on the underlying hyperbolic surface S = Γ0\Y . In this paper, the notation
dim always refers to the Hausdorff dimension.
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Figure 2. Fractal closures of floating geodesic planes

Theorem 1.2. Let Γ0 < H be a torsion-free cocompact Fuchsian subgroup,
and let S = Γ0\Y . Let β ⊂ S be a simple closed geodesic represented by
some δ ∈ Γ0.

Let L ⊂ Y be an admissible geodesic (Def. 7.1), and set ℓ = Γ0\Γ0L ⊂ S.
Suppose that 1 < dim(ℓ) < 2 and let r := d(ℓ, β) > 0. Then there exists t0 >
0, depending only on L and r, such that for all t > t0 and any b ∈ CG(δ)

◦

with width wd(b) smaller than r/2, the Hausdorff dimension of the closure
of the floating geodesic plane in Γβ,b\X satisfies

1
2

(
dim ℓ+ 3

)
≤ dim

Ä
Γβ,b\Γβ,bYL,t

ä
≤ dim ℓ+ 1.

Moreover, there exists a sequence of admissible geodesics Li ⊂ Y such
that

• r = infi d(ℓi, β) > 0,
• dim ℓ̄i > 1 for all i ∈ N, and
• dim ℓ̄i → 1 as i→ ∞.

Hence for all sufficiently large t,

dim
Ä
Γβ,b\Γβ,bYLi,t

ä
→ 2 as i→ ∞.

Remark 1.3. Chaotic behavior can also be produced for geodesic planes or-
thogonal to a fixed irreducible geodesic plane, via their intersection locus
(see Theorem A.3). Nevertheless, we find the geometry of the floating geo-
desic planes both more compelling and novel, and hence focus on them in
this paper.

For a concrete analysis, we realize H as the identity component of the
special orthogonal group associated to the quadratic form F (x, y, z) = 2xz−
y2. Let A < G be the subgroup of positive diagonal matrices and set A0 =
H ∩A. We can identify H with the unit tangent bundle of Y , and the right
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translation action of A0 on H with the geodesic flow. Every geodesic L ⊂ Y
is of the form hA0o for some h ∈ H. For

at = diag(et, e−2t, et),

the floating geodesic plane over L at height t is

YL,t = hatH(o).

Theorem 1.2 is deduced from the following statement about the closure of
the projection of YL,t in Γβ,b\G:

Theorem 1.4. Under the same hypotheses as Theorem 1.2, we have

dimΓβ,b\Γβ,bhatH = dimΓ0\Γ0hA0 + 2;

1
2

(
3 + dimΓ0hA0

)
≤ dimΓβ,bYL,t ≤ 1 + dimΓ0hA0.

Moreover, there exists a sequence hi ∈ H such that dimΓ0\Γ0hiA0 accu-
mulates at 1 as i→ ∞.

On the proof ideas. Roughly speaking, the proofs of Theorems 1.2 and 1.4
proceed in four steps. A guiding principle is that the essential fractal phe-
nomena already appear in the undeformed Fuchsian setting, while additional
geometric analysis is required to transport these phenomena through bulging
deformations.

1. The Fuchsian case and ambient dimension. We begin with the unde-
formed (Fuchsian) setting. Consider the decomposition

H = A0k0A0K0,

where k0 ∈ K0 is the quarter turn, A0 = H ∩ A, and K0 = H ∩K. For a
cocompact Fuchsian subgroup Γ0 < H, we show that if the orbit Γ0\Γ0hA0

is admissible (see Theorem 7.2), then

Γ0\Γ0hatH = Γ0\Γ0hA0 atk0A0K0,

and moreover

1

2

(
dim(Γ0\Γ0hA0) + 3

)
≤ dimΓ0\Γ0hatH(o) ≤ dim(Γ0\Γ0hA0) + 1.

This provides an explicit description of orbit closures and their Hausdorff
dimensions in the Fuchsian case. The main difficulty is dimension-theoretic
and arises when passing from Γ0\G to Γ0\X: while the natural product
map is locally bi-Lipschitz on Γ0\G, the corresponding parametrization in
Γ0\X fails to be locally injective. Consequently, Hausdorff dimension in
Γ0\X does not follow formally from the geodesic-flow closure. To obtain the
above Hausdorff dimension statements, we therefore impose an admissibility
condition on the underlying geodesic orbit, ensuring sufficient regularity of
its local projections. This Fuchsian analysis forms the baseline for the entire
argument.
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2. Nearest-point projection and higher-rank geometry. To transport the
Fuchsian dimension statements to Zariski-dense deformations, a central geo-
metric ingredient of the paper is a detailed analysis of the nearest-point
projection

π : X → Y.

We prove that for any complete geodesic L ⊂ Y ,

dH(π(YL,t), L) −→ 0 as t→ ∞.

In higher rank, however, the fibers of π contain entire maximal flats, giving
rise to parallel families of geodesics. This substantially complicates the
analysis of projection dynamics and boundary behavior. The argument relies
on a careful study of Busemann functions βξ|Y for accumulation points ξ of
YL,t in ∂∞X, together with precise control of how sequences approach the
visual boundary.

3. Stability under bulging. Let Fb : Γ0\X → Γβ,b\X denote the map in-
duced by bulging. Fix r0 strictly larger than the width wd(b) of b, and
set

Xb := {x ∈ X : d(π(x),Γ0β) ≥ r0}.
We prove that the restriction of Fb to Γ0\Xb is a proper local isometric
embedding into Γβ,b\X.

The neartest-point projection estimates from Step 2 imply that for large
t, the projection of YL,t remains close to its reference geodesic L, and hence
uniformly away from the bulging locus. Thus Γ0\Γ0YL,t lies in Γ0\Xb for
b of sufficiently small width. Because fibers of π contain maximal flats,
bulging can in principle cause different fibers to overlap. Showing that they
remain disjoint under sufficiently small deformations is therefore a genuinely
higher-rank phenomenon. A careful analysis of how bulging modifies these
fibers yields the required stability and allows us to transfer the orbit-closure
and ambient dimension statements from the Fuchsian case to all b ∈ CG(δ)

◦

with sufficiently small width.

4. Fractal geodesic closures away from the bulging locus. Finally, we con-
struct admissible geodesics in closed hyperbolic surfaces whose closures have
Hausdorff dimension arbitrarily close to 1, while remaining uniformly sep-
arated from the bulging locus. This construction uses Sullivan’s ergodicity
theorem for the Bowen–Margulis–Sullivan measure on convex cocompact
surfaces [25].

Combining this with the existence of Zariski-dense Hitchin subgroups Γ <
SL3(Z) due to Long–Thistlethwaite [17], and applying the above deformation
procedure, produces the arithmetic examples required in Theorem 1.2.

Acknowledgment We would like to thank Federico Rodriguez Hertz for
helpful conversations on geodesic closures on hyperbolic surfaces. We would
also like to thank Dongryul Kim for useful comments on the preliminary



8 SUBHADIP DEY AND HEE OH

version of this paper. S.D. thanks MPI MiS in Leipzig, where part of this
work was completed.

2. Limit sets in G/P

Let G = SL3(R). Let
Θ : G→ G (2.1)

be the Cartan involution given by Θ(g) = (gT )−1 for g ∈ G. Let K < G be
the maximal compact subgroup:

K = SO(3) = {g ∈ G : Θ(g) = g}.

Let A < G be the diagonal subgroup:

A = {diag(a1, a2, a3) ∈ G : a1, a2, a3 > 0}.

Let g = sl3(R) = {x ∈ M3(R) : Trx = 0}, k = so3 = {x ∈ sl3(R) : x = −xT }
and a denote the Lie algebra of G, K and A, respectively. We may identify
a with the hyperplane

a = {u = (u1, u2, u3) ∈ R3 : u1 + u2 + u3 = 0}.

Let α1 and α2 be the simple roots of (g, a) given by

αi(u1, u2, u3) = ui − ui+1 i = 1, 2.

Let a+ denote the positive Weyl chamber

a+ = {(u1, u2, u3) ∈ a : u1 ≥ u2 ≥ u3}.

and set

A+ = exp a+.

The Killing form on g is

B(x, y) = 6Tr(xy), x, y ∈ sl3(R),

which induces the inner product on a: for u, v ∈ a,

⟨u, v⟩ = 6(u1v1 + u2v2 + u3v3).

We denote by ∥ · ∥ the corresponding norm on a.
Let X = G/K be the Riemannian symmetric space equipped with the

metric dX induced by the Killing form. It is a nonpositively curved CAT
(0)-space [5]. We also consider a left G-invariant and right K-invariant
metric dG on G compatible with dX . We will omit subscripts and write d
for both metrics. Let o = [K] ∈ X. We have the Cartan decomposition

G = KA+K,

which says that for any g ∈ G, there exists a unique element µ(g) ∈ a+ such
that g ∈ K expµ(g)K. The map

µ : G→ a+

is called the Cartan projection.
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Let P be the upper triangular subgroup of G

P =

Ñ
∗ ∗ ∗
0 ∗ ∗
0 0 ∗

é
,

which is a minimal parabolic subgroup of G. Then P =MAN where

M = {diag(ε1, ε2, ε3) ∈ G : εi ∈ {1,−1}, i = 1, 2, 3}

is the centralizer of A in K and N is the strictly upper triangular subgroup.
There are two maximal parabolic subgroups of G containing P :

P1 =

Ñ
∗ ∗ ∗
0 ∗ ∗
0 ∗ ∗

é
and P2 =

Ñ
∗ ∗ ∗
∗ ∗ ∗
0 0 ∗

é
.

Denote by e1, e2, e3 the standard column vectors of R3. The group G
acts transitively on the projective space RP 2, and the stabilizer of the point
[e1] ∈ RP 2 is P1. Therefore G/P1 can be identified with RP 2. Similarly, the
stabilizer of the line [e1 ∧ e2] in RP 2 is P2 and G/P2 can be identified with
the space of lines in RP 2.

Since P = P1 ∩ P2, the map gP 7→ (gP1, gP2) defines an embedding

G/P ↪→ G/P1 ×G/P2, (2.2)

via which we identify G/P with its image. Thus

G/P

is the full flag variety in R3: a point ξ ∈ G/P is a pair (p, ℓ) where p ∈ RP 2

is a point and ℓ is a line in RP 2 containing p.
We now define convergence to points in G/P for sequences in G and X.

Definition 2.1. Let gn ∈ G be a sequence.

• We say gn → ∞ regularly if αi(µ(gn)) → ∞ for both i = 1, 2.
• We say gn → ξ ∈ G/P if gn → ∞ regularly and ξ = limn→∞ knP
where kn ∈ G is a sequence such that gn ∈ knA

+K.
• We say gn → ∞ uniformly regularly if gn → ∞ regularly and there
exists c > 0 such that for each i = 1, 2,

αi(µ(gn)) ≥ c∥µ(gn)∥ for all n ∈ N.

• For a sequence xn = gno ∈ X, we say xn → ∞ regularly (resp.
uniformly regularly) if gn → ∞ regularly (resp. uniformly regularly)
and that xn → ξ ∈ G/P if gn → ξ.

By the Cartan decomposition G = KA+K, these notions are all well-
defined.

Definition 2.2 (Limit sets). For Z ⊂ G, the limit set ΛZ is the set of all
accumulation points of sequences from Z in G/P . Similarly, if Z ⊂ X, the
limit set ΛZ is the set of all accumulation points of sequences from Z in
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G/P . The projection of ΛZ to G/Pi via (2.2) will be referred to as the limit
set of Z on G/Pi for i = 1, 2.

Lemma 2.3. If Z1, Z2 ⊂ X have bounded Hausdorff distance, then ΛZ1 =
ΛZ2 in G/P .

Proof. Suppose that the Hausdorff distance between Z1 and Z2 is at most
R. Let ξ ∈ ΛZ1 . Then some sequence gio ∈ Z1 converges to ξ. There exists
a sequence qi ∈ G with d(qio, o) ≤ R such that giqio ∈ Z2. By [16, Lemma
2.10], giqio → ξ. Hence ξ ∈ ΛZ2 . Reversing the role of Z1 and Z2 gives the
claim. □

3. Nearest projection to Y

Fix the quadratic form F in R3:

F

Ñ
x
y
z

é
= 2xz − y2.

Let H be the identity component of the special linear group

SO(F ) =
{
g ∈ G : F (g(v)) = F (v) for all v ∈ R3

}
.

For the symmetric matrix

J =

Ñ
0 0 1
0 −1 0
1 0 0

é
, (3.1)

we have

H = {g ∈ G : gTJg = J}◦.
In particular, H ≃ SO(1, 2)◦.

The Lie algebra of H is

h =


Ñ
s x 0
y 0 x
0 y −s

é
: x, y, s ∈ R

 . (3.2)

Let S be the space of all symmetric matrices of signature (1, 2) with
determinant one. The action of G on S by g.J0 = gJ0g

T identifies G.J ≃
G/SO(F ) ≃ S. A non-degenerate quadric in RP 2 is a projective circle
(ellipses, hyperbolas, paraboloids). The map

g SO(F ) 7→ {F ◦ g = 0} (3.3)

identifies G/ SO(F ) with the space of non-degenerate quadrics in RP 2 [12].
For s ∈ R, set

hs =

Ñ
es 0 0
0 1 0
0 0 e−s

é
∈ H.
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Note that hs is a regular semisimple element, i.e., its centralizer is the diag-
onal subgroup, and that hs → ∞ regularly as |s| → ∞. These are important
facts which will be used often. We set

A0 := H ∩A = {hs : s ∈ R} and K0 := H ∩K.

The Lie algebra of K0 is

k0 =


Ñ

0 θ 0
−θ 0 θ
0 −θ 0

é
: θ ∈ R

 .

Setting

k(θ) :=

Ü
1+cos θ

2 −
√
2 sin θ
2

1−cos θ
2√

2 sin θ
2 cos θ −

√
2 sin θ
2

1−cos θ
2

√
2 sin θ
2

1+cos θ
2

ê
, (3.4)

we get the parametrization

K0 = {k(θ) : θ ∈ R}.

The subgroup K0 is a maximal compact subgroup of H and we have

H = K0A
+
0 K0 (3.5)

where A+
0 = {hs : s ≥ 0}.

The limit set of Y . The quotient space

Y := H/K0 = K0A0o

is a totally geodesic subspace of X. The quadric {F = 0} = {y2 = 2xz}
divides RP 2 into two H-invariant connected components: an open disk

D = {[x : y : z] ∈ RP 2 : y2 < 2xz} (3.6)

and an open Möbius band

{[x : y : z] ∈ RP 2 : y2 > 2xz}. (3.7)

Lemma 3.1. We have

ΛY = K0P/P and

ΛY = {(p, ℓ) ∈ G/P1 ×G/P2 : p ∈ ∂D, ℓ is tangent to ∂D at p}.

Proof. Since hs → ∞ regularly as |s| → ∞, any unbounded sequence in
Y has a subsequence which converges to a point in G/P . Moreover, in
view of (3.5), any limit of an infinite sequence in H in G/P belongs to
K0P/P . Hence ΛY = K0P/P . Note that P corresponds to the pair (p0, ℓ0) ∈
G/P1 × G/P2, where p0 = [e1] and ℓ0 = [e1 ∧ e2] = {[x : y : z] : z = 0}.
Moreover, ℓ0 ∩ ∂D = {p0} and hence ℓ0 is tangent to ∂D at p0. Since ∂D is
a single K0-orbit, the claim follows. □
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We fix the element

k0 :=

Ö
1
2

1√
2

1
2

− 1√
2

0 1√
2

1
2 − 1√

2
1
2

è
∈ K0. (3.8)

The geodesics k0A0o and A0o in Y are orthogonal. Therefore Y is swept
out by the family of orthogonal geodesics to A0o; indeed,

Y = A0k0A0o.

It follows that
H = A0k0A0K0.

Generalized Cartan decomposition. Recalling the symmetric matrix J
from (3.1), consider the following involution σ : G→ G:

σ(g) = JΘ(g)J.

We then have
H = {g ∈ G : σ(g) = g}◦;

therefore H is an affine symmetric subgroup of G. The generalized Cartan
decomposition of G with respect to H is described in [24], as we recall below.

Observe that the differential dσ : g → g commutes with dΘ, and we have

g = k⊕ p = h⊕ q

which are decompositions into ± eigenspaces for dΘ and σ, respectively.
The subspace

b :=


Ñ
t 0 s
0 −2t 0
s 0 t

é
: t, s ∈ R

 (3.9)

is a maximal abelian subalgebra of p ∩ q. It is also a maximal abelian
subalgebra of of p, since the rank of G is 2. The maximal split torus B :=
exp b of G is

B =


Ñ
et cosh s 0 et sinh s

0 e−2t 0
et sinh s 0 et cosh s

é
: t, s ∈ R

 .

We set

k1 =

Ö
1√
2

0 1√
2

0 −1 0
1√
2

0 − 1√
2

è
∈ K. (3.10)

We then have
b = k1ak

−1
1 and B = k1Ak

−1
1 .

Letting Wσ = NK(b)/CK(b) and Wσ,θ = NK0(b)/CK0(b), choose a finite
subset

W ⊂ NK(b) (3.11)

of representatives for Wσ,θ\Wσ. Set B
+ = k1A

+k−1
1 .
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Theorem 3.2. We have

G = HBK = HWB+K

in the sense that for any g ∈ G, there exist unique elements b ∈ B+ and
w ∈ W such that

g ∈ HwbK.

Nearest point projection to Y . Since X = G/K is non-positively curved
and Y ⊂ X is totally geodesic, for any x ∈ X, there exists a unique y ∈ Y
such that

d(x, y) = inf
y′∈Y

d(x, y′).

This y is called the nearest point projection of x to Y . See [2, p. 8] for
further details.

Let
π : X → Y (3.12)

be the nearest projection map. Since X = HBo, by Theorem 3.2, we have
the following description of π:

Proposition 3.3. For any h ∈ H and b ∈ B,

π(hbo) = ho. (3.13)

Proof. Since π is H-equivariant, it suffices to show π(z) = o for all z ∈
Bo. Since Tr(xy) = 0 for all x ∈ h and y ∈ b, the subspaces h and b
are orthogonal to each other. Moreover, Bo and Y are totally geodesic.
Thus, for z ∈ Bo, the geodesic segment connecting z to o lies in Bo and is
orthogonal to Y , π(z) = o. □

Corollary 3.4. We have

π−1(o) = K0Bo =
⋃
w∈W

K0k1wA
+o

and
Λπ−1(o) =

⋃
w∈W

K0k1wP

where k1 and W are given in (3.10) and (3.11) respectively.

Proof. The first part follows from Proposition 3.3 and Theorem 3.2. The
second follows from the definition of the limit set and the fact thatK0k1W ⊂
K. □

4. Floating geodesic planes

As in the last section, consider the totally geodesic plane

Y = Ho ⊂ X.

Since the centralizer of A0 is equal to the diagonal subgroup of G, it
follows that Ao is the unique maximal flat in X containing the geodesic
A0o.
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Lemma 4.1. The geodesic plane Y is perpendicular to the flat Ao and
Y ∩Ao = A0o.

Proof. The intersection of Y and Ao is a totally geodesic submanifold of X,
which contains A0o. Since neither Y nor Ao contains the other, dimensional
considerations imply that the intersection is precisely A0o.

The Lie algebra a splits orthogonally as a direct sum a0 ⊕ a′ where a0 =
Lie(A0) and a′ = {diag(t,−2t, t) : t ∈ R}. Since a0 ⊂ h and a′ ⊥ h, the
claim about orthogonality thus follows. □

For t ∈ R, set

at =

Ñ
et 0 0
0 e−2t 0
0 0 et

é
.

Definition 4.2. Given a complete geodesic L in Y and t ∈ R, define the
floating geodesic plane

YL,t := hatY,

where h ∈ H is chosen so that L = hA0o; this is well-defined since h is
unique modulo the action of A0, which commutes with at.

For the geodesic L = A0o, we simply write

Yt := YL,t = atY.

Lemma 4.3. For L = hA0o and t ∈ R, let Lt := hatA0o ⊂ YL,t. We have
π(Lt) = L and d(hhro, hathro) = |t| = d(L,Lt) for all r ∈ R.

Proof. By the H-equivariance of π, it suffices to consider the case when
L = A0o. Since atA0 = A0at and π(ato) = o, we get π(atA0o) = A0π(ato) =
A0o. Similarly, d(hro, athro) = d(hro, hrato) = d(o, ato) = |t|. Since L and
Lt lies in the same flat Ao, and L and {ato : t ∈ R} are orthogonal at o,
d(L,Lt) = d(o, ato) = |t|. □

The geodesic plane YL,t is “ultra-parallel” to Y at distance t:

Lemma 4.4. Given a geodesic L = hA0o ⊂ Y and t ∈ R, we have

d(Y, YL,t) = min{d(y, z) : y ∈ Y, z ∈ YL,t} = |t|.

Moreover, for t ̸= 0, the locus where the distance is minimized is precisely
{(hhro, hathro) : hhro ∈ L}.

Proof. By the H-equivariance, it suffices to prove the claim when L = A0o
and YL,t = atY . Let y ∈ Y and z ∈ Yt. Let y0 ∈ L (resp. z0 ∈ Lt = atL)
denote the nearest point projection of y (resp. z) to L (resp. atL). Let L0

be the geodesic segment connecting y0 to z0. Since the flat Ao is orthogonal
to Y and at ∈ A, Ao is also orthogonal to Yt. It follows that the points
y and z lie on two geodesics perpendicular to L0 and passing through its
endpoints.
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By [1, Ch. I, Prop. 5.4], in a non-positively curved space, for any geodesic
segment [a, b] and for any perpendicular complete geodesics L1(t) and L2(t)
to [a, b] with L1(0) = a and L2(0) = b, we have

inf{d(L1(t1), L2(t2)) : t1 ∈ R, t2 ∈ R} = d(a, b).

Since the geodesic segment [y, y0] lies in Y and is perpendicular to L, it
is perpendicular to the whole maximal flat Ao. Similarly, [z, z0] is also
perpendicular to Ao. So

|t| ≤ d(y0, z0) ≤ d(y, z). (4.1)

This proves the first claim.
For the second claim, without loss of generality, assume that t > 0 and

suppose that d(y, z) = t. It suffices to show that y = y0, z = z0 and
z0 = aty0. The inequality (4.1) forces t = d(y0, z0). Hence by Lemma
4.3, d(L, atL) = t = d(y0, z0). Therefore the geodesic segment [y0, z0] is
perpendicular to L and atL. Since at translates Ao orthogonal to L, it
implies that z0 = aty0.

We now claim that

y = y0 and z = z0. (4.2)

First suppose that {y0, z0} ∩ {y, z} = ∅. Two complete geodesics in X are
either parallel (they have finite Hausdorff distance) or the minimum distance
between them is realized by a unique pair of points or the minimum distance
is not realized. (This follows from [1, Ch. I, Prop. 5.4].) Hence in the setting
at hand, the complete geodesics G1 and G2 in X passing through y, y0 and
z, z0 respectively must have a finite Hausdorff distance. Since A0G1 = Y and
A0G2 = Yt, Y and Yt are at a finite Hausdorff distance. Thus, the limit sets
of Y and Yt in G/P1 = RP 2 are the same by Lemma 2.3. Since G/SO(F ) is
in bijection with the space of non-degenerate quadrics via the map in (3.3)
it follows that Yt = Y . Hence t = 0, a contradiction.

Now suppose that {y0, z0} ∩ {y, z} is a singleton. Without loss of gener-
ality, we may assume that y = y0 and z ̸= z0. Since the distance function is
strictly convex in a Hadamard manifold [2, Sec. 1.4], any point z1 in the geo-
desic segment [z, z0] other than the endpoints satisfies d(y, z1) < d(y, z) = t,
which is a contradiction to t = d(G1,G2). Therefore {y0, z0} = {y, z}, and
consequently y0 = y and z0 = z, proving (4.2). □

Remark 4.5. Up to an isometry, any totally geodesic plane in X is given
by Y , or SL2(R)o, where SL2(R) is embedded as the left upper corner of
SL3(R), or a maximal flat A(o). It is natural to call first type of geodesic
planes as irreducible geodesic planes.

The limit set of the floating planes. For each t ∈ R, consider the
quadric

Qt = {[x : y : z] ∈ RP 2 : e4ty2 = 2e−2txz}
passing through [e1] and [e3]. This is a projective circle.
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Since at sends the boundary of the diskD = {[x : y : z] ∈ RP 2 : y2 < 2xz}
to Qt, Lemma 3.1 implies:

Lemma 4.6. For t ∈ R, the limit set of atY in G/P is given by

ΛatY = {(p, ℓ) ∈ G/P : p ∈ Qt, ℓ is a line tangent to Qt at p}.

5. Limits of the sequence γt(s) = atk0hso

Since Y = A0k0A0o, where k0 ∈ K0 is as in (3.8), and the nearest projec-
tion map π defined in (3.12) is H-equivariant, we have

π(atY ) = A0π(atk0A0o) for any t ∈ R.

Therefore to understand the image π(atY ), it suffices to analyze the sequence

γt(s) := atk0hso. (5.1)

In this section we determine all accumulation points of γt(s) in G/P , ac-
cording to the relative rates at which t and s tend to ∞.

The main goal in this section is to show:

Proposition 5.1. Any accumulation of the sequence γt(s) in G/P as t, |s| →
∞ belongs to Λπ−1(o). Moreover, we have lim inf |sn|/tn > 0 if and only if
γtn(sn) → ∞ uniformly regularly.

We begin with calculating the Cartan projection of such a sequence up
to a uniform bounded subset:

Lemma 5.2. There is a compact subset C ⊂ a such that for any t > 0 and
s ∈ R, the Cartan projection µ(atk0hs) satisfies

µ(atk0hs) ∈

Ñ
t+ |s| 0 0

0 t 0
0 0 −2t− |s|

é
+ C.

Proof. For simplicity, set g = atk0hs. Write g = kaℓ ∈ KA+K in Cartan
decomposition so that µ(g) = log a, where a = diag(a1, a2, a3). We estimate
the ai up to a uniform multiplicative constant.

Since ggT = ka2k−1, the eigenvalues of ggT determine the a2i . Let cs =
es + e−s and ds = es − e−s. A direct computation gives

ggT =
1

4

Ñ
e2tc2s −

√
2e−tcsds e2td2s

−
√
2e−tcsds 2e−4t(e2s + e−2s) −

√
2e−tcsds

e2td2s −
√
2e−tcsds e2tc2s

é
.

Since t > 0 and |ds| ≤ cs, the Frobenius norm of ggT satisfies

∥ggT ∥2 ≍ e4tc4s.

Here, ≍ denotes equality up to a uniform multiplicative constant. As
∥ggT ∥2 = a41 and cs ≍ e|s|, we get

a1 ≍ ete|s|. (5.2)
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For a2, we now compute ∧2(ggT ) with respect to the ordered basis e2 ∧
e3, e1 ∧ e3, e1 ∧ e2:

∧2(ggT ) =
1

4

Ñ
e−2tc2s −

√
2etcsds e−2td2s

−
√
2etcsds 2e4t(e2s + e−2s) −

√
2etcsds

e−2td2s −
√
2etcsds e−2tc2s

é
.

Hence

∥ ∧2 (ggT )∥2 ≍ e8te4|s|.

Since the exponential of the Cartan projection of ∧2(ggT ) has entries
a21a

2
2, a

2
2a

2
3, a

2
1a

2
3 with the largest one being a21a

2
2, we have

∥ ∧2 (ggT )∥2 ≍ a41a
4
2 = e8te4|s|,

which with (5.2) implies

a2 ≍ et.

This proves the claim. □

A regularity criterion. A consequence of Lemma 5.2 is as follows:

Corollary 5.3. Let γtn(sn) = atnk0hsno with tn > 0 and sn ∈ R. Then we
have

• γtn(sn) → ∞ regularly if and only if |sn| → ∞;
• γtn(sn) → ∞ uniformly regularly if and only if |sn| → ∞ and

lim inf
n

|sn|/tn > 0.

Recall that G/P = KP/P , identified with

{([ke1], [k(e1 ∧ e2)]) : k ∈ K} ⊂ G/P1 ×G/P2.

Proposition 5.1 follows from the following together with Corollary 5.3:

Proposition 5.4 (Limits of γt(s)). If tn → ∞ and |sn| → ∞, then any limit
of γtn(sn) in G/P belongs to K0k1P/P , where k1 is as in (3.10). In partic-
ular, if ζ = k∗P is such a limit for some k∗ ∈ K, then k∗e1 is proportional
to e1 + e3 and

ζ ∈ Λπ−1(o).

Proof. Write gn = atnk0hsn = knanln ∈ KA+K and an = diag(an,1, an,2, an,3).
By Lemma 5.2, as |sn| → ∞, we have xgn → ∞ regularly. Suppose
kn → k∗. Using the notation k(θ) from (3.4), in order to prove that
k∗ ∈ K0k1P = {k(θ)k1 : θ ∈ R}P , it suffices to show that the first two
columns of k∗ are proportional to (1, 0, 1)T and (− sin θ,

√
2 cos θ, sin θ)T for

some θ ∈ R.
Let

w =

Ñ
1 0 0
0 0 1
0 −1 0

é
.
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Then wT gng
T
nw = wTkna

2
n(w

Tkn)
T , so the columns of wTkn are eigen-

vectors of wT gng
T
nw in decreasing order of eigenvalue. For each i = 1, 2, 3,

write the i-th column vector

un,i = wTknei = xn,ie1 + yn,ie2 + zn,ie3.

We show that the first column of wTk∗ is parallel to (−1, 1, 0)T and the
second column of wTk∗ is parallel to (p, p, q)T for some p, q ∈ R. This implies
the required structure of k∗.

Since un,i are unit vectors, all |xn,i|, |yn,i|, |zn,i| are at most 1. Let cn =
esn + e−sn and dn = esn − e−sn . A direct computation gives

Qn := wT gng
T
nw =

1

4

Ñ
e2tnc2n −e2tnd2n −

√
2e−tncsdn

−e2tnd2n e2tnc2n
√
2e−tncndn

−
√
2e−tncndn

√
2e−tncndn 2e−4tn(e2sn + e−2sn)

é
Setting fn = dn/cn, we compute

Qnun,1 = (wTkn)a
2
n(w

Tkn)
Tun,1 = (wTkn)a

2
ne1

= a2n,1un,1 = a2n,1(xn,1e1 + yn,1e2 + zn,1e3)

On the other hand,

Qnun,1 = xn,1Qne1 + yn,1Qne2 + zn,1Qne3 =

e2tnc2n
4

Ö
xn,1

Ñ
1

−f2n
−
√
2fn

e3tn

é
+ yn,1

Ñ−f2n
1√
2fn
e3tn

é
+ zn,1

Ö −
√
2fn

e3tn√
2fn
e3tn

2(e2sn+e−2sn )
e6tnc2n

èè
.

Hence

4a2n,1
e2tnc2n

(xn,1e1 + yn,1e2 + zn,1e3) =

xn,1

Ñ
1

−f2n
−
√
2fn

e3tn

é
+ yn,1

Ñ−f2n
1√
2fn
e3tn

é
+ zn,1

Ö −
√
2fn

e3tn√
2fn
e3tn

2(e2sn+e−2sn )
e6tnc2n

è
By Lemma 5.2, we may assume r0 := limt,s→+∞

4a2n,1

e2tnc2n
> 0 exists, after

passing to a subsequence. Indeed,

r0 = 2

because a2n,1 is the largest eigenvalue of wT gng
T
nw. Since limn→∞ fn = 1,

taking the limit of the above equation yields

2(limxn,1e1 + lim yn,1e2 + lim zn,1e3)

= limxn,1

Ñ
1
−1
0

é
+ lim yn,1

Ñ
−1
1
0

é
+ lim zn,1

Ñ
0
0
0

é
.
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Comparing the e3-components gives

lim zn,1 = 0.

Comparing the e1 and e2-components gives

lim yn,1 = − limxn,1.

Thus limun,1 is parallel to (1,−1, 0)T , that is, the first column of wTk∗

is parallel to (−1, 1, 0)T . Since each un,2 is orthogonal to un,1, the limit
limun,2 must be orthogonal to (−1, 1, 0)T and hence of the form (p, p, q)T .
This proves the claim about the second column of wTk∗. □

6. Nearest projection of floating planes to Y

Let π : X → Y be the nearest projection map. The main result of this
section is as follows: Fix a complete geodesic L ⊂ Y and t ∈ R. Let YL,t be
the associated floating plane. Then:

Theorem 6.1. The Hausdorff distance between π(YL,t) and L tends to 0 as
|t| → ∞.

By the H-equivariance of π, we may assume without loss of generality
that

L = A0(o) and hence YL,t = atY.

For simplicity, we set Yt := YA0o,t.

Busemann functions. The visual boundary ∂∞X consists of equivalence
classes of asymptotic geodesic rays. (Recall that two geodesic rays in X
are asymptotic if they are within a finite Hausdorff distance). We equip the
visual boundary with the cone topology.

Definition 6.2. For ξ ∈ ∂∞X, the Busemann function bξ : X → R is

bξ(x) = lim
t→∞

(d(x, ξt)− t)

where {ξt : t ≥ 0} is the unit speed geodesic ray in the class ξ such that
ξ0 = o. Since X is nonpositively curved, this is well-defined: there exists a
unique unit speed geodesic ray from o representing each class.

The horofunction compactification of X is obtained by attaching the vi-
sual boundary ∂∞X. More precisely, for x ∈ X, define dx : X → R be given
by

dx(y) = d(y, x)− d(o, x).

If xn is a sequence in X converging to ξ ∈ ∂∞X (with ξ represented by a
ray from o), then

dxn → bξ

uniformly on compact sets of X [5, Chapter II.8].
The next lemma reduces the proof of Theorem 6.1 to controlling the Buse-

mann functions bξ|Y at every accumulation point ξ ∈ ∂∞X of the sequence
γt(s).
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Lemma 6.3. Let ξ ∈ ∂∞X and xn ∈ X be a sequence converging to ξ in the
visual topology. Suppose Z ⊂ X is a closed convex set and bξ|Z has a unique
minimum at z0 ∈ Z. Then the nearest point projection map pr : X → Z
satisfies pr(xn) → z0 as n→ ∞.

Proof. Without loss of generality, assume that bξ|Z(z0) = 0. For r > 0, let
Br(z0) be the closed ball of radius r. Let

δ := min{bξ(z) : z ∈ ∂Br(z0)} > 0.

Since dxn → bγ uniformly on compacts, for all large enough n, we have

dxn(z0) ≤ δ/3, dxn(z) ≥ 2δ/3 for all z ∈ ∂Br(z).

Since dxn is strictly convex along geodesics in X, for all n ≥ n0, dxn must
achieve its unique minima in Br(z0). Taking r → 0, we finish the proof. □

Properness via relative position in G/P . Any unit-speed geodesic ray
in X has the form t 7→ g exp(tv)o for some g ∈ G and a unit vector v ∈ a+.
The ray is called regular if v ∈ int a+ and singular otherwise. A point
ξ ∈ ∂∞X is called regular and asymptotic to f ∈ G/P if it is represented by
a regular geodesic ray g exp(tv)o, t ∈ [0,∞) with f = gP . Denote the set of
all regular points in ∂∞X by ∂reg∞ X. There is a well-defined map

f : ∂reg∞ X → G/P, (6.1)

sending ξ to fξ := gP .
The Weyl group W = {e, w1, w

′
1, w2, w

′
2, w0} of G is depicted in Figure 3.

Here w0 denotes the longest Weyl element so that w0Pw
−1
0 is the lower

w2 w1

e

w′
1w′

2

w0

Figure 3. The Weyl group.

triangular subgroup. The Schubert cell decomposition of G/P :

G/P =
⊔
w∈W

PwP,

with the unique open P -orbit Pw0P (a 3-cell); two 2-cells Pw2P and Pw′
2P ;

two 1-cells Pw1P and Pw′
1P ; and the zero cell is P . Identifying G/P with

the full flag variety {(p, ℓ) : p ∈ RP 2, ℓ ⊂ RP 2 a line , p ∈ ℓ}, the Schubert
cells relative to a given (p, ℓ) ∈ G/P can be characterized as follows:
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(1) 0-cell: {(p, ℓ)}.
(2) 1-cells: {((p′, ℓ′) : p = p′ and ℓ ̸= ℓ′}, {((p′, ℓ′) : p ̸= p′ and ℓ = ℓ′}.
(3) 2-cells: {(p′, ℓ′) : p ∈ ℓ′ − p′}, {(p′, ℓ′) : p′ ∈ ℓ− p}.
(4) 3-cell: {(p′, ℓ′) : p ̸∈ ℓ′ and p′ ̸∈ ℓ}.

Definition 6.4. For 1 ≤ k ≤ 3, two points ξ = (p, ℓ), ξ′ = (p′, ℓ′) ∈ G/P
are in relative position k if (p′, ℓ′) lies in a k-cell in the Schubert cell de-
composition of G/P with respect to (p, ℓ), or equivalently, if there exists
g ∈ G such that ξ = gP and ξ = gwP for w ∈ {wk, w′

k} where we have put
w3 = w′

3 = w0.

Since any geodesic ray in Y is regular, we have ∂∞Y ⊂ ∂reg∞ X, and
f(∂∞Y ) = ΛY = K0P/P .

Lemma 6.5. Let ξ ∈ ∂reg∞ X. If fξ has relative position 2 or 3 with respect
to every point of ΛY , then bξ|Y is proper and bounded below, and it attains
a unique minimum in Y .

Proof. Busemann functions are convex, so to prove properness and bound-
edness below, it suffices to show that bξ → ∞ along every ray in Y issuing
from o. Let {ξt : t ≥ 0} be a ray from o representing ξ ∈ ∂∞X, and let
{ρt : t ≥ 0} be a ray in Y from o. Let ρ ∈ ∂∞Y represented by it. By the
hypothesis, there exists g ∈ G such that we have fρ = gP and fξ = gwP
for some w ∈ {w2, w

′
2, w0}. Consider the maximal flat F := gAo and its two

Weyl chambers W− := gwA+o and W+ := gA+o asymptotic to fξ and fρ,
respectively. Set x = go. Let ξ′ (resp. ρ′) be the central ray in W− (resp.
W+) from x, asymptotic to ξ (resp. ρ). Since ξ′ and ξ are asymptotic,
their Busemann functions bξ′ and bξ differ only by an additive constant.
Moreover, since Busemann functions are 1-Lipschitz, showing that bξ goes
to infinity along ρ is equivalent to showing that bξ′ goes to infinity along ρ′.

Note that the restriction bξ′ |F is the Busemann function on the Euclidean
plane F corresponding to the ray ξ′, which must go to infinity along any ray
which makes an angle strictly more that π/2 with ξ′. Since w ∈ {w2, w

′
2, w0},

W− andW+ are not adjacent and hence the angle between ρ′ and ξ′ is strictly
bigger than π/2. Therefore bξ goes to infinity along ρ.

The second part of theclaim that bξ|Y has a unique minimum follows
from the first part. Indeed, by the first part, bξ|Y has a minimum. If bξ|Y
had two distinct minima y1, y2 ∈ Y , then convexity would imply that bξ is
constant along the geodesic segment inX joining y1 and y2. Since Busemann
functions are real analytic, it would then follow that bξ|Y is constant along
the complete bi-infinite geodesic extension of that segment, contradicting
properness. □

Uniform regularity and properness.

Lemma 6.6. If tn → ∞, γtn(sn) = atnk0hsno → ∞ uniformly regularly as
in Def. (2.1), then

π(γtn(sn)) → o as n→ ∞.
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Proof. Since γtn(sn) → ∞ regularly, |sn| → ∞ by Corollary 5.3. After
passing to a subsequence, we may assume that γtn(sn) converges to some
ζ ∈ G/P in the sense of Definition 2.1. By Proposition 5.4, ζ = (p0, ℓ0),
where p0 = [e1 + e3] and ζ ∈ Λπ−1(o).

The quadric y2 = 2xz splits RP 2 into the disk D = {[x : y : z] : y2 < 2xz}
and the Möbius strip {[x : y : z] : y2 > 2xz}. Since by Lemma 3.1,

ΛY = {(p, ℓ) : p ∈ ∂D, ℓ is tangent to ∂D at p}
and p ∈ D, it follows that ζ has relative position 2 or 3 with respect to any
point in ΛY . Since γtn(sn) → ∞ uniformly regularly, the accumulation set
of γtn(sn) is a compact subset C ⊂ ∂reg∞ X with f(C) = ζ (see (6.1)). By
Lemma 6.5, for each ξ ∈ C, bξ|Y has a unique minimum in Y .

We claim that this minimum is achieved at o, which would finish the proof
by Lemma 6.3. By Corollary 3.4,

π−1(o) =
⋃

k∈K0,w∈W
kk1wA

+o

is a union of Weyl chambers emanating from o. Let ∆ be the Weyl chamber
emanating from o and asymptotic to ζ. Since ζ ∈ Λπ−1(o), we have ∆ ⊂
π−1(o). After extraction, γtn(sn) is asymptotic to a ray γ in the Weyl
chamber ∆ in π−1(o) emanating from o (i.e., γtn(sn) ∈ X converges to [ξ] ∈
∂∞X in the compactification X ⊔ ∂∞X). This ray γ must be perpendicular
to Y at o. Thus the Busemann function bγ attains its minimum at o. □

Lemma 6.7. If tn → ∞ and γtn(sn) has no subsequence which tends to ∞
uniformly regularly, then

d(L, π(γtn(sn))) → 0 as n→ ∞.

Proof. By Corollary 5.3, we have |sn|/tn → 0 as n → ∞. In this case,
γtn(sn) converges to the ray ξ := {ato : t ≥ 0} in the visual topology: to
see this, we consider the right-angled triangle △(o, atno, γtn(sn)). Since X is
a CAT(0)-space, this triangle is thinner than a euclidean triangle with the
same side lengths,

∠o(atno, γtn(sn)) ≤ tan−1 |sn|
tn

→ 0 as n→ ∞.

Therefore, γtn(sn) converges to the ray ξ := {ato : t ≥ 0} in ∂∞X and
dγtn (sn) → bξ.

Since π(atno) = o and π is 1-Lipschitz, we have

d(π(γtn(sn)), o) ≤ d(atnk0hsno, atno) = |sn|.
Since Y = (H ∩A)k0L, there exists s′n ∈ R such that

hs′nπ(γtn(sn)) ∈ k0L. (6.2)

Since h−s′nk0L is orthogonal to L at h−s′no, h−s′no is the nearest projection
of π(γtn(sn)) to L, and hence

d(π(γtn(sn)), h−s′n(o)) ≤ d(π(γtn(sn)), o) ≤ |sn|.
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Hence by the triangle inequality,

|s′n| = d(o, h−s′n(o)) ≤ d(o, π(γtn(sn))) + d(π(γtn(sn)), h−s′n(o)) ≤ 2|sn|.
(In fact, since the geodesic triangle in Y with vertices h−s′n(o), π(γtn(sn)), o
has the right angle at h−s′n(o), we even get |s′n| ≤ |sn|).

Since 2|sn|/tn → 0 as n→ ∞, we conclude again that

dhs′nγtn (sn)
→ bξ,

uniformly on compacts.
Since the ray ξ = {ato : t ≥ 0} is perpendicular to k0L at o, the point o

is a minimum of bξ on k0L. We claim that this minimum is unique: Suppose
that y ∈ k0L is another point such that bξ(o) = bξ(y). Let {ρt : t ≥ 0}
be the ray in X emanating from y and asymptotic to ξ and consider the
Busemann function

b̃ρ : X → R : b̃ρ(x) = lim
t→∞

d(ρt, x)− t.

Then b̃ρ − bξ is a constant function. Since y is a minimum of bξ on k0L, it

must be a minimum of b̃ρ. Thus ρ must be orthogonal to k0L at y. Since
ξ and ρ are perpendicular to the segment [o, y] at its endpoints and are
asymptotic, it follows from the Flat Strip Theorem (see [1, Ch. I, Cor.
5.8(i)]) that ξ and ρ bounds a flat half strip; in particular, ξ and ρ (and
hence the segment oy) must lie in a 2-flat F ⊂ X. Thus F contains the
ray ξ = {ato : t ≥ 0} as well as the geodesic k0L = {k0hto : t ∈ R} (since
it contains the segment oy ⊂ k0L). Hence for all t0 ∈ R, k0ht0k

−1
0 lies

in the centralizer of {at : t ∈ R}, which can be verified to be false by a
straightforward computation. So, we arrive at a contradiction.

Since o is the unique minimum of bξ|k0L, Lemma 6.3 implies that the
nearest projection of hs′nγtn(sn) to k0L converges to o. By (6.2), we have

d(π(hs′nγtn(sn)), o) → 0 as n→ ∞.

Since π is H-invariant, we finally have

d(π(γtn(sn)), L) → 0 as n→ ∞
as asserted. □

Projection is bounded.

Theorem 6.8. For any ε > 0, the union
⋃

|t|>ε π(Yt) lies within a bounded

distance from L.

Since π(Yt) = A0π(atk0A0o), the result follows from the following result:

Lemma 6.9. For ε > 0, the set {π(γt(s)) : |t| > ε, s ∈ R} lies within a
bounded distance from L. Moreover, if either tn or |sn| is bounded, then
π(γtn(sn)) is bounded.

For the proof of this lemma, we assume that the parameter t is positive.
More precisely, we show:
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Lemma 6.10. For all ε > 0, the set {π(γt(s)) : t > ε, s ∈ R} lies within
a bounded distance from L. Moreover, if either tn or |sn| is bounded, then
π(γtn(sn)) is bounded.

This suffices, as can be seen as follows: the Cartan involution Θ : G →
G given by (2.1) induces an isometry ι : X → X defined by ι([gK]) =
[(gT )−1K] (a point reflection about the basepoint o). This isometry preserves
all totally geodesic subspaces passing through o, such as Y , L, and Ao. Note
that Θ(at) = a−t. Since the nearest point projection π : X → Y , viewed as
a map from X → X, commutes with ι, Lemma 6.10 also implies that the set
{π(γt(s)) : −t < −ε, s ∈ R} lies within a bounded distance from L, thereby
concluding the proof of Lemma 6.9.

Proof of Lemma 6.10. Suppose that the claim is not true. Then there exist
ε > 0 and sequences sn and tn > ε such that the sequence π(γtn(sn)) diverges
away from L. After extraction, we have the following cases.

Case 0: Both sn and tn are bounded. Then π(γtn(sn)) is bounded, leading
to a contradiction.

Case 1: tn is bounded and |sn| → ∞. Passing to a subsequence, we can
assume that tn → t and sn → ∞.

Let ξ ∈ ∂∞X denote the equivalence class of the ray {γt(s) : s > 0}.
Then, γtn(sn) → ξ as n→ ∞. Thus, we have

dγtn (sn) → bξ

uniformly on compacts.
We observe that fξ (cf. (6.1)) has position either 2 or 3 relative to any

point in ΛY : To see this, note that if we write fξ = (p, ℓ) (as described in
the paragraph before Definition 6.4), then

p = atk0[e1] = [ete1 −
√
2e−2te2 + ete3].

Thus, for t > 0, p lies in the interior of the disk D ⊂ RP2 bounded by the
conic y2 = 2xz, which implies the assertion.

Therefore, by Lemma 6.5, bξ|Y is proper and bounded below, and has a
unique minimum in Y . By Lemma 6.3, it follows that (π(γtn(sn))) converges
to this unique minimum and thus we again have a contradiction.

Case 2: If the sequence sn is bounded, then the sequence γtn(sn) lies in a
bounded neighborhood of the singular ray {ato : t > 0}, and thus must have
a bounded projection to Y . This is a contradiction.

Case 3: Finally, if tn → ∞ and |sn| → ∞ as n → ∞, then it follows from
Lemma 6.6 and Lemma 6.7 that π(γtn(sn)) is bounded. Again, this is a
contradiction.

The “moreover” part follows from Cases 1 and 2 discussed above. □
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Figure 4. shadow of the floating plane

Projection is narrow.

Theorem 6.11. The Hausdorff distance between π(Yt) and L goes to 0 as
|t| → ∞.

Proof. Again, we make the assumption that t > 0, as the case when t < 0
is analogous.

Suppose the claim is not true. Since L ⊂ π(Yt), there exist δ > 0, tn → ∞,
and xn ∈ Ytn with d(L, π(xn)) ≥ δ. As in the proof of Theorem 6.8, write
xn = hs′natnk0hsno and use the A0-equivariance to take s′n = 0. Lemmas 6.6
and 6.7 then give a contradiction. □

7. Closures of floating planes: The Fuchsian case

In this section, we consider the closure of an H-orbit [h]atH in Γ\G where
h ∈ H and Γ is a cocompact lattice in H. Let N− and N+ be the strictly
upper and lower triangular subgroups of G and set N±

0 = H ∩N±.
For any h ∈ H, the product map hN+

0 ×N−
0 ×A0 → H is a diffeomorphism

onto its image which is Zariski open and dense. Any right A0-invariant open
neighborhood of h ∈ H contains a subset of the form O = hU+U−A0 for
some open neighborhood U± ⊂ N±

0 . We will call a subset of this type a
basic open subset and let π± = πO,± : O → N±

0 be the Bruhat projections

π+(hn
+n−a) = n+ and π−(hn

+n−a) = n−. (7.1)

Definition 7.1. We say that an A0-invariant subset Z ⊂ H is admissible if
the box dimension of π±(Z ∩ O) is equal to its Hausdorff dimension for all
sufficiently small basic open subsets O. If L = hA0o is a geodesic in Y , we
say L or ℓ = Γ\L is admissible if ΓhA0 is admissible.

The following theorem says that when the floating height t is non-zero, it
can be as chaotic as the closure of its reference geodesic Γ\ΓhA0 in Γ\H.

Theorem 7.2. Let Γ < H be a discrete subgroup and h ∈ H. Let t ̸= 0.

(1) We have

dimΓhatH = 2 + dimΓhA0.
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(2) Let YL,t = hatHo for L = hA0o. Suppose that L is admissible. Then

1

2

(
3 + dimΓhA0

)
≤ dimΓYL,t ≤ 1 + dimΓhA0.

(3) In particular, if 1 < dimΓ\ΓhA0 < 2, then

dimΓYL,t ∈ (2, 3).

The rest of this section is devoted to proving Theorem 7.2. We begin
by showing that the closure of [h]atH in Γ\G is governed by the closure of
[h]A0 ⊂ Γ\H. Note that for Γ < H, the quotient Γ\H is a closed subset of
Γ\G.

Proposition 7.3. Let Γ < H be a discrete subgroup and h ∈ H. For any
t ∈ R, we have

ΓhatH = ΓhA0atk0A0K0.

In particular, for L = hA0o,

ΓYL,t = ΓhA0atk0A0o.

Proof. Since H = A0k0A0K0, we have

ΓhatH = ΓhA0atk0A0K0.

Let g ∈ ΓhatH, i.e., γihathi → g for an infinite sequence γi ∈ Γ, hi ∈ H. We
write hi = cik0piki ∈ A0k0A0K0, so athi = ciatk0piki. It suffices to show
that atk0pi is bounded, so that its limit lies in atk0A0K0. Write

atk0pi = h′ibik
′
i ∈ HBK

using Theorem 3.2. As t is fixed,

π(atk0pio) = h′io

is bounded by Lemma 6.9 and hence h′i ∈ H is bounded. Using Theorem 3.2,
we can write g = h∗b∗k∗ ∈ HBK. Since

γihathi = γihci(atk0pi)ki = (γihcih
′
i)bi(k

′
iki) ∈ HBK

and the B-component in the G = HBK decomposition is uniquely deter-
mined modulo a compact subset, we must have bi → b∗ modulo a compact
subset, and hence bi must be a bounded sequence. Since both h′i and bi are
bounded sequences and atk0pi = h′ibik

′
i ∈ HBK, it follows that atk0pi is

bounded, as desired. □

To relate the Hausdorff dimension of ΓhA0 with that of ΓhatH, we use the
local product structure in G. The following lemma shows thatH×atk0A0K0

maps locally diffeomorphically into G, allowing us to invoke Proposition 7.3
in the proof of Theorem 7.2(1).

Lemma 7.4. Let t ̸= 0. The product map

m : H × atk0A0K0 → G, (h, s) 7→ hs
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with h ∈ H and s ∈ atk0A0K0 is a local diffeomorphism onto its image
at every point, i.e., for any p = (h, s), there exists an open neighborhood
U of p such that m(U) is a submanifold of G and m|U : U → m(U) is a
diffeomorphism.

Proof. Write g = atk0 and set St = gA0K0g
−1. To prove the claim, it suffices

to show that for the product map m : H × St → G given by (h, s) 7→ hs,
dm(h,s) is injective at every (h, s) ∈ H × St. Then by the constant rank
theorem, the claim would follow.

So, let h ∈ H and s = g(ak)g−1 ∈ St where a ∈ A0 and k ∈ K0. For any
U ∈ ThH and V ∈ Ts St, we get

(L(hs)−1)∗dm(h,s)(U, V ) = Ads−1(Lh−1)∗U + (Ls−1)∗V

where Lx : G→ G denotes the left translation by x ∈ G and (Lx)∗ : Ty G→
Txy G denotes the differential at y ∈ G. Therefore

ker dm(h,s) ≃ Ads−1 h ∩ (Ls−1)∗Ts(St).

Now

(L(ak)−1)∗Tak(A0K0) = Adk−1 a0 ⊕ k0

and conjugating by g gives

(Ls−1)∗Ts St = Adg (Adk−1 a0 ⊕ k0) .

Setting h′ = Adg−1 h, we can write

Ads−1 h = Adg(Ada−1k−1 h′).

It remains to show that

Ada−1k−1 h′ ∩ (Adk−1 a0 ⊕ k0) = {0}.

Since k = k(θ) as in (3.4), we can compute that any matrix in Adk−1 a0⊕k0
is of the form Ñ

b p 0
q 0 p
0 q −b

é
(7.2)

for some b, p, q ∈ R. Moreover, if k = e, then p = q.
Now, an element in h′ is of the form

g−1

Ñ
s x 0
y 0 x
0 y −s

é
g =

1

2

Ñ
X Y Z
W 0 Y
Z W −X

é
(7.3)

for some x, y, s ∈ R, where
• X = −

√
2(x+ y)(e3t + e−3t),

• Y = 2
√
2s+ 2e3t(x− y),

• Z =
√
2e−3t(x+ y),

• W = 2
√
2s− 2e−3t(x− y).
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Let k = kθ, c = cos θ, s = sin θ, and a = hr. Then a matrix I ∈
Ada−1k−1 h′ is, up to a uniform constant multiple, of the form

I11 = 2cX +
√
2sY +

√
2sW, I22 = −

√
2csW, I33 = 2cZ +

√
s(1− c)W

I12 = (−
√
2sX + (c+ 1)Y +

√
2sZ − s2W )e−3r,

I23 = (−
√
2sX + (c+ 1)Y −

√
2sZ + c(1− c)W )e3r,

I21 = (−
√
2sX + (c− 1)Y −

√
2sZ + (c+ 1)W )e3r,

I32 = (−
√
2sX + (c− 1)Y +

√
2sZ)e−3r,

I13 = 2cZ +
√
2
−1

(1− c)sW, I31 = −2cZ.

Suppose that I ∈ Ada−1k−1 h′ ∩ (Adk−1 a0 ⊕ k0). To show that I = 0, we
consider the following three cases separately.

Case I: c s ̸= 0. Since I13 = I22 = I31 = 0, we must have Z =W = 0 = I33.
Since Z = 0, x = −y. Together with W = 0, this gives

√
2s = 2e−3tx. Since

I33 = 0, I11 = 0, i.e,
√
2cX + sY = 0, and this means that

√
2s = −2e3tx.

Since t ̸= 0, we get x = 0, which also means that s = y = 0. Therefore
I = 0.

Case II: c = 0. Then from I13 = 0, we get W = 0, which implies I33 = 0.
From I11 = −I33, we get Y = 0. This implies that x = y = s = 0. Hence
I = 0.

Case III: s = 0. In this case, k = e. So I12 = I21. Then from I13 = 0, we
get x + y = 0. Since I32 = 0, we get I21 = 0, which gives us W = 0, and
hence Y = 0. This implies x = y = s = 0; so I = 0.

This finishes the proof. □

Proof of Theorem 7.2(1) By Lemma 7.4, the product map f : H ×
atk0A0K0 → G is locally bi-Lipschitz on a countable cover. Since Haus-
dorff dimension is countably stable, it follows that for any subset Σ of
H × atk0A0K0, the Hausdorff dimension of Σ is equal to that of its im-
age under f .

Lemma 7.3 gives

ΓhatH = ΓhA0atk0A0K0,

and ΓhA0 ⊂ H as Γ ⊂ H, Thus the Hausdorff dimension of ΓatH is equal to
that of the product ΓhA0 × atk0A0K0. Since atk0A0K0 is a 2-dimensional
smooth submanifold, the claim follows.
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Floating geodesic planes. For Part (2) of Theorem 7.2(2), we need an
analogue of Lemma 7.4 at the level of the symmetric spaceX. Unfortunately,
the product map H × atK0A0o → X is in general not locally injective,
and this is precisely why we cannot conclude dimΓYL,t = 1 + dimΓhA0

in Theorem 7.2(2). The next lemma shows that replacing H by hN±
0 A0

restores local injectivity in X, and this will allow us to prove the dimension
estimates in Theorem 7.2(2).

Lemma 7.5. Let h ∈ H. The multiplication map

hN±
0 A0 × atk0A0o→ X, (hh′, so) 7→ hh′so

with h′ ∈ N±
0 A0 and s ∈ atk0A0 is a local diffeomorphism onto its image

everywhere.

Proof. Recall the Cartan decomposition g = k⊕ p. Set H± = H ∩N±A and
h± := Lie(H±). Let g = atk0. It suffices to show that the multiplication
map Φ : g−1H±g × A0o → X is a local diffeomorphism at (e, hro) for any
r ∈ R, since the left-translation by an element of g−1H±g is an isometry.
The image of dΦ(e,hro) is given by dLhr(Adh−1

r g−1(h±)p + a0). Thus it is

enough to show

(h−1
r g−1h±ghr)p ∩ a0 = {0} (7.4)

where (·)p denotes the projection to p.
Since the projection g → p is given by u 7→ (u + uT )/2, an element of

(g−1h+g)p is of the form as given in (7.3) with

h−1
r g−1

Ñ
s 0 0
y 0 0
0 y −s

é
ghr =

1

4

Ñ
2X Y +W 2e−2rZ

er(Y +W ) 0 e−r(Y +W )
2e2rZ Y +W −2X

é
(7.5)

where

• X = −
√
2y(e3t + e−3t),

• Y = 2
√
2s− 2e3ty,

• Z =
√
2e−3ty,

• W = 2
√
2s+ 2e−3ty.

Hence 2e−2rZ = 0 and Y +W = 0 implies that y = 0 = s, proving (7.4) for
h+. The computation for h− is analogous. □

Lemma 7.6. For G = ΓhA0 with h ∈ H, suppose that G is admissible.
Then

max{dimπ+
(
G ∩ O

)
,dimπ−

(
G ∩ O

)
} ≥ dim(G)− 1

2
where the supremum is taken over all basic open subsets O of H.

Proof. Since H can be covered by countably many basic open sets,

dim(G) = sup
O

dim(G ∩ O).
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Hence if dim(G) > c0, then for some basic open subset O, we must have
dim(G ∩ O) > c0. Write O = hU+

0 U
−
o A0 and G ∩ O = h

⋃
α(n

+
αn

−
α )A0 with

n±α ∈ U±
0 . Hence π±

(
G ∩ O

)
= ∪αn±α . Since G is admissible, we have

c0 < dim(G ∩ O) ≤ dim
Ä⋃

(n+αn
−
α )
ä
+ 1 ≤ dim

⋃
n+α + dim

⋃
n−α + 1.

This inequality forces at least one of dim
⋃
n+α or dim

⋃
n−α to be bigger

than (c0 − 1)/2, giving the claim. □

Proof of Theorem 7.2(2) By Lemma 7.3,

ΓhatHo = ΓhA0atk0A0o.

Hence the upper bound is immediate. For the lower bound, by Lemma 7.6,
it suffices to show that for any basic open subset O ⊂ H, we have

max{dimπ+
(
G ∩ O

)
, dimπ−

(
G ∩ O

)
}+ 2 ≤ dimΓYL,t.

write O = h0U
+U−A0 for some open neighborhood U± ⊂ N±

0 and h0 ∈ H.
Write

ΓhA0 ∩ O =
⋃
α

h0n
+
αn

−
αA0

which is a disjoint union of A0-orbits with n
±
α ∈ U±. So

dimΓhatHo ≥ dim
(
ΓhA0 ∩ O

)
atk0A0o ≥ dim

Ä
(
⋃
h0n

+
αA0)atk0A0o

ä
Since (

⋃
n+αA0) ⊂ N+

0 A0, by Lemma 7.5, we have

dim
Ä
h0(
⋃
n+αA0)atk0A0o

ä
= dim

Ä
h0
⋃
n+αA0

ä
+ 1

which is equal to

dim

(⋃
α

n+α

)
+ 2 = dimπ+

(
ΓhA0 ∩ O

)
+ 2.

Hence

dimΓhatHo ≥ dimπ+
(
G ∩ O

)
+ 2.

The statement dimΓhatHo ≥ dimπ−
(
G ∩ O

)
+ 2 can be proved similarly.

8. Bulging deformations and floating planes

Let Γ < H be a torsion-free cocompact lattice and let

S = Γ\Y
be the closed orientable hyperbolic surface. Let ρ0 : Γ → H denote the in-
clusion map. Fix a diagonalizable element δ ∈ Γ representing the homotopy
class of an essential simple closed curve β ⊂ S. We describe the notion of
bulging deformations of Γ in G, introduced by Goldman [12].

Geometrically, a bulging deformation along β alters the convex RP 2-
structure on S by inserting a projective “bulge” along β. This is achieved
by deforming the holonomy representation using a one-parameter subgroup
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of projective transformations that fix the endpoints of the holonomy of β
while “stretching” transversely to it.

We give a more precise description of the holonomy representation. Sup-
pose first that β is separating. In this case, the complement of β in S consists
of two connected subsurfaces whose closures we denote by S1 and S2, with
β as their common boundary. The inclusion maps β ↪→ Si (i = 1, 2) induce
a decomposition of Γ as an amalgamated free product

Γ = ∆1 ∗⟨δ⟩ ∆2,

where ∆i = π1(Si) for i = 1, 2, and ⟨δ⟩ is the image of π1(β) under the
inclusion maps, viewed as a common subgroup of ∆1 and ∆2.

Let B denote identity component of the centralizer of δ in SL3(R), which is
a maximal real split torus. For any b ∈ B, we have a unique homomorphism
ρb : Γ → G extending

ρb(γ) =

®
γ for γ ∈ ∆1

bγb−1 for γ ∈ ∆2.
(8.1)

Figure 5. Bulging deformation

Now we discuss the case when β ⊂ S is non-separating. Cutting along
β gives a surface S1 with boundary components β1, β2, and re-gluing by
an orientation-reversing homeomorphism f : β1 → β2 recovers S. Setting
∆ = π1(S1), the group Γ = π1(S) is an HNN extension

Γ ∼= ∆∗ψ := ⟨∆, t | tbt−1 = ψ(b), δ ∈ ι1(π1(β1))⟩, (8.2)

where ψ = ι2 ◦ f∗ ◦ ι−1
1 , with f∗ : π1(β1) → π1(β2) and ιi : π1(βi) ↪→ ∆ the

induced maps.
The group ∆ naturally embeds in Γ, so we can view ∆ as a subgroup of

Γ. Let δ be a generator for the image of π1(β1) in ∆ ⊂ Γ and let B = CG(δ)
as above. For any b ∈ B, we have a unique homomorphism ρb : Γ → G
extending

ρb(γ) =

®
γ for γ ∈ ∆

bt for γ = t.
(8.3)

If h ∈ H is such that hδh−1 ∈ A0, then hBh
−1 = A, and hence

hbh−1 = ac0hd0 for some c0, d0 ∈ R.



32 SUBHADIP DEY AND HEE OH

We will call |c0| the width of b, which will be denoted by

wd(b). (8.4)

We set
Γb = ρb(Γ) < G. (8.5)

Hitchin property and Zariski density. If b = expu for u ∈ g, then for
s ∈ R, set

bs = exp su, (8.6)

and consider the one-parameter family of deformations

ρs := ρbs .

Noting that hbsh
−1 = ac0shd0s for all s ∈ R, the width of bs is wd(bs) =

|s|wd(b) = |c0s|.
Clearly, {ρs : s ∈ R} lies in the Hitchin component of Hom(Γ,SL3(R)),

which is the connected component containing ρ0. Therefore, according to
Choi-Goldman [6], ρb is discrete and faithful. Later, Labourie [13] initiated
the theory of Anosov representations and showed each representations in the
Hitchin component is Anosov.

Theorem 8.1. For all b ∈ CG(δ)
◦, Γb is an Anosov (in particular, discrete)

subgroup of G. Moreover, if wd(b) ̸= 0, then Γb is Zariski dense in G.

We justify the “Zariski dense” part in the above result only in the case
when β ⊂ S is separating, the non-separating case is similar: Note that Γb

contains ∆1 and b∆2b
−1. Since each ∆i is Zariski dense in H, the Zariski

closures of Γb contains both H and bHb−1. If wd(b) ̸= 0, then b ̸∈ NG(H).
Since H is a maximal connected Lie subgroup of G, it follows that Γb is
Zariski dense in G. We refer to [8, Sec. 1.2] for a direct proof of the Anosov
property of Γb.

Proper embedding away from the bulging locus. Fix a complete ge-
odesic β̃ in Y which projects to β. Every representation ρb : Γ → G admits
a ρb-equivariant locally isometric map

ϕb : (Y − Γ · β̃) → X,

constructed as follows. Consider the dual graph T (actually a tree) to the

lamination Γ · β̃ ⊂ Y ∼= H2, whose each vertex uniquely correspond to a
connected component of Y −Γ · β̃, and there is an edge between two vertices
if the corresponding connected components of Y − Γ · β̃ are adjacent.

If β is separating, then there are two Γ-orbits of the connected compo-
nents of Y −Γ · β̃. So, the vertices of T is bicolored. Note that T is precisely
the Bass-Serre tree associated with the amalgamated free product decom-
position

Γ = ∆1 ∗γ0 ∆2.

We fix an edge e = [v1, v2] in T , i.e. a fundamental domain for the action Γ ↷
T and let Y1 and Y2 be the connected component of Y −Γ · β̃ corresponding
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to v1 and v2, respectively. We may assume that ∆1, ∆2, and ⟨γ0⟩ are the
stabilizers in Γ of v1, v2, and e, respectively.

If β is non-separating, the dual graph T to Γ·β̃ ⊂ Y is again the Bass–Serre
tree of the HNN extension in (8.2). The connected components of Y − Γ · β̃
(correspond to vertices of T ) lie in a single Γ-orbit; we choose the component

Y1 ⊂ Y − Γ · β̃ stabilized by ∆. We fix the notation v1 and v2 to denote the
(adjacent) vertices in T corresponding to Y1 and Y2 := tY1, respectively.

Define ϕb : (Y − Γ · β̃) → X by

ϕb|Y1 = iY1 , ϕb|Y2 = b ◦ iY2
where iZ : Z ↪→ X denotes the inclusion map.

Using the H-equivariant nearest-point projection map π : X → Y , we
extend ϕb to a ρb-equivariant local isometry

Fb : (X − π−1(Γ · β̃)) → X

by setting Fb equal to the inclusion map on π−1(Y1) and to b ◦ iπ−1(Y2) on

π−1(Y2), and extending equivariantly. In particular, it satisfies

Fb(Γx) = Γbx, for all x ∈ X − π−1(Γ · β̃). (8.7)

For c > 0, let Yc be the complement of the open c-neighborhood Nc0(Γ · β̃)
of Γ · β̃ in Y . Set

Xc := π−1(Yc). (8.8)

Both Yc and Xc are Γ-invariant. Thus the restriction of Fb to Xc descends
to local isometry

fb,c : Γ\Xc → Γb\X.
In this section, we prove:

Theorem 8.2. For all c > wd(b), the map

fb,c : Γ\Xc → Γb\X
is a proper locally isometric embedding, which is given by

fb,c([Γx]) = [Γbx] for all x ∈ Xc.

The above discussion has an analogue when X is replaced by G, as we
now discuss: Consider the fibration p : G→ X given by g 7→ go, ∈ G, whose
fibers are isomorphic to K. Define a ρb-equivariant map

F̄b : G− (π ◦ p)−1(Γ · β̃) → G

as follows. In the separating case, set F̄b to be the identity on (π ◦ p)−1(Y1),
the composition of the inclusion map with b on (π ◦ p)−1(Y2), and then
extend uniquely by requiring equivariance. The construction is analogous
in the non-separating case. In particular,

F̄b(Γg) = Γbg for all g ∈ G− (π ◦ p)−1(Γ · β̃). (8.9)

For c > 0, let
Gc := p−1(Xc),
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where Xc is defined by (8.8). The map F̄b descends to a local isometry

f̄b,c : Γ\Gc → Γb\G.
In this setting, Theorem 8.2 implies the following:

Corollary 8.3. For all c > wd(b), the map

f̄b,c : Γ\Gc → Γb\G
is a proper locally isometric embedding, which is given by

f̄b,c([Γg]) = [Γbg] for all g ∈ Gc.

Proof. Consider the following commutative diagram:

Γ\Gc Γb\G

Γ\Xc Γb\X

f̄b,c

p p

fb,c

The properness of f̄b,c follows from that of fb,c (by Theorem 8.2) since the
fibers of the vertical maps in the above diagram are compact.

We show that f̄b,c is injective. Let g1, g2 ∈ Γ\Gc be distinct points.
Suppose first that p(g1) ̸= p(g2). Since fb,c is injective (by Theorem 8.2),
we have fb,c(p(g1)) ̸= fb,c(p(g2)). The commutativity of the diagram then
implies that f̄b,c(g1) ̸= f̄b,c(g2). If instead p(g1) = p(g2), then the conclusion
f̄b,c(g1) ̸= f̄b,c(g2) follows from the fact that F̄ (s), and hence f̄b,c, maps
fibers isomorphically onto fibers of p. □

The rest of this section is devoted to the proof Theorem 8.2. Without
loss of generality, we may assume that b ∈ A by conjugating Γ.

Nearest point projection revisited. The proof of Theorem 8.2 is based
on the study of fibers of the the nearest point projection map π : X → Y .
Recall that π−1(ho) = hK0Bo for any h ∈ H.

Also, recall the notation k(θ) ∈ K0 from (3.4) and k1 ∈ K from (3.10).

Lemma 8.4. For all θ, c ∈ R, there exists θ′ ∈ R such that

k−1
1 k(θ′) ac k(θ) k1 ∈ A.

Proof. Let

Q(θ′, θ, c) := k−1
1 k(θ′)ack(θ)k1.

A direct multiplication yields Q(θ′, θ, c) is given by

1
2

Ñ
ec 0 0
0 1

e2c

(
cos θ cos θ′ − e3c sin θ sin θ′

)
1
e2c

(
cos θ sin θ′ + e3c sin θ cos θ′

)
0 −1

e2c

(
cos θ sin θ′ + e3c sin θ cos θ′

)
1
e2c

(
e3c cos θ cos θ′ − sin θ sin θ′

)
é
.

If sin θ = 0 then set θ′ = 0. Else, if sin θ ̸= 0, choose θ′ by

cot θ′ = − e−3c cot θ. (3)
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Then Q(θ′, θ, c) is diagonal. If the diagonal entry has a negative sign, we can
replace θ′ by θ′ + π to make all diagonal entries of Q(θ′, θ, c) positive. □

Lemma 8.5. For c ∈ R, the Hausdorff distance between π−1(o) and acπ
−1(o)

is at most |c|.

Proof. By Corollary 3.4,

π−1(o) = K0k1WA+o.

Let w ∈ W. By Lemma 8.4, for any k ∈ K0, there exists k′ ∈ K0 such that
ackk1 ∈ k′k1A. Since A ⊂ wPw−1, we get

ackk1wP = k′k1wP.

In other words, the Weyl chambers ackk1wA
+o and k′k1wA

+o in X are
asymptotic.

Therefore by [9, 1.6.6(4)],

dHaus(ackk1wA
+o, k′k1wA

+o) = d(ackk1wo, k
′k1wo) = d(aco, o) = |c|,

where dHaus denotes the Hausdorff distance. It follows that the Hausdorff
distance between π−1(o) = K0k1WA+o and acπ

−1(o) = acK0k1WA+o is at
most |c|. □

Corollary 8.6. Let c ∈ R.
(1) The Hausdorff distance between π−1(β̃) and bπ−1(β̃) = acπ

−1(β̃) is
at most |c|.

(2) Suppose that c ≥ wd(b). If y and y′ are points in Y −Nc(β̃) lying in
distinct connected components, then the fibers π−1(y) and bπ−1(y′)
are disjoint.

Proof. (1). Using the A0-equivariance of π, this follows from Lemma 8.5.
(2). Since the nearest point projection from X to a convex subset is 1-

Lipschitz, the minimal distance between any two fibers π−1(y) and π−1(y′)
is precisely d(y, y′).

Write Y as the union of two closed half-planes Y− and Y+ sharing the
common boundary β̃. Using the nearest point projection π, the symmetric
space X can be written as the union of the following connected smooth
submanifolds with boundaries:

X± := π−1(Y±).

Note that ∂X± = π−1(β̃). The interiors of X+ and X− are disjoint.

Let y ∈ (Y− − Nc(β̃)) be an arbitrary point, where c ≥ wd(b). So,

d(y, β̃) = c+ ε for some ε > 0. Then

d(bsπ
−1(y), ∂(bsX+)) = d(π−1(y), π−1(β̃)) ≥ c+ ε, s ∈ R,

where bs is defined in (8.6). By part (1), the Hausdorff distance between

∂X− = π−1(β̃) and ∂(bsX+) = bsπ
−1(β̃) for s ∈ [0, 1] is at most wd(b).
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Figure 6. Fibers of the nearest projection map

Since c ≥ wd(b), by the triangle inequality, it follows that

d(bsπ
−1(y), π−1(β̃)) ≥ ε, s ∈ [0, 1].

Thus {bsπ−1(y) : s ∈ [0, 1]} lies in the same connected component of

X − π−1(β̃) (since the family is disjoint from π−1(β̃)), which must be X−
as b0π

−1(y′) = π−1(y) ⊂ X−. Thus, b1π
−1(y) = bπ−1(y) must be disjoint

from any fiber π−1(y′) contained in the interior of X+.

The same conclusion holds for y ∈ (Y+ −Nc(β̃)). □

We are now in a position to finish the proof of Theorem 8.2.

Proof of Theorem 8.2. That fb,c is a local isometry follows from the defini-
tion of the map. Thus, to show that fb,c is injective, it is sufficient to show
that Fb|Xc is injective for all c > wd(b).

Properness of fb,c then follows: suppose, for contradiction, that there
exists a divergent sequence xn in Γ\Xc such that the sequence fb,c(xn) con-
verges to some point z ∈ Γb\X. Being a local isometry, fb,c is an open
map in the interior of Γ\Xb and so, by replacing c by some c′ ∈ (wd(b), c),
we have that z belongs to the interior of Im fb,c′ . As fb,c′ is injective, f−1

b,c′

is a continuous map in a sufficiently small neighborhood of z contained in
Im fb,c′ . This implies that xn must converges to f−1

b,c′(z), contradicting the

assumption that (xn) is divergent.
Now we return to showing that Fb|Xc is injective. For this, we only need to

show that for any two distinct connected components Y ′, Y ′′ ⊂ Y −Nc0(Γ·β̃),

Fbs(π
−1(Y ′)) ∩ Fbs(π

−1(Y ′′)) = ∅ for all s ∈ [0, 1]. (8.10)

Since b1 = b, the injectivity of Fb|Xb
follows from this.

We will prove (8.10) by induction on the Bass-Serre tree distance dT (vY ′ , vY ′′)
between the vertices corresponding to Y ′ and Y ′′.
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The base case when dT (vY ′ , vY ′′) = 1 follows from Corollary 8.6(2).
For the inductive step, suppose that the assertion (8.10) holds whenever

dT (vY ′ , vY ′′) ≤ n0 − 1, for some n0 ≥ 2. We show that the assertion still
holds if dT (vY ′ , vY ′′) = n0. By the ρbs-equivariance, we may assume that
vY ′ is either v1 or v2, say v1. Then, there is a geodesic sequence in T

ṽ1 = v1, ṽ2, . . . , ṽn0+1 = vY ′′

connecting v1 to vY ′′ . Let L2 ⊂ Yṽ2 be a complete geodesic separating
(in Y ) Y1 = Yv1 from Yṽ3 , where Yv denotes the connected component of

Y −Nc0(Γ · β̃) corresponding to the vertex v ∈ T . Clearly, L2 also separates
Y1 from Yṽ4 . . . Yṽn0+1 . By our induction hypothesis, for all s ∈ [0, 1], the

hypersurface Fbs(π
−1(L2)) in X does not intersect

Fbs(π
−1(Yv1)), Fbs(π

−1(Yṽn0+1)).

For s = 0, i.e., for Fb0 , the identity map, the hypersurface Fb0(π
−1(L2)) inX

separates F0(π
−1(Y1)) from F0(π

−1(Yṽn0+1)). Therefore, by continuity, we

conclude that in X, for all s ∈ [0, 1], Fbs(π
−1(L2)) separates Fbs(π

−1(Yv1))
from Fbs(π

−1(Yṽn0+1)). This proves (8.10), thereby concluding the proof of
the result. □

Chaotic floating planes.

Theorem 8.7. Let L = hA0o ∈ Y be a geodesic so that Γ\ΓL is disjoint
from the 2r-neighborhood of β for some r > 0. There exists t0 > 0, depending
only on L and r such that for all t > t0 and any b ∈ B with width wd(b) < r,
we have

(1) dimΓb\ΓbhatH = dimΓ\ΓhA0 + 2;
(2) If ΓhA0 is admissible, then

1

2

Ä
dimΓ\ΓhA0 + 3

ä
≤ Γb\ΓbYL,t ≤ dimΓ\ΓhA0 + 1.

(3) Let L be an admissible geodesic with 1 < dim(Γ\ΓL) < 2. Then

1

2

Ä
dimΓ\ΓL+ 3

ä
≤ Γb\ΓbYL,t ≤ dimΓ\ΓL+ 1.

In particular,
2 < dimΓbYL,t < 3.

Proof. Let L := hA0o. Since β ⊂ S = Γ\Y is closed, {x ∈ S : d(x, β) ≤ r}
is closed and hence ΓL is disjoint from Nr0(β̃) for some r0 strictly bigger
than wd(b). Now consider the floating plane YL,t = hatHo. By Theorem
6.11, there exists t0 > 0 depending on L and r such that for all t ≥ t0,
the nearest projection π(YL,t) is contained in the r/2-neighborhood of L.
By the H-equivariance, the nearest projection π(γYL,t) is contained in the

r/2-neighborhood of γL for all γ ∈ Γ. Therefore π(ΓhatHo) is disjoint from

r-neighborhood of β̃. Hence,

Γ\ΓhatH ⊂ Γ\Gr.
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Since wd(b) < r, Corollary 8.3 implies that

f̄b,r : Γ\Gr → Γb\G

is a proper locally isometric embedding, where f̄b,r([Γg]) = [Γbg] for all
g ∈ Gb. The local isometric property everywhere implies that the Haus-
dorff dimension of Γ\ΓhatH is equal to that of its image in Γb\G. Since

f̄b,r(Γ\Γg) = Γb\Γbg and f̄b,r is a proper map, the image of Γ\ΓhatH is
closed and hence

f̄b,r(Γ\ΓhatH) = Γb\ΓbhatH.

Therefore the claim (1) follows from Theorem 7.2. Similarly, Equa-

tion (3.12) and theorem 7.2 imply (2). If 1 < dim(Γ\ΓL) < 2, then

dim(Γ\ΓL) = dim(Γ\ΓhA0); see Corollary 9.3 below. Hence (3) follows. □

Remark 8.8. Much of the discussion in this paper also applies when Γ < H
is a torsion-free nonuniform lattice. In this situation, the quotient Γ\Y is a
noncompact, finite-area hyperbolic surface with finitely many cusps. Choos-
ing a nonperipheral simple closed curve β ⊂ S, one may again decompose
Γ over the cyclic subgroup generated by δ = [β] ∈ Γ, as before. For each
b ∈ B = CG(δ)

◦, we obtain a homomorphism ρb : Γ → G defined as above.
For each b ∈ B, ρb is discrete and faithful ([11]). In particular, Theo-

rem 1.2 remains valid in this setting.

Remark 8.9. For a cocompact lattice Γ < H, Pavez showed that any Haus-
dorff dimension between 1 and 3 can occur as the dimension of the closure
of some orbit Γ\ΓhA0 ⊂ Γ\H [22]; any number between 3 and 5 can arise
as the Hausdorff dimension of the closure of a floating plane Γ\ΓhatH.

It is a natural question, for a given simple closed geodesic β, which Haus-
dorff dimensions can be realized by geodesic flow closures Γ\ΓhA0 ⊂ Γ\H
whose projection to the surface Γ\Y is disjoint from β. The maximum pos-
sible value in this setting is 1 + 2δ0 where δ0 denotes the maximum of the
critical exponents of the components of Γ\Y −{β}. Thus the precise question
is whether any number between 1 and 1 + 2δ0 can indeed be achieved.

In the next section, we show that we can find geodesic-flow closures that
come arbitrarily close to dimension 1, yet avoid a prescribed closed simple
geodesic.

9. Geodesic closures away from a given simple closed geodesic

The goal of this subsection is to prove Theorem 9.1 and finish the proofs
of all theorems in the introduction.

In the whole section, let S = Γ\H2 be a closed hyperbolic surface for a
torsion-free cocompact lattice Γ < PSL2(R). The following theorem com-
bined with with Theorem 8.7 implies Theorem 1.2 and 1.4.

Theorem 9.1. Let β1, . . . , βm be pairwise disjoint simple closed geodesics
in S and let S′ ⊂ S be a connected component of S −

⋃
i βi. There exists
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a sequence of immersed complete admissible geodesics ℓn ⊂ S, contained in
S′, such that the following hold:

(1) inf{d(ℓn,
⋃m
k=1 βk) : n ∈ N} > 0.

(2) For all n ∈ N, dim ℓn > 1.
(3) dim ℓn → 1 as n→ ∞.

Let A0 be the diagonal subgroup of PSL2(R), K0 = SO(2) and o = [K0] =
PSL2(R)/K0 ≃ H2. The unit tangent bundle of H2 is PSL2(R) and an orbit
of the geodesic flow is of the form hA0 ⊂ PSL2(R). Let p : Γ\PSL2(R) →
Γ\H2 be the basepoint projection x 7→ xo.

We recall the following theorem of Ledrappier and Lindenstrauss: for a
Borel measure σ on a metric space, we denote by dimσ the lower information
dimension

dimσ = ess-infx

Å
lim infε→0

log σ(B(x, ε))

log ε

ã
.

Theorem 9.2 ([14, Theorem 1.1]). Let µ be an A-invariant probability mea-
sure on Γ\PSL2(R). If dimµ ≤ 2, then

dimµ = dim p∗µ.

In order to deduce the comparison between the Hausdorff dimension of
an A0-orbit and its projection to S from Theorem 9.2, we first note a gen-
eral principle: for any finite Borel measure σ on a metric space, its lower
information dimension satisfies

dimσ ≤ dim(supp σ). (9.1)

Indeed, if α < dimσ, then for almost all x, there exists rx > 0 such that
σ(B(x, r)) ≤ rα for all 0 < r < rx. By the mass distribution principle,
this implies that the α-Hausdorff measure of suppσ is positive, and hence
dim(suppσ) ≥ α. Letting α→ dimσ yields (9.1).

Corollary 9.3. Let xA0 ⊂ Γ\PSL2(R) be the support of an A0-invariant
probability measure µ. Suppose that dimµ = dimxA0 and dimxA0 ≤ 2.
Then

dimxA0o = dimxA0.

Proof. Applying (9.1) to the measure σ = p∗µ gives dim p∗µ ≤ dim(xA0o).
Since the projection p is 1-Lipschitz, Hausdorff dimension can only decrease
under p. Hence

dimxA0o ≤ dimxA0 = dimµ.

By Theorem 9.2, we have dim p∗µ = dimµ and the two inequalities above
therefore give dimxA0o = dimxA0. □

For a non-elementary convex cocompact subgroup Γ0 < PSL2(R), let
ΩΓ0 ⊂ Γ0\PSL2(R) = T1(Γ0\H2) denote the non-wandering set of the ge-
odesic flow, which is the union of all v ∈ T1(Γ0\H2) whose forward and
backward end points of the geodesic determined by v belong to the limit set
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of Γ0. Let m = mΓ0 denote the Bowen-Margulis-Sullivan measure on ΩΓ0 ,
which is the A0-invariant probability measure of maximal entropy [25].

Proposition 9.4. Let Γ0 < PSL2(R) be a non-elementary convex cocompact
subgroup. Then

dim mΓ0 = dimΩΓ0 = 1 + 2δΓ0

where δΓ0 is the critical exponent of Γ0. Moreover, ΩΓ0 is admissible in the
sense of Definition 7.1.

Proof. Let Λ0 denote the limit set of Γ0 and set δ0 = δΓ0 . By Sullivan
[25], the Patterson-Sullivan measure on Λ0 is proportional to the Hausdorff
measure Hδ0 |Λ0 and Λ0 is Ahlfors δ0-regular: there exists c > 1 such that
for any ξ ∈ Λ0 and 0 < r ≤ diam(Λ0),

c−1 rδ0 ≤ Hδ0(B(ξ, r) ∩ Λ0) ≤ c rδ0 .

In particular, any nonempty open subset of Λ0 has both Hausdorff and box
dimension equal to δ0, so (see, e.g., [10]),

dim(Λ0 × Λ0) = 2 dimΛ0 = 2δ0

The Hopf parametrization

Φ : (∂H2 × ∂H2 − diag)× R → T1(H2)

is locally bi-Lipschitz and ΩΓ0 = Γ0\Φ((Λ0 × Λ0 − diag)× R). Hence
dimΩΓ0 = 1 + dim(Λ0 × Λ0 − diag) = 1 + 2δ0.

Since products and locally bi-Lipschitz images of Ahlfors regular sets are
Ahlfors regular, it follows from the δ0-Ahlfors regularity of Λ0 that ΩΓ0 is
1 + 2δ0-Ahlfors regular. Moreover, in Hopf coordinates, the BMS measure
mΓ0 is locally equivalent to Hδ0 |Λ0 ×Hδ0 |Λ0 × Leb, so the push-forward to
ΩΓ0 is locally equivalent to H1+2δ0 |ΩΓ0

. Since ΩΓ0 is 1+2δ0-Ahlfors regular,
it follows that

dim mΓ0 = 1 + 2δ0.

Finally, admissibility follows since, for all sufficiently small basic open sub-
sets O, π±(ΩΓ0 ∩ O) are open subsets of Λ0 □

Before discussing the proof of Theorem 9.1, we describe a procedure for
constructing immersed geodesics ℓ in a compact hyperbolic surface Σ′ with
nonempty geodesic boundary ∂Σ′ such that dim ℓ > 1.

Suppose that Σ′ is a convex compact surface of S whose boundary is the
disjoint union of simple closed geodesics α1, . . . , αk. Let Σ denote the double
of Σ′ along ∂Σ′; this is a closed hyperbolic surface. Consider the universal
covering map H2 → Σ, and identify π1(Σ) with a cocompact lattice in
PSL(2,R) via the holonomy representation. For each i, let α̃i ⊂ H2 be a

lift of αi to H2. Let U be a connected component of H2 −
⋃k
i=1 π1(Σ)α̃i so

that the projection of U to Σ is precisely Σ′. Let Γ0 be the stabilizer of U
in π1(Σ). Then

Σ0 := Γ0\H2
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is a convex cocompact hyperbolic surface whose compact convex core is
isometric to Γ0\U = Σ′. The identity map of H2 induces a covering map

f : Σ0 → Σ

and its restriction to the convex core of Σ0 is an isometry onto Σ′. We refer
to the critical exponent of Γ0 as the critical exponent of Σ0, or of Σ′ by
abuse of terminology.

Proposition 9.5. Let Σ′ be a convex compact subsurface of S whose bound-
ary ∂Σ′ is a disjoint union of simple closed geodesics. If the critical exponent
Σ′, denoted by δ′, is strictly smaller than 1/2, then there exists a complete
admissible geodesic ℓ ⊂ Σ′ whose closure ℓ ⊂ Σ′ has Hausdorff dimension
1 + 2δ′.

Proof. Let Σ0 be as above, and consider its unit tangent bundle T1(Σ0) =
Γ0\PSL2(R). By Proposition 9.4, the non-wandering set Ω0 is admissible
and

dimΩ0 = 1 + 2δ′ = dimmΓ0 (9.2)

where mΓ0 denotes the Bowen-Margulis-Sullivan measure on Γ0\PSL2(R).
Since mΓ0 is A0-ergodic, mΓ0-almost all geodesic flow lines are dense in Ω0.
In particular, there exists a geodesic flow line G ⊂ T1(Σ0) such that

G = Ω0 = suppmΓ0 . (9.3)

The basepoint projection p : T1(Σ0) → Σ0 maps Ω0 into the convex core
of Σ0 which embeds isometrically into Σ′. Hence p(G) ⊂ Σ′, and we may
regard G as a geodesic in T1(Σ) with basepoints in Σ′. Since δ′ < 1/2, we
have dimG < 2. Combining (9.2) and (9.3), we may apply Corollary 9.3 to
G ⊂ T1(Σ) and deduce

dim p(G) = dimG.

Since G = Ω0, G is admissible. Setting ℓ = p(G), we obtain dim ℓ = 1 + 2δ′,
completing the proof. □

To construct immersed geodesics with closure of dimension just above 1,
we will produce convex cocompact subsurfaces with arbitrarily small criti-
cal exponent. The following elementary observation provides a convenient
source of such examples.

Lemma 9.6. Let g1, g2 be hyperbolic elements of PSL2(R) which generate
a Schottky subgroup and set Γn := ⟨gn1 , gn2 ⟩ for n ∈ N. Then the critical
exponent δΓn tends to 0 as n→ ∞.

Proof. Since the word metric on Γ1 and the restriction of the hyperbolic
metric on the orbit Γ1o are quasi-isometric, there exists a constant c > 1
(independent of n) such that any reduced word w in g±n1 and g±n2 of length k
satisfies d(o, wo) ≥ c−1nk− c. Since the number of reduced words of length
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k in Z ∗ Z is 4 · 3k−1, there exists c′ > 0 such that the number of w ∈ Γn
with d(o, wo) < T is at most c′ · ec′T/n for all n ≥ 1. Since

δΓn = lim sup
T→∞

1

T
log#{w ∈ Γn : d(o, wo) < T} ≤ c′/n,

the claim follows. □

In particular, by replacing a Schottky subgroup with large powers of its
generators, we obtain convex cocompact surfaces whose limit sets have di-
mension approaching zero. These will serve as building blocks for the ad-
missible geodesics we construct inside a pair of pants.

We now explain how Lemma 9.6 may be combined with Proposition 9.5
to produce admissible geodesics inside a fixed pair of pants S′ ⊂ S whose
closures have Hausdorff dimension just slightly larger than 1 but uniformly
bounded away from the boundary of S′.

Proposition 9.7. Let S′ ⊂ S be a pair of pant with geodesic boundary.
Then there exists a sequence of admissible geodesics ℓn such that ℓn ⊂ intS′,
infn∈N d(∂S

′, ℓn) > 0, dim ℓn > 1 for all n ∈ N, and

dim ℓn → 1 as n→ ∞.

Proof. Let Γ0 < Γ be a convex cocompact subgroup such that the core of
the surface

Σ0 := Γ0\H2

is isometric to S′. We will identify the core of Σ0 with S′. Choose gener-
ators γ1, γ2 ∈ Γ0 such that the boundary curves of S′ are represented by
γ1, γ2, γ1γ2 ∈ Γ0.

Our goal is to find, inside S′, a family of convex cocompact coverings
Σn whose critical exponents δΓn tend to zero. Proposition 9.5 will then
guarantee the existence of admissible geodesics on each Σn with closure of
dimension 1 + 2δΓn .

Pick a pair of hyperbolic elements g1, g2 ∈ Γ0 which generates a Schottky
subgroup that contains no nontrivial powers of conjugates of the elements
γ1, γ2, γ1γ2. To see such g1, g2 ∈ Γ0 exist, put a hyperbolic structure on Σ0

such that all its ends are cusps. In this case the only parabolic elements of
Γ0 are the nontrivial powers of conjugates of γ1, γ2, γ1γ2. But since Γ0 is
non-elementary, it contains a convex cocompact Schottky group generated
by g1 and g2 which then cannot contain any such elements.

For each n ∈ N, set
Γn := ⟨gn1 , gn2 ⟩, Σn := Γn\H2.

By Lemma 9.6,
δΓn → 0 as n→ ∞.

Consider the covering map
pn : Σn → S

which clearly factors through p1 : Σ1 → S.
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We claim that the image p1(core(Σ1)) misses the boundary of S′. To
see this, suppose for contradiction that there exists x ∈ core(Σ1) such that
p1(x) ∈ c′, where c′ ⊂ ∂S′ is a connected component. Since p1 is a local
isometry and p1(core(Σ1)) ⊂ S′, it follows that x ∈ ∂ core(Σ1). Let c ⊂
∂ core(Σ1) be the connected component containing x. Then p1(c) is a closed
geodesic contained in S′ containing p1(x). On the other hand, since p1(x) ∈
∂S′, c′ is the only closed geodesic passing through p1(x) contained in S′.
Therefore p1(c) = c′. Since c′ ⊂ S′ is peripheral in S′, the conjugacy class
in Γ1 representing c contains a conjugate of a nontrivial power of γ1, γ2, or
γ1γ2, contradicting the choice of g1, g2 made above.

Since δΓn → 0 as n → ∞, Proposition 9.5 guarantees that for all large
enough n ∈ N, there exists a geodesic ℓ′n lying in the interior of core(Σn)
such that ℓ′n has Hausdorff dimension 1 + 2δΓn . Let

ℓn = pn(ℓ
′
n) ⊂ p(core(Σ1)).

Since core(Σn) is compact and hence the restriction of pn to core(Σn) is a
proper immersion, it follows that

ℓn = pn(ℓ′n) and dim ℓn = dim ℓ′n = 1 + 2δΓn

for all large n ∈ N. This finishes the proof. □

Now we are ready for the proof of Theorem 9.1.

Proof of Theorem 9.1. We can extend the set of simple closed geodesics
{β1, . . . , βm} ⊂ S to pants decomposition of S whose boundaries are geodesics.
Let S′ ⊂ S be a pair of geodesic pant in this decomposition and ℓn be the
sequence of admissible geodesics given by Proposition 9.7. Since ℓn lies in
the interior of S′, they do not intersect any of βi, as desired. □

Proof of Theorem 1.1. It follows from Theorem 1.2 except for the inte-
grability claim.

By [17], there exists a closed hyperbolic surface S = Γ\H2, where Γ < H
is a cocompact lattice, such that the inclusion homomorphism φ : Γ → G,

Γ → H ↪→ G

is integral, i.e., φ(Γ) < SL3(Z). Let β be an oriented simple closed geodesic
in S. Choosing a basepoint x0 on β, we identify π1(S, x0) with Γ. Let
γ = [β] ∈ Γ be the element representing β. We can further assume that
β ∈ A0 = A ∩H. Suppose that there also exists an element a ∈ (A − A0)
such that the bulged representation ρa is also integral. See [17] for such
examples.

Pick an auxiliary oriented non-separating simple closed geodesic σ ⊂ S
disjoint from β and extend σ ∪ β it to a geodesic pants decomposition of S
so that there exists a pair of pant S0 ⊂ S disjoint from σ. By Theorem 9.1,
there exists an immersed complete geodesic ℓ = Γ\ΓL ⊂ S contained in S0
such that

d(ℓ, β ∪ σ) > 0 and 1 < dim ℓ < 2.
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For any r > 0, there exists a finite Riemannian cover

p : S′ → S (9.4)

such that the following holds: there are connected components β′ of p−1(β)
and a lift ℓ′ of ℓ in S′ such that

p|β′ and p|ℓ′
are both homeomorphisms onto β and ℓ̄, respectively, and

d(ℓ′, β′) > r. (9.5)

One can construct such a cover (9.4) as follows. Let g be the genus of S.
Since σ is non-separating, the abelianization map

Γ → Γab ∼= Z2g

maps the homotopy class [σ] to a nontrivial primitive element z ∈ Γab. Fix
a homomorphism Γab → ⟨z⟩ ∼= Z, extending the identity map ⟨z⟩ → ⟨z⟩,
and consider its composition with Γ → Γab; its mod n reduction gives a
surjection

fn : Γ → Z/nZ.
Consider the degree n regular Riemannian covering

pn : Sn = ker fn\H2 → S.

Each p−1
n (ℓ) and p−1

n (β) has n connected components, each homeomorphic
to ℓ and β, respectively, under the covering map pn. Picking n large enough,
one may choose appropriate connected components ℓ̄′ and β′ of p−1

n (ℓ) and
p−1
n (β) so that (9.5) holds. Compare with the figure below:

β′

β

ℓ′

ℓ

σSn

S

pn

Figure 7

Since p is a proper immersion, one has

dim ℓ = dim ℓ′.

Note that a ∈ as0A0, where s0 = wd(a). Choose an appropriate covering
p in (9.4) such that r given by (9.5) is strictly greater than |s0|. Equip S′

with the basepoint x′0 = p|−1
β′ (x0). Then, the monomorphism

p∗ : π1(S
′, x′0) −→ π1(S, x0) = Γ
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maps the homotopy class of β′ to γ. Let Γ′ := ρ(π1(S
′, x′0)). Clearly, the

representation
ρ′a := (ρa)|Γ′

is integral and ρa(Γ
′) < SL3(Z) satisfies the hypothesis of Theorem 1.2.

Appendix A. Orthogonal planes with fractal closures

In this appendix, we describe the closures of geodesic planes which are
orthogonal to Y along a geodesic L. Using the bulging deformation, we show
that closures of an orthogonal plane can be as chaotic as the closure of L
(Theorem A.3). By an irreducible geodesic plane in X, we mean a totally
geodesic plane of the form gY = gHo ⊂ X for some g ∈ G.

Lemma A.1. For every complete geodesic line L ⊂ Y , there is a unique
irreducible geodesic plane ZL in X such that Y ∩ZL = L. Moreover, Y and
ZL are orthogonal to each other.

Proof. Without loss of generality, we may assume that L = A0o = {hto : t ∈
R}. Let Z = gY , g ∈ G, be an irreducible geodesic plane containing L. Since
Z contains o, we may assume g = k ∈ K, replacing g by gh for some suitable
h ∈ H. Now Z = kHk−1(o) ⊃ A0o. By considering the tangent subspaces, it
implies that a0 ⊂ khk−1. Therefore k−1a0k is a one-dimensional symmetric
subspace of h and hence must be of the form k−1

0 a0k0 for some k0 ∈ K0.

Hence by replacing k by kk−1
0 , we may assume that k ∈ NK(a0). By a

direct computation, we can show that NK(a0) is the subgroup generated

by A ∩ K = {gi : 1 ≤ i ≤ 4} and w0 =

Ñ
0 0 1
0 −1 0
1 0 0

é
where g1 = e,

g2 = diag(−1, 1,−1), g3 = diag(1,−1,−1) and g4 = (−1,−1, 1). Since g2
and w0 normalizes H, and g3 = g4g2, we may assume that g = g3 up to the
normalizer of H. Therefore kY = g3Y is the only irreducible geodesic plane
containing L, which is different from Y . We set ZL := g3Y . Moreover, Y
and ZL are orthogonal to each other as can be checked using the Killing
form. This proves the claim. □

The following result is an analog of Theorem 7.2 in the case of orthogonal
planes:

Lemma A.2. Let Γ < H be a discrete subgroup and let L ⊂ Y be a complete
geodesic with dimΓL < 2. Then

dim
(
ΓZL

)
= dim

(
ΓL
)
+ 1. (A.1)

Proof. Write ΓZL =
⋃
l Zl where the union is taken over all complete geodesics

l ⊂ ΓL. Consider the normal bundle NYX of Y ⊂ X. The exponential map

exp : NYX −→ X

is a diffeomorphism. Now, ΓZL can be written as the union of a family
L of geodesic lines in X orthogonal to Y , where any two such lines are
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allowed to intersect only inside Y . Correspondingly, there is a family of
lines L′ ⊂ NYX whose image under the exponential map is precisely L.
Since the exponential map is a diffeomorphism, the Hausdorff dimension of
ΓZL is precisely dim

(⋃
l∈L′ l

)
. Denote by P(NYX) the projectivization of

NYX. Then the family L′ determines a closed subset R ⊂ P(NYX). Since
the natural projection

p : P(NYX) −→ Y

is a submersion and satisfies p(R) = ΓL, we obtain dimR ≥ dim
(
ΓL
)
. On

the other hand, the union of the lines satisfies

dimΓZL = dim
(⋃
l∈L′

l
)
= dimR+ 1.

Therefore dimΓZL ≥ dim
(
ΓL
)
+ 1. To prove the reverse inequality, note

that on each basic open subset O = h0U
+U−A0 of G where U± ⊂ N±

0 and

h0 ∈ H, we have ΓA0 ∩ O = CO × A0, where CO ⊂ h0U
+U− is a closed

subset. It follows that

dimCO + 1 = dim
(
ΓA0 ∩ O

)
≤ dimΓA0.

Since
ΓL = ΓA0o =

⋃
O
(COA0o) =

⋃
O
COL,

we have ΓZL =
⋃

O COZL. Hence

dimΓZL ≤ 2 + sup dimCO = 1 + dimΓA0 = 1 + dimΓL, (A.2)

by Corollary 9.3. This finishes the proof. □

Therefore, we deduce the following from Theorems 8.2 and 9.1:

Theorem A.3. Let L = hA0o ⊂ Y be a geodesic so that ℓ = Γ\ΓL is disjoint
from the 2r-neighborhood of β for some r > 0. Suppose that 1 < dim ℓ < 2.
Then for all b ∈ B with width wd(b) smaller than r, we have

dimΓβ,b\Γβ,bZL = dim ℓ+ 1.

Moreover, there exists a sequence of geodesics Li ⊂ Y such that

dim
Ä
Γβ,b\Γβ,bZLi

ä
→ 2 as i→ ∞.
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