EFFECTIVE CIRCLE COUNT FOR APOLLONIAN
PACKINGS AND CLOSED HOROSPHERES

MIN LEE AND HEE OH

ABSTRACT. The main result of this paper is an effective count for
Apollonian circle packings that are either bounded or contain two
parallel lines. We obtain this by proving an effective equidistribu-
tion of closed horospheres in the unit tangent bundle of a geomet-
rically finite hyperbolic 3-manifold, whose fundamental group has
critical exponent bigger than 1. We also discuss applications to
Affine sieves. Analogous results for surfaces are treated as well.

1. INTRODUCTION

1.1. Apollonian circle packings. An Apollonian circle packing is
an ancient Greek construction which is made by repeatedly inscribing
circles into the triangular interstices of four mutually tangent circles
in the plane. In recent years, there have been many new and exciting
developments in the study of Apollonian circle packings; for instance,
see [15], [16], [32], [6], [20], [3], [4], [26], [27], [25], etc.

The main goal of this paper is to obtain an effective version of the
counting theorem for circles in an Apollonian packing with bounded
curvature.

Let P be an Apollonian circle packing, that is either bounded or lies
between two parallel lines (i.e., congruent to the packing in Figure 2).
For T" > 0 and P bounded, we define the circle counting function as
follows:

Np(P) :=#{C e P: Curv(C) < T}
where Curv(C') denotes the curvature of C| i.e., the reciprocal of the
radius of C'. For P unbounded between two parallel lines, we adjust
the definition of Nz (P) to count circles only in a fixed period.

The main term in the asymptotic for Np(P) will be described in
terms of the residual set of P (=the closure of the union of all circles
in P), denoted by Res(P). We denote by a the Hausdorff dimen-

sion of Res(P); a is independent of P and known to be approximately
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1.30568(8) [24]. Let H*(Res(P)) be the a-dimensional Hausdorff mea-
sure of Res(P) for bounded P. For P between two parallel lines, we
let H*(Res(P)) be the measure of Res(P) in a fixed period.

The error term in our asymptotic formula depends directly on the L2-
spectral gap of the complete hyperbolic 3 manifold whose fundamental
group is the symmetry group of P. The group PSLy(C) acts on the
extended plane by linear fractional transformations. Set

Ap :={g € PSLy(C) : g(P) = P}.

It is known that Ap is a geometrically finite discrete subgroup of
PSLy(C) with critical exponent equal to a (cf. [20]). The fact « is
strictly bigger than 1 yields that a(2 — «) is the smallest eigenvalue
of the Laplacian A on the L?-spectrum of the hyperbolic manifold
Ap\H? by Sullivan [37] and is also isolated by Lax and Phillips [22].
Hence there exists 1 < s; < « such that there is no eigenvalue of A
in L?(Ap\H?) between (2 — ) and s1(2 — s1). Since all Ap’s are
conjugate to each other by elements of PSLy(C), s is independent of
P.

Our effective counting result, which is a special case of our more
general theorem (Theorem 1.8), can be stated as follows:

Theorem 1.1. AsT — oo,

2(a—s1)

Nr(P)=ca-HRes(P))-T*+O(T* 63 )
where ¢4 > 0 is a constant independent of P.

Remark 1.2. (1) In [20], the asymptotic Np(P) ~ cp - T* was
obtained with less clear interpretation of the constant cp.

(2) A similar type of asymptotic formula was obtained in [27] for
all Apollonian packings (whether bounded or not) by counting
circles in a bounded region, but with no error term.

(3) There are several different ways of understanding the constant
ca - H*(Res(P)) in front of the main term, due to different
approaches to the counting problem. One description is given
in our paper (see (8.8)). The aforementioned paper [27] gives
another expression as well.

(4) An Apollonian packing P is called integral if the curvatures
of all circles in P are integers. Any integral Apollonian pack-
ing is known to be either bounded or lies between two parallel
lines. Therefore Theorem 1.1 applies to all integral Apollonian
packings.
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FIGURE 2. An unbounded Apollonian circle packing
bounded by two parallel line.

Based on the Descartes circle theorem [9], the approach in [20] was
to relate the circle counting problem with the equidistribution of closed
horospheres in the unit tangent bundle of the hyperbolic manifold
Ap\H3.

The new achievement of this paper is an effective equidistribution
of closed horospheres (Theorem 1.3). Besides its application to count-
ing problems, such equidistribution result is of independent interest in
homogeneous dynamics.

1.2. Effective equidistribution of closed horospheres. We obtain
an effective equidistribution for closed horospheres in the unit tangent
bundle of hyperbolic n-manifolds for n = 2 or 3. Consider the upper
half space H" = {(z,y) : + € R" 'y > 0} with the metric given
by ds? = W and let G = Isom™(H") denote the group of
orientation preserving isometries of H". That is, G = PSLy(R) for
n =2 and G = PSLy(C) for n = 3.

Let I' < G be a torsion-free discrete subgroup, which is not virtually

abelian. We assume that I' is geometrically finite, that is, it admits a
finite sided fundamental domain in H". The limit set A(T") is the subset
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of the boundary 0(H") = R™ U {oo} consisting of all accumulation
points in an orbit I'(z), z € H". We denote by 0 < § < n — 1 the
critical exponent of I'; it is equal to the Hausdorff dimension of A(T")
38].

For G = PSLy(R), set K := PSO(2), and for G = PSLy(C), set
K :=PSU(2). In both cases, set

o (8 1))

and let M be the centralizer of A in K.

The hyperbolic manifold I'\H" and its unit tangent bundle T*(I"\ H")
can be identified with the double quotient spaces I'\G/K and I'\G/M
respectively. Accordingly, functions on I'\H" (resp. T'(I'\H")) can be
considered as right K-invariant (resp. M-invariant) functions on I'\G.
Since a, commutes with M, a, acts on I'\G/M by the multiplication
from the right and this action corresponds to the geodesic flow in the
unit tangent bundle.

Set N = {g € G : a;lgay — e as y — 00}; the contracting horo-
spherical subgroup under the action of a,. Setting

(1 =z
nei= g

we have N = {n, : € R} for G = PSLy(R), and N = {n, : x € C}
for G = PSLy(C). Even though there is no action of N on I'\G/M,
the N-orbits {[g]V := I\'¢M N/M : g € G} are well-defined since N
is normalized by M these orbits give rise to the stable horospherical
foliation of T*(I'\H").

In the rest of the introduction, we assume that (n—1)/2 <d <n—1
and that I'\I'N is closed in I'\G. In particular, I has infinite covolume
in G. By the torsion-free assumption on I', TN NM = T'N N and
we can identify I'\'NM /M with (I' 1 N)\N. Note that the quotient
(' N N)\N can be naturally identified with (R/Z)* x R*~1=* where
0 <k <n —1 denotes the rank of the free abelian subgroup I' N N.

1.3. Equidistribution in spectral terms. We describe the effective
equidistribution of I'\I'Na, as y — 0 in T'(T'\H") in terms of the
M-invariant spectrum of L*(T'\G) for a Casimir element of G.

By Lax and Phillips [22] and Sullivan [37], the Laplacian A on
L?*(T\H") has only finitely many eigenvalues

(n—1)*

O<ap=06n—-1-0) <o < - <oy < =~
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lying below the continuous spectrum [@, o0). The existence of a
point eigenvalue is the precise reason that our main theorem requires
the condition 6 > (n —1)/2. Writing oy = s1(n — 1 — 1), any positive
number

0<sr< 0 — S1

will be referred to as a spectral gap of T'.

Let C denote a Casimir element of Lie(G)¢, which we normalize so
that it acts on K-invariant smooth functions as the negative Laplacian
—A. Then L?*(T'\G) contains the unique irreducible infinite dimen-
sional subrepresentation V' (a complementary series representation) on
which C acts by the scalar 6(6 —n + 1).

Let K denote the unitary dual of K, that is, the equivalence classes
of all irreducible unitary representations of K. For n = 2, K can be
parametrized by Z so that ¢ € K corresponds to the one-dimensional

space V; on which ky = (—C(s)isne@ (S:g; Z) acts by €2, Forn = 3, K can

be parametrized by Zx, so that ¢ € K corresponds to the irreducible
20 + 1 dimensional representation V.

As a K-representation, V' is decomposed into the orthogonal sum
@y Ve with the subspace VM of M-invariant vectors being one di-
mensional. Let ¢, € C*°(T'\G) N L*(T\G) be a unit vector in VM for
each ¢ € K. We show that there exists ¢,(f) # 0 such that for all
y >0,

/ de(ngay) do = c,(0) -y~ 0.
ny €(NNL)\N

The inner product (11,15) in L*(T\G) is given by

(V1,99) = V1(9)Y2(g) dg

NG
where dg denotes a G-invariant measure on I'\G.

The following is our main theorem on the effective equidistribution:

Theorem 1.3. Letn =2 or 3. Let (n—1)/2 < <n—1. For any
e\, asy — 0,

/ Y(ngay) dx
(NAD)\N
2SF

= Z Cn(€> : W, ¢€> ' yn_1_6 + O(Sgn_l(Q/}) . y(n_1_6)+2n+1

leK

)
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where San_1(1)) denotes the L*-Sobolev morm of 1 of order 2n — 1.
Moreover

cn(0) = Ol + 1)) and Y |ea(O){t, d0)] = O(S2(4)).

ek

Remark 1.4. (1) When I is a lattice in G, i.e., when 6 = n — 1,
an effective equidistribution for expanding closed horospheres is
well known, via the mixing of the geodesic flow and the thick-
ening argument. This argument goes back to the 1970 thesis of
Margulis [23] and was generalized by Eskin and McMullen [13].
For n = 2, Sarnak [34] obtained a sharper result, based on the
study of Eisenstein series.

(2) In principle, our methods should extend to prove an analogous
result for G = Isom™ (H") for any n > 2; however computations
needed to understand ¢,’s seem very intricate as the dimension
gets higher.

(3) When ¢ is K -invariant, Theorem 1.3 was obtained in [20]. See
also [18] for its extensions to other rank one Lie groups. See [2]
and [35] for the study of non-closed horocycles for geometrically
finite surfaces.

As mentioned before, our approach in proving Theorem 1.3 is based
on the existence of L*-eigenfunctions on T'\H" for § > (n — 1)/2 and
hence cannot be applied to I' with § < (n — 1)/2. However a non-
effective version of Theorem 1.3 is available for any 6 > 0; this was
obtained in [30] when (N N T')\N is compact and in [26] in general.
In these papers, the coefficient of the main term was given in terms
of the Burger-Roblin measure associated to the stable horospherical
foliation. In applications to counting problems, it is much handier to
have this coefficient in terms of a measure instead of an infinite sum.
For this reason, we present an alternative formulation of Theorem 1.3
in Theorem 1.6.

1.4. Equidistribution in ergodic terms. Let v; denote the Patterson-
Sullivan measure on the limit set A(I") associated to the basepoint
j =1(0,_1,1) € H", which is unique up to a constant multiple.

Sullivan gave an explicit construction of the base eigenfunction ¢y €
LAT\G)* using v;:

oty = [ (N )

|z —ul2+y
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Here and also later, we identify C = R? for n = 3, so that |z — u|* =
(r1 — u1)? + (w2 — ug)? for x = x1 +ize and u = (uy, uy). We normalize
vj so that [[¢gl2 =1 [38].

Define the measure m8® on G in the Iwasawa coordinates G = K AN:

for ¢ € C.(G),

M () = ¢(kaynx)y5_1dxdyduj(k(O)).
KAN

This measure is left [-invariant and right N-invariant, and the Burger-
Roblin measure mX? (associated to the stable horospherical subgroup
N) is the measure on I'\G induced from m{®. The BR measure m{?
is an infinite measure whenever 0 < § <n — 1 [26].

Theorem 1.6. Let n =2 or 3 and (n —1)/2 <6 < n—1. For any
YeCr @), asy—0,

/( oyl e = )
N

25[‘
+ O(S2n—1(¥) ‘y(nili5)+2n+1)
where s = [ s (U o)z - ooy (14 [oldoy ().

1.5. Effective orbital counting and Affine sieves in sectors. Let
Q be a quadratic form over Q of signature (n,1) and vy € Z"*! a non-
zero vector such that Q(vg) = 0. Let Gy denote the identity component
of SOg(R). As well known, Gy is isomorphic to G = PSLy(R) (for
n = 2) and G = PSLy(C) (for n = 3) as real Lie groups. Let I' < G(Z)
be a geometrically finite subgroup with § > (n — 1)/2 such that v’
is discrete. For each square-free integer d, let I'y be a subgroup of I'
containing {y € I' : v = e (mod d)} and satisfying Stabrvy = Stabr,vo.

By a theorem of Bourgain, Gamburd and Sarnak [5], there exists
a uniform spectral gap, say so > 0, for all 'y, d square-free with no
factors in a fixed set of finitely many primes.

Consider the representation G — Gq such that N is contained in
Stabg(vp), and fix a norm || - || on R*™'. For any subset Q@ C K and
T > 0, define the sector

St(2) == {v € v AQ : ||v|| < T'}.
Define g to be the maximum of 0 < ¢ < 1 such that
v;(e-neighborhood of 9(Q271(0))) < € for all small e > 0.  (1.7)

Note that if 9(Q271(0)) N A(T') = 0, then go = 1. We will say Q
admissible if ¢o > 0.
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Theorem 1.8. Let Q be an admissible left M -invariant Borel subset
of K. Then for any vy € T', as T — oo,

- 8s,
= (FFJ]Z) T 4 O(T ) @i an ),
“ld

Identifying I' with its pull back in G, Z,,(T",2) is given by

kea-1 [[vok ]
As v; is supported on the limit set A(T"), Z,,(I",2) > 0 if and only if
the interior of Q7(0) intersects A(T).

Given an integer-valued polynomial F' on the orbit voI', Theorem 1.8
has an application in studying integral points x lying in a fixed sector
with F(x) having at most R prime factors (including multiplicities).
For instance, the following theorem can be deduced from Theorem 1.8
using the same analysis as in [20, section 8].

#{v € v 'y N ST (Q)} =

(1.9)

Theorem 1.10. Suppose that 2 C K is an admissible subset such
that the interior of Q= '(0) intersects A(T'). Then there exist R > 1
(depending on sg) and a finite set B of primes such that for each 1 <
1<n+1,

T6
#{x € v 'NSr () : x; has at most R prime factors outside B} =< oo
0g
where x = (1, ,xns1) and f(T) < g(T) means that their ratio is

between two positive constants uniformly for all T > 1.

Theorem 1.8 is proved in [26] without an error term. When the norm
is K-invariant and Q = K, it was also proved in [20]. Theorem 1.10
for Q = K has been obtained in [20] (also see [21]).

1.6. Organization: Sections 2-4 are devoted to understanding the
base eigenfunctions ¢,’s and their integrals over closed N-orbits. In
section 2, we find a computable recursive formula (Theorem 2.11) for a
raising operator among M-invariant vectors in a general complemen-
tary series representation of G. Using this, in section 3, we obtain an
explicit description of ¢,’s which turn out to be related to the Legendre
polynomials for n = 3. Understanding each ¢, as a function of I'\G,
rather than as a vector in the Hilbert space L?(I'\G), is crucial in our
approach, as we need to deal with several convergence issues of the inte-
grals of ¢,’s as well as to thicken the N-integrals of ¢,’s uniformly over
all £’s. In section 4, we compute the N-integrals of ¢,’s and compute
cn(€)’s explicitly (modulo ¢p). In section 5, we carry out the thickening
of the N-integrals of ¢,’s uniformly. Since ¢,’s are not supported on
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compact subsets of I'\G, this step is delicate, as we need to ensure
that there is at most a polynomial error term in ¢ in this procedure.
The equidistribution theorems 1.3 and 1.6 are proved in section 6 and
7 respectively. In section 8, we deduce Theorem 1.8 and Theorem 1.1
from Theorem 1.6.

Added in print: Soon after we submitted the first version of our
paper to the arXive, we received a preprint by Vinogradov [39], which
also proves Theorem 1.1 (with a weaker error term) using different
methods.

Acknowledgment: We thank Peter Sarnak for useful comments on
the preliminary version of this paper.

2. LADDER OPERATORS

2.1. Notations and Preliminaries. Let G be PSLy(R) or PSLy(C).
Hence as a real Lie group, G is isomorphic to the identity component of
SO(n, 1) for n = 2 and 3 respectively. In this subsection, we introduce
notations which will be used throughout the paper and review some
basic facts about representations of GG. Let K be a maximal compact
subgroup of G. Denoting by g and £ the Lie algebras of G and K
respectively, let g = € ® p be the corresponding Cartan decomposition
of g. Let A = exp(a) where a is a maximal abelian subspace of p and
let M be the centralizer of A in K.
Define the symmetric bi-linear form (-, -) on g by

1
2(n—1)
where B(X,Y) = Tr(adXadY) denotes the Killing form for g. The
reason for this normalization is so that the Riemmanian metric on
G/K induced by (-,-) has constant curvature —1.

Let {X;} be a basis for gc over C; put g;; = (X;, X;) and let g be
the (i, ) entry of the inverse matrix of (g;;). The element

C = Z gz]XZXJ
is called the Casimir element of gc (with respect to (-,-)). It is well-

known that this definition is independent of the choice of a basis and
that C lies in the center of the universal enveloping algebra U(gc) of

dc

(X,Y) = B(X,Y)

For G = PSLy(R), set
K = PSO(2) = {k:g _ ( cos Sine) 9 [o,w)};

—sinf cosf
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and for G = PSLy(C), we set K = PSU(2). In both cases, we set N
to be the strict upper triangular subgroup of G and A the diagonal
subgroup consisting of positive diagonals. We have the Iwasawa de-
composition G = NAK: any element g of GG is written uniquely as
- (1 (VY 0
g—nxaykwherenx—<0 1) € N, ay—(o \/§_1> and k € K.
i0
Note that M = {e} and M = {(60 eoig) NS [O,W)} respectively.

Set H* = {(z,y) : * €e R" ',y > 0} and j = (0,_1,1). The group G
acts on H" via the extension of the Mdbius transformation action on
the boundary R"~! U {co}. Under this action, we have K = Stabg(j)
and H" = G/K ~ exp(p). Now the Laplacian operator A on H" is
respectively given by

0?  0? 0> 9* 0 )
A=y =—+— A = —y? —
o om o) 20 2= (5 0 p) 03

according as n = 2 or 3. By Kuga’s lemma, for all ¢y € C*(G)X =
C>*(H"), we have

C() = —AY).

Consider the following elements of g:

1 0 0 1 00
ne () 0)e e (00) wa e (00).

For G = PSLy(R), since {H, E, F'} is a basis for g¢, we can compute C
by a direct method and obtain:

Lemma 2.1. For n = 2, we have
C=1H?+i(EF + FE).

WesetCK:E—F:%.

To compute the Casimir element for n = 3, note that the Lie algebra
of K =PSU(2) is

t={XeM(C) : X'=-X, tr(X)=0}.

The elements tH, X := L{(E— F), X, := L(E+F) generate t as a real
vector space. Set

D = %H € tc, Et .= X —1Xo€b: and E7 = —X; — 11X, € E¢.

(2.2)

The elements $H, Y; := 3(E + F) and Y := £(E — F) form a basis

of p over R. Set

E[::%HGPC7 RZE_Z}GEPC and LZ:_YI_Z'EGPC' (23)
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Lemma 2.4. For n = 3, we have
C=Cx+ H? - 3(RL+LR)

where Ci := —D? + 3(EYE~ 4+ E~E") is the Casimir element of tc
(up to a constant multiple).

Proof. Note that {D, Et, E~,H, R, L} forms a basis of gc. We check
[D,E*] = +iE*, [D,R] — iR, [D,L] = —iL, [EY,E~] = —2iD,
[ET,R] = [E-,L] = [D,H] = 0, [E",H] = —L,[E*,H] = —R,
[E-,R] = —2H, [E*,L] = —2H, [R,H] = —E*, [L,H] = E~, and
R, L] = 2iD.

Using these relations, we can compute the matrix g;; used in the
definition of C and obtain the above formula for C. Since {D, E*, E~}
forms a basis of tc, we compute that —D* + J(ETE~ + E-E") is
the Casimir element of ¢ (up to a scalar multiple) using the above
relations. 0

2.2. Complementary series Representation of G. Let V be an
infinite dimensional irreducible unitary representation of G. Denote
by V& and VM the subspaces of K-invariant and M-invariant vectors
respectively. We assume that V¥ is non-trivial and fix a unit vector in
vo € VE, which is unique up to a scalar multiple.

Let VV*° denote the set of smooth vectors of V', i.e., v € V*° if the
map g — gv is a smooth function G — V. Every element of g acts as
a differential operator on V*°: for X € g and v € V*°,

4 exp(tX).v)

m(X)(0) = 5

t=0

where exp(X) = "% )jj denotes the usual exponential map g — G.
This action extends to the action of the universal enveloping algebra
U (g(c) on V.

Denote by G the unitary dual of G. A representation 7 € G is called
tempered if for any K-finite vectors v, w of w, the matrix coefficient
function g — (m(g)v, w) belongs to L?T¢(G) for any ¢ > 0. It follows
from the classification of G (cf. [19, Thm. 16.2-3]) that the non-

tempered spectrum of G consists of the trivial representation and the
complementary series representation (s, Hs) parametrized by ”T’l <
s < (n — 1), where C acts on H® by the scalar s(s —n +1).

We fix V = H, for 51 < s < (n—1). If n = 2, the unitary dual
K can be parametrized by Z so that ¢ &€ K corresponds to the one
dimensional representation V, on which Cx acts by the scalar —4¢%.
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For n = 3, K can be parametrized by Z>( so that ¢ € K corresponds
to the irreducible 2¢ 4+ 1 dimensional representation V.

Lemma 2.5. For each ¢ > 0, Cx acts on 'V, as the scalar (¢ + 1).

Proof. If wy is the highest weight vector of V;, then D(w,) = ilw,.

Using [ET,E~] = —2iD, we can write Cx = —D? —iD + E~E™.
Hence Cx(wy) = (*w, + lw, since E*(w,;) = 0. Since Cx acts by the
scalar on V;, as V} is irreducible, the claim follows. ]

As a K-representation, we write
V= &cpmeVe

where the multiplicity m, of V; is at most one for each ¢ (see the remark
following Theorem 4.5 of [40]); in fact we show in the next subsection

that my = 1 for all £ € K. We also have that the space VM is at most
one dimensional [11].

2.3. Ladder operators. In this subsection, we will compute the Lad-
der operators which maps V; to V/}/| and use them to obtain an ex-
plicit recursive formula for a unit vector of VM starting from vy. These
are well-known for n = 2.

2.3.1. The case G = PSLy(R). Set

R:%(w(H)+i7r(E+F)) and ﬁ:%(w(ﬂ)—m(E+F)).

These are called raising and lowering operators respectively and it is
well-known that R(V;) = Viyq and R(V;) = Vo for any £ € Z (cf. [1,
Prop. 2.5.2]. For a fixed unit vector vy € VX, put

. RE(U()) if ¢ Z 0
AR () ite<o0.

Then V = @,z Cv, and for £ > 0, we have (see [7]):

VIG+OT(1—s+0)
T(s)[(1—s)

[veell2 = (2.6)

where I'(z) denotes the Gamma function and ||v|| denotes the norm of
ve V|| = (v,v).
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2.3.2. The case G = PSLy(C). Recall the elements D, E*, E~, H, R, L
from (2.2) and (2.3). For each ¢ > 0, the K-space V; is the irreducible
representation of K of dimension 2¢ 4+ 1. The operators E* move
between different M-types inside each fixed V;, and R (resp. L) maps
the highest (resp. lowest) weight vector space of each V; into the highest
(resp. lowest) weight vector space of Vi .

We will show that the following differential operator Z, maps V; to
VAL for each £ > 0, set

2=} (RE™+ LE* =20+ 1))
Lemma 2.7. For each { € Z>,
(1) CxZ¢ = ZCx —i(RE~ = LEY)D—2H(Cx + D) +2((+1)(Z,+
(H);
) DZ = 2D ~
(3) 2,H =HZ,+C — 2k — D* — H”.
Proof. Since Cx = —D* + J(ETE~ + E~E™), we compute
(1) CxH = HCx — 22, — 2(H
(2) CkR = RCx — 2iDR — 2HE*, and
(3) CxL = LCx + 2iDL — 2HE~.
These relations imply
CrZo=1 (RE— Y LEY —2(0+ 1)ﬁ> Cx
. {z‘DRE‘ —iDLE* + H(EYE~ + E"E") — 20+ 1)(Z, + Eﬁ)} .
Using ETE~ =Cx+D?—iD, E-E* =Cx+D?+iD, DRE~ = RE™D
and DLEY = LETD, we compute that CxZ, is equal to
Z/Cx —i(RE"D — LETD) — H(2Ck +2D?) +2({ +1)Z,+2({ + 1)(H.
For (2), we note that [D,R] = iR, [D,L] = —iL, [H,D] = 0,
D, E¥] = &iE*. Hence

Dz, =1 (DRE— + DLE* —2(( + 1)Dﬁ[)

= 1{(R+ RD)E" + (~iL+ LD)E* - 2(¢ + ) D}

1
2

—1 {RE— Y LEY —2(0 + 1)ﬁ} D= 2,D.

2
(3) can be proved similarly using C = Cx + 3(2H? — RL — LR). O
Proposition 2.8. For each ¢ > 0,

Z(V,") C Vi
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Proof. Note that v € V; if and only if Cxv = £(¢ + 1)v, and v € VM if
and only if Dv = 0.
Let v € VM. Using Dv = 0 and Lemma 2.7 (1), we deduce that

Cx(Z00) = (L +1)Zw — 200 + 1)Hv 4+ 2(0 + 1) Zw + 20(0 + 1)Hv
=+ 1)l +2)Zw.
Hence Zv € Vjy1. By Lemma 2.7 (2), we have
DZw = Z,(Dv) =0,
and hence Zyv € VM. O
Fixing a unit vector vy € VX, define vy, £ > 1, recursively:
ve := Zy(vp_1). (2.9)
Put
ag:=—20+1 and by:=({—1)*({(—2)—s(s—2)). (2.10)
Theorem 2.11 (Recursive formula for vy). For ¢ > 1,
Vp = aglffvg_l + byvp_s
where v_; is understood as the zero vector.
Proof. For £ > 0 and m > 0, we have
Z,=YRE™ +LE" —2((+1)H)
= XRE™+LET —2(m+ 1)H + (=2((+ 1) + 2(m + 1)) H)
=Z,+(m—-0)H

and hence

ZUm = Umy1 + (M — O) Hoy,. (2.12)
We need to show that for ¢ > 1,
Vy = agHUg_l + bﬂ]g_g.

Since Efvy = E~vy = 0, we have v; = Zyvy = — Huy. For the
induction process, assume v, = ayHv,_1 + bvy_o. We deduce that,
using Lemma 2.7 (3) and (2.12),

Vel = Zevy
= ag(ZgI:[Uz_l) + b[(ZgUg_g)
= CL@([:IZZ +C —2C — D? — 1'—:[2)’Ug,1 + bg(Ug,1 — 2[’?1}572).

Observe that Cv,_; = Avg_1 with A = —s(2—5), Cxvp_1 = 0({—1)vp_4
and Dvy,_q = 0.
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Using the induction hypothesis, we deduce
Vpp1 = ag(lf](vg — flvg_l) + (A=2000—1))vp_q — ﬁzw_l)
+ by(ve—1 — 2Hvy_5)
= ayHvy — 2H (ayHvp_q + bpvg_s) + (ag(A — 20(0 — 1)) + by)vp_y
= (ag — 2)Huy + (ag(A — 2000 — 1)) + be)ve_y
= a1 Hog + bpyrvp_ .
This finishes the proof. U

For x > 0, the Gamma function I'(x) is defined to be the integral
J, 7 e it dt: it satisfies T'(z+1) = «I'(z) and for each positive integer
0, T(0) = (¢ —1).

Lemma 2.13. For each ¢ > 0,
0 JT(s+ 0T (2—s+1)

[[oell = NS T(s)T(2 - s)

In particular, vy # 0 for each € > 0.

Proof. Note that v,’s are mutually orthogonal to each other. By Lemma
2.11, we have vy = ayHvy_1 + byvs_s. Therefore

|vel)? = <aeﬁve—1 + bzw—zaw> = <agﬁvg_1,vg>

~ 1 bet1
= — (a1, Hvp ) = — ( apvp_1, —vpp1 — ——Up_1
Qo1 Q41

b
= 22 gy 2.
Qo1
It follows that

agbey1  ag—1by app1—jboa—j  arby

vell* = P , lvoll®
Qg Qpy2—j
" ¢
=— Hbj+1
Ay i
L L
2/ 2
=110 —1-s(s-2)
20+ 1434
0)? 1+, . .
= 2€+1H(]+S—1)(j —s+1).

j=1
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Therefore the claim follows by the well-known properties of the Gamma
function. 0

Lemma 2.13 shows that Z, maps a non-zero vector to a non-zero
vector. Therefore Theorem 2.11 together with Lemma 2.13 implies the
following;:

Corollary 2.14. For each { € Z>,
ZVM) =V, and VM = @, Cu.

3. EXPLICIT FORMULAS FOR BASE EIGENFUNCTIONS ¢y

Let G = PSLy(R) or PSLy(C), so that G = Isom™ (H") for n = 2,3
respectively. We keep the notations for N, A, M, C and A, etc. from
the section 2. In particular, C satisfies C(¢)) = —A(v) for all ¢ €
C=(I\G)E = C°°(H").

Let I' < G be a geometrically finite discrete subgroup with critical
exponent 25+ < § < n— 1. Let v; = v;(T) denote the Patterson-
Sullivan measure on the limit set A(I") with respect to the basepoint
Jj = (0,-1,1) € H". Up to a scaling, v; is the weak-limit as t — 0% of
the family of measures

1 o
(t) = _ —td(Gi) g
VJ( ) Z'yEF o—td(j.77) ;e v(5)

where d.(;) is the dirac measure at (j).
We consider the Hilbert space L*(I'\G) where the inner product

(11, 1)9) is given by

(V1,19) = /F\G wl(g)m dg

where dg denotes a G-invariant measure on I'\G. As dg is an invariant
measure, the action of G on L?(I'\G) by right translations gives rise to
a unitary representation.

Since the complementary series representations exhaust the non-
tempered spectrum of G (cf. [19, Thm. 16. 2-3]), we deduce the
following from [37] and [22]: recall the notation H; of the complemen-
tary series representation of G on which C acts by s(s —n + 1).

Theorem 3.1. There exist
a=060—-n+1)>a; > >aq,>—(n—1)%/4

such that
L*(T\G) = Heyes ® - - D Hy, W
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where (n—1)/2 < s; < (n—1) is given by the equation a; = s;(s;—n+1)
and W lies in the tempered spectrum of G.

We set V := Hs. The base eigenfunction ¢q € V¥ for the Laplacian
A can be explicitly written as the integral of the Poisson kernel against

v ([37]):

¢0(nxa/y) = éu(x, y) dVJ<U)
u€R”™
. ) 5
where ¢, (z,y) == (|Sﬁ‘u;i);2) . We normalize v; so that ||¢ol|2 = 1.

For n = 2, we set

o — Ri(¢y) if£>0
AR Mgy ite<o

Sine R is the complex conjugate of R, ¢, = 1),. Therefore for n = 2,
it suffices to describe v, for £ > 0.
For n = 3, we define ), recursively:

o :=¢o, and Yy = Zy(vy_1) for each ¢ > 1.
Definition 3.2. Let n = 2,3. For each ¢ € K, define the unit vector

in VM by:
by = LS C(M\GM N LAT\G).
[[hel]2
We have by Corollary 2.14,
VY = @, Coy.

The rest of this section is devoted to obtaining pointwise bounds for
these base eigenfunctions ¢,’s in terms of ¢y.

3.1. Base eigenfunctions for G = PSLy(R).
Theorem 3.3. Let G = PSLy(R). For l € Z>0,

Pe(nzay) = A 6F(£+5 /Qbu T,Y) ) ) dvj(u).

€+1 6 u)+iy

In particular,
|pre(ngay)| < do(ngay)
with implied constant independent of (.

Proof. We have

K = {ky = ( cos Sin@) L0 €0,7)}.

—sinf cosf
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The raising operator R in the Iwasawa coordinates n,a,ky can be writ-
ten as

229
R = (Zyaz +y6y +Z%>

(see [1]). Since [[1)¢]| is given in (2.6), it suffices to show that

2(29 —u i
Ye(ngayky) = FF((;)HE /qﬁu x,y) )ﬂz) dvj(u). (3.4)

The case ¢ = 0 is clear. To use an induction, we assume that (3.4)
holds for ¢. We compute

(i + 5 ) (Buteon- (252) )
=5 due) () ey () (i)

and

10
Z% (Regbo) (nxaykg)
= (W e / bu(,y) “ZZZ) dv;(u).
Hence
(2i(6+1)0 w)—i 41
(Rz+1¢0) (nxaykg) + F(r65+£+1 /% z,y) +Zz> dl/j(u) .

Hence (3.4) holds for ¢ + 1, finishing the proof.
U

3.2. Base eigenfunctions for G = PSLy(C). The case of n = 3
involves more complicated computations and it turns out that ¢,’s are

not uniformly bounded by ¢q, but grow polynomially as ¢ — oo (see
Theorem 3.8).

We parametrize elements of K = PSU(2) as

OS0<£70§M1<7TaO§M2<27Ta
K:{kul#‘LZ:@: 2

pr=0if 0 =75 and pp =0if 0 =0

where

i . ( e cos e sinf )
ppef = | . . .

e M2ginf e %1cosh
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Using the coordinates (xq,x2, ¥y, 1, fi2, @), the element H defined in
(2.3) is given by

H = — cos(p1 + piz) sin(26) Z/a%l — sin(py + po) sin(26) 3/8%2
sin (260
+ cos(20) ya% + sin(20) %‘ (3.5)

bulzy) = ( (lul* + 1y )5.

@ — ul? + 12

Recall

Setting ggu(nmayk:) = qigu(:p,y, k) = ggu(x,y), we may regard &, as a
function on G' and define functions (ﬁq(f) on G by the recursive formula:
for each ¢ > 1,

B = (=204 DHEG) + (€= D262~ ) + €0 = )¢

u

(as before, the terms which are not defined are understood as 0).

Lemma 3.6. For each £ > 0, and nya, € NA, we have

Ve(neay) = éq(f)(xaya e)dv;(u).

u€R2
Proof. By the recursive formula for Z, given in Theorem 2.11, for ¢ > 1,
we have .
Vo1 = Zo(Ye-1) = agH (o) + bethey
where ay = —20 + 1 and by = (£ — 1)*(6(2 — §) + £(¢ — 2)).

We prove the claim by induction. The case of ¢ = 0 is by definition
of 1y. Suppose the claim holds for all 7 < ¢ — 1. Observe that all the
terms in (3.5) for H except for the term ya% have sin(26) and hence
vanish when 6 = 0. Therefore

Ye(nzay) = agy 8%";1 (nzay) + bebe—o(ngay)

= agya%/ ) &(f’l)(:v, y)dvj(u) + by (5%’2) (x,y)dvj(u)
uelR

u€R2

— [ (e B g0) 4 00 ,3.0)) ()
u€R?

= D (2,y, e)dv;(u).

u€ER?

O

It turns out that the Legendre polynomials appear in the formula
for ¢;: let us denote by Py(t) the Legendre polynomial of degree ¢. It
is defined by the recursive relation: Py(t) = 1, Py(¢) =t and

0 Pyt) = (20— DPo1(t) — (£ — 1)P,_s(1). (3.7)
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Theorem 3.8. Let { > 0. For any nza, € NA, we have

/T (¢+2-6)

be(naay) = V20 + 1.2 L) / ul@,y) PE< pre Z@ dv;(u).

In particular,
|Ge(naay)| < VE+1- do(neay)
with the implied constant independent of (.

Proof. Since ||1¢||’s have been computed in Lemma 2.13, it suffices to
show that

¢Z (nza'y

2_ e ul?
(x,y) - Py <32+=x—ul2> dvj(u). (3.9)

Since y(nza,) = [, ps &Z)(:c,y,e)duj(u) by Lemma 3.6, (3.9) follows
if we show:

Wy, ) = 0ETH - b (w,y) - Py (Lt ). (3.10)
Put B(x,y,u) = y#m*ulz Since

y2bu(e.y) = =5 - dula,y) - Ble,y,u) and y2B = —B>+1,
we have
WD (w,y,0) = ar (y26u) (@1.¢)
= —00u(1,y) - a1 B = ¢, (x,y)P1(B)
proving the claim for ¢ = 1. For the induction, we assume that for all

§ <=1, 08 (2,y,¢) = didu(w,y)j!-P;(B) where dg := [[}_ (5+j—1).
Then

(iq(f)(za Y, 6) = Qg <yay¢(€ 1)> (iL‘,y, 6) + bf ' ¢21(¢£72) (3:7 Y, 6) =
adyy - (0= 1)y 2 (Gu(@. )P (B)) + budy 2 - du(w,y) - (€ 2)! - Pyo(B).
Since by = (£ — 1)*(—=6 + £)(6 + £ — 2), we have

dp_sby = (0 — 1)2dp_y (=6 + 0).
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Therefore

& (2, y, €)

=dp_1 {—adB({ — 1)!P;_1(B) — ay(B* — 1)({ — 1)!P}_,(B)

+(0 = 1D2(=0 4+ 0)(£ —2)!P;_o(B) }gbu (x,y)

= dp_1 {—adB({ — 1)IP,_1(B) = 6( — 1)*({ — 2)!Py_5(B)

—ay(B? = 1)(¢ = 1)!P)_(B) + £({ — 1)*(€ — 2)IP;_»(B) } du(,y).
Since
(=1)((—1)!Po(B) = —a (B =1)((—1)IP)_, (B)+((—1)((~2)!P;_s(B),
we have

0O (2, y,€) = dp_10u(z,y) - (0 + £ — 1)(1Py(B)
=dy - dulx,y) - P (B).

This proves (3.10), in view of the relation I'(t + 1) = ¢I'(¢) and d, =

F(F‘S(;rf ) Hence the first claim of the theorem is proved.

Since |Py(t)] < 1 for |t| < 1 (see p. 987 of [17]), the second claim
follows from the first claim. U

We do not know whether for all nya,k € G, |¢i(nza,k)| is uniformly
bounded by (N ¢y(n,a,) for some N > 0. However for our purpose it
suffices to prove the following bound:

Theorem 3.11. For each ¢ > 0, there exists a constant Cy > 0 such
that for any nya,k € NAK,

|Ge(nzayk)| < Co - go(naay).
Proof. We use notations from the proof of Theorem 3.8. We compute

— —2y(z1—u1) — —2y(z2—uz)
y8x1¢“ 0 - ¢“ |lx—ul?24y? y8x2¢“ 0 - ¢“ |z—ul?2+y?

and
Qgg q?) | Jz—uP—y?
8 U z—ul?4y2-
Let
_ —2y(z1—u1) _ —2y(za—u2)
A1<$C, Y, u) T Tz—ul24y2 Ag(ﬂ?, Y, u) T a—ul2+y2
and

_ Je—uPy?
B('T7y7 u) - |;(;7u‘2+y2'

For = (pq, u2) and 0 < 0 < 7, define
Dy (p,0) := —sin(260) cos(u1+p2), and Po(p, ) := — sin(26) sin(u;+pa)
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and W (0) := cos(20) so that by (3.5),

. 3, 0  sin(20) 0
H=d1y— + Ooy— + Uy— —
Wom T %%, T 2 00
Hence . R
Hoy =06 ¢y (P14 + P2A; + VB);
SO

OV = By - 418 - (D1A; + ByAy + UB).

We compute

Y A= A2+ B -1, gl A= AiAs+ B—1, y2A = AB;

?/8%1142 =A1Ay+ B -1, ?/8%2142 = A% +B -1, yaﬁyAQ = 4> B;
and

y7=B=A1(B—1), y72B=AB—1), yZB=(B-1)(B+1).
We also compute:
H(®y) = &0, H(d,y) = Dyl

and .
HU) = -®? — 2 = —14 V2

It follows that g%f) = by - pe(Py, Do, Ay, Ay, ¥, B) where py is a poly-
nomial in ®;, &5, A;, Ay, ¥ and B, whose coefficients are given by
monomials in {£1,ay,...,as,0b1,...,bs,0}. Since the absolute values of
Dy, Py, U, Ay, Ay and B are all bounded above by 1, we deduce

qu(f)(xa Y, k)‘ S CE : qu(il% y)
for some constant C; > 0 independent of z,y, k. Since

wl(nxayk) = / (%1(1,[) (.T, Y, /{Z)de (U),
ueA(T)

the claim follows. O

4. HOROSPHERICAL AVERAGE OF ¢y

We let the notations G = NAK,T, 6, ¢g, ¢e, etc., be as in Section
3. We assume that I' is geometrically finite with (n — 1)/2 < § <
(n—1) and that I'\'V is closed in I'\G in the whole section. The main
goal of this section is to compute the horospherical average of ¢, over
(N N)\N (Theorem 4.12). Consider H" for n = 2 or 3 according as
G = PSLy(R) or PSLy(C). We let X, € T'(H") be the upward normal
vector based at j = (0,-1,1) € H". The map g — ¢(Xo) induces
the identification of G/M with T'(H"). The horosphere in T'(H")
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corresponding to NM /M consists of the upward normal vectors on the
horizontal plane containing j, and hence based at co € O(H™).

The assumption that I'\I'V is closed is equivalent to saying that
either co ¢ A(I') or oo is a parabolic fixed point of I' [10]. Recall
¢ € A(I") is a parabolic fixed point if it is a unique fixed point in J(H")
of an element of I'. One of the important features of a geometrically
finite group I' is that any parabolic fixed point & of I' is bounded,
meaning that the stabilizer Stabr(§) acts cocompactly on A(I') — {¢}
8].

Therefore our assumption on the closedness of I'\I'N implies the
following;:

Lemma 4.1. NNT acts cocompactly on A(I') — {oo}.

As mentioned in the introduction, the rank of oo is the rank of 'N IV
as a free abelian group.

Definition 4.2. Given ¢ € C(IT'\G)M, define v~ € C(I'\G)M by

¥V (g) = / b(nag) de
nge€(NNI)\N

where dx denotes the Lebesque measure on R™, provided the integral
converges.

Proposition 4.3. There ezists ¢,(0) > 0 such that for all y > 0,
60 (ay) = ca(0) -y,

Proof. In [20], it was shown that ¢} (a,) converges absolutely and that
there are constants ¢,(0) > 0 and d,(0) € R such that for all y > 0

05 (ay) = cn(0)y™ 70 + d, (0)y°. (4.4)

Since ¢o > 0 and (4.4) holds for all y > 0, it follows that d,(0) > 0.
We claim that d,(0) = 0.

When oo ¢ A(T'), A(T) is a bounded subset of R"~! and we can show
by direct computations:

1

VAT(6-3) o

¢év(ay) = ING) 2 fueA(F)(|u|2 + 1)5 dvj(u) - Y0 ifn=2 (4.5)
71 Juea (Jul® + 1) dvj(u) - y*~° ifn=3

(see [20]).

Now suppose co ¢ A(I'). As I' is geometrically finite, I' admits a
polyhedron fundamental domain F in H" such that Fj x [Yp, 00) injects
to F for some Yy > 1 where Fj is a fundamental domain in R"~! for
NNT. Let By={x € Fy: |z| <t} fort > 1.
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When oo is a bounded parabolic fixed point of rank n — 1, take ¢y so
that B,, = Fp, which is possible since Fp is bounded in this case. Then

| oo = 2y (4.6)
€ By,
Therefore using the Cauchy-Schwartz inequality, we have

lGoll2 > / do(naay)Py " dady

Yo JBy,

2
> _vol(lBtO) / ( Qbo(nzay)dx) y "y
Yo By,
@2 [T 26
> 4vol(Bt, ) /YO Yy dy

Since 6 > (n—1)/2, ||¢o||2 = oo unless d,,(0) # 0. Therefore d,,(0) = 0.

The remaining case is when n = 3 and oo is a bounded parabolic
fixed point of rank one. In this case, it was shown in the proof of |20,
Prop. 4.6] that for all sufficiently large ¢ > 1, there exists b, — 0 as
t — oo such that for all y > 0,

/ do(nyay)dr < bty‘s.
rEFy— Bt

Therefore, if d3(0) were positive, then for some large ¢y > 0, we would
have

/ do(ngay)de > d32(0) ya. (4.7)
€ By,

By repeating the same argument as in the previous case, this leads to
a contradiction. U

Lemma 4.8. Lety >0 and k € K. For each 1 <i <n —1, we have

/ %qﬁg(nmayk‘) dr = 0.
(NAD)\N
Proof. By Theorems 3.3 and 3.11, we have, for some C, > 0,

|be(naayk)| < Cp - do(nzay). (4.9)

Suppose n = 3. If oo ¢ A(I") and hence NNI' = {e}, |po(nza,k)| — 0
as |r| — oo. Hence, by (4.9), as |z| — oo,

|¢€(nmayk)| — 0.
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Therefore

/ %(bg(nxayk) dxy
r1ER

t
I o]
— tll)r& t a—xl(ﬁg(nxayk) dxq

- tlirﬁlo(¢e(nt+\/?1mayk) = Ge(n_yyy=1m ayk)) = 0.

The other case of i = 2 is symmetric to this one.

When oo is a bounded parabolic fixed point of rank one, we may
assume without loss of generality that N N T is generated by n; =

11
0 1
{(z1,22) : 0 < 2y < 1}. In this case, ¢o(ngya,) — 0 as xo — oo [38].
Hence |¢y(nza k)| — 0, as x5 — co. By a similar argument as above,
this implies that

, so that there exists a fundamental domain F, in R? inside

/ a%zgzﬁg(nzayk:) dzry = 0.
ro€ER

On the other hand, by the n; € N N I'-invariance of ¢y,
/ ) don = Gulmn 1a,08) = bl 10 ) =0
x1€|0,

If oo has rank 2, we may assume that N NI is generated by n;
and n,—7. Then the the claim follows from Green’s theorem and the
invariance of ¢, by N NI as in the last argument. The case n = 2 can
be shown similarly. 0

For ¢ > 0, define
M(0) := 0! - Py(— cos 20). (4.10)
Then Mjy(6) =1 and the recursive relation (3.7) for P,’s implies:
Lemma 4.11. (1) Fort>1,
My(0) = (=20 + 1) cos(20) M;_1(0) — (£ — 1)*M,_»(0).
(2) For each ¢ > 1,
2(0 +1)My(0) = 4(—20+ 1) cos(20) M, (6)
+ (=204 1) sin(20) M _,(0) + 2(¢ — 1)*(¢ — 2)M,_5(6).

The following theorem implies in particular that the integral ¢} (a,)
converges, which is a priori unclear as (N N I')\N is not compact in
general.
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Theorem 4.12. For ¢ > 0, we have

n— n—1— n—1—
gbév(ay) _ (_1)( 2)¢ cn(0) - VI(n—1-6)T(¢+6) 2n—2)(+1-y 1-5

VT ()T (t+n—1-5)

In particular,
63 (ay)| < (0202 10
with the implied constant independent of £ > 1.

Proof. By Theorems 3.3 and 3.8, we have

‘/ de(ngay) dr| <
(NAD)\N

<y / do(ngay) do.
(NAD)\N

Hence by Proposition 4.3, the integral ¢ (a,) converges absolutely.
Let n = 2. By (2.6), it suffices to show

V7 (ayke) = e er(0) S5y . (4.13)

The case ¢ = 0 holds by Proposition 4.3. To use an induction, we
assume (4.13) is true for £. Then applying Lemma 4.8,

U (ayks) =¢2° /

(NND)\

i i 041-6) 1-
_ Q2 @g;ﬁ <62Mcz(0)r§(i5))yl 5)

_ 26+1)i <02(O) DD (1 _§) 4 ) y1—5>

T(1-9)

A(0) - Ky -0

Il

™
[\~
=
+
—
=L
S

/N
Q

since zI'(z) = I'(2 + 1). This proves (4.13) for ¢ + 1.
Let n = 3. Setting ¢, := ¢3(0) H?Zl(j + 1 —9), we claim that

U7 (ayk) = g0y M(0) (4.14)

where M (6) is defined as in (4.10). Set k =k, 4,0, a¢ = =20+ 1 and
by = (£ —1)%(6(2 — &) + £(¢ — 2)) for simplicity.
Since ¢y is fixed by K, E*(¢g) = 0. Hence

Uy (ayk) = CL1/ lff((bo)(nayk) dn.

(NAD)\N
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By Proposition 4.3 and Lemma 4.8, using %%(nxayk) = 0 and (3.5),
we have

U (ayk) = a (cos(26) g + 20 2 4 (a, k)
= a1¢3(0) - cos(260)(2 — 6)y*°.

Hence (4.14) holds for ¢ = 1.
Assuming that (4.14) holds for ¢, we deduce using Lemma 4.11 that

Uiy (ayk) = ap1qeH (> Mo(8)) + berage1y® " Me—1(6)
= (=20 — 1)qe(cos(20) (2 — §) My(8) + 22D £y (6))y?~°
+ 2041 = 0)qer (6 + £ — 1)y*° M,_1(6).
By Lemma 4.11,
M1 (0) = (=20 — 1) cos(20) M, (0) — (*M,_1(6)
and

(04 2)Mgi1(0) = 2(—20 — 1) cos(20) My(0) 4 (=20 — 1)5220 p 7 (9)

2

+ 20— 1)M,y_1(6).

Therefore we have

¢ﬁ1(ayk’) =q(l+2- 5)M£+1(9)?/2_6 = C]£+1Mz+1(9)92_5,
proving (4.14) for ¢ + 1.

By the formula of ||1),||2 given in Lemma 2.13, and using |P,(¢)| < 1
forallt € [—1,1] and Py(—1) = (—1)%, we finish the proof forn = 3. O

5. UNIFORM THICKENING FOR ¢;’S

We continue the notations G = NAK, T', ¢, etc. from section 4.
Assume that I' is geometrically finite with ”T_l <0 <n—1 and that
[\I'N is closed in I'\G. In this section, we approximate the integral
#} (a,) as the inner product {(a,de, py) = fF\G de(gay)py(g)dg for a
suitable test function p, . This step enables us to relate the horospher-
ical average ¢} (a,) with the spectral decomposition of L*(T'\G) stated
in Theorem 3.1.

Fix a fundamental domain Fj, for NNI" in R™~! and choose a compact
fundamental domain F C Fy for (NNI)\A(I') —{oo} given by Lemma
4.1.

Lemma 5.1. Fiz £ > 0. Suppose '\I'N is not compact. For any open
subset J C Fy containing Fa, we have for all 0 <y < 1,

(1) [ do(naay) de < y° with the implied constant independent of

)
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2) | [py_y Pe(naay) do] < (£+ 1)n=2)/249 aith the implied constant
independent of (.

Proof. Let n = 2. Then the non-compactness assumption on I'\['V
implies that oo ¢ A(T") and hence €, := inf,¢ juea(r) [ — u| is positive.
Then by the change of variable w = %, we have

o0

(02 + 1) dvs(u) / () du

w=e€g/y

do(ngay) dr < 2y16/
Fo—J ueA(T)
The latter integral can be evaluated explicitly as an incomplete Beta

function which has known asymptotics:

> 5
/ (w++1) dw:cﬁyz/eg(é—l/Q,l—(S),

0/y
where (3, (a, ) < z*. Hence

2(5—1/2) 5

po(nza,) de < y*=° -y =

Fo—J

This proves (1) for n = 2, and we refer to [20, Proposition 3.7] for
n = 3.
For the second claim, note that, by Theorem 3.8,

/ bu(noay) de| < / e(naay)| de
r€Fp—J zeFy—J

< (L4 1) o(n,ay) dr
Fo—J

since ¢y is a positive function. Hence the claim (2) follows from (1). O

For m > 0, the associated Legendre function P}*(z) is defined by
the following;:

P(z) = (—1)"(1 - «®)"* Z5(Py()). (5.2)
We set P, ™ (z) := (—l)mgﬁlzg:PT(x)

Let U, denote the e-neighborhood of e in G for any € > 0. The
following lemma controls the Lipschitz constants of ¢,’s for the action
of K:

Lemma 5.3. Let ¢ > 0. For all sufficiently small € > 0,
pe(neayk) = (1+O((¢ + 1)n_1€)) - ¢e(nzay)

with the implied constant independent of £, x, y > 0 and k € K, :=
KnU,.
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Proof. If n = 2, we have ¢y(nza,ke) = e**¢y(n,a,), and hence the
claim follows easily as > =1+ O((¢ + 1)6) for all § small.

Let n = 3. We set u = 1+ po. The operator Cx acts on M-invariant
functions as follows:

_CKf(:U’v 0) - bml 20 8p2f + 4sm20 a0 (SlIl 2980f)

Since Cx(¢r) = €(€ + 1)y, it follows from the theory of spherical
harmonics (cf. [36]) that

14
Se(natykip o) = > [ (x,y) - Y0, 1) (5.4)

m=—/{

where f;,, € C*(C x R5) and
v/ (204+1)(£—m) m
Y0, 1) = \/m - Py (cos(20)) - e
We have for |u] < €, ™" =14 O(le) as |m| < €. Also, from the

properties of the associated Legendre functions, we deduce that for
0] < e and |m| <,

P} (cos20) = (14 O(te))Py'(1).
Therefore for |6| < e and |u| < e,
P} (cos20) - e = (1 4+ O(£%€)) P} (1),
and hence
Y™ (0, 1) = (1+ O(%€))Y;"(0,0).
It follows that for all ¢/ > 1,

Ge(natykyy 10) = (1+ O((%€) Z F(z,y) - Y7™(0,0)

m=—/{
= (1+0(%¢))e(nzay).
U
. _ _ 10
Setting N~ := {n, = (x 1)} where x ranges over R (resp. C) for

n = 2 (resp. n = 3), the product map
NXAXMxN —G

is a diffeomorphism at a neighborhood of e. Let dk be the invariant
probability measure on K. For g = n,a,k, dg = y "dxdydk defines a
Haar measure on G. Let v be a smooth measure on AM N~ such that
dn, ® dv = dg. Fix a bounded open domain J C Fy which contains Fj
and choose a compactly supported smooth function 0 < n <1 on N
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with n|; = 1. If oo is of rank n — 1, then set J = Fy; hence n = 1 on
Fp.
Fix €y > 0 so that the multiplication map

supp(n) x (U, NAMN™) — supp(n) (U, NAMN™) C T\G

is a bijection onto its image. For each 0 < € < ¢y, let 0 < r. < 1 be
a non-negative smooth function in AM N~ whose support is contained
in We := (U:NA)M (U, N N~) and [, redv =1.

We define the function p, . on I'\G as follows: for g = n,a,mn_,

0 for g & supp(n)We.

Proposition 5.5. For any { € Zsy, we have for all 0 < € < 1 and
y >0,

¢év(ay) =
(b1, o) FO(41) Ty 1704 (041)

with the implied constants independent of £.

n(ng) - re(aymn,,)  for g € supp(n)W,
pnelg) = { (@ (

3n—4
2

§ )10, ((+1) T o)

Proof. Let h = ay,n;m € W,. Then for n € N and y > 0, we have

nhay, = nayy,n,,m.

As the product map A x N x K — (' is a diffeomorphism and hence
a bi-Lipschitz map in a neighborhood of e, there exists ¢ > 1 such that
the e-neighborhood of e in GG is contained in the product A, Ny K. for

all small € > 0. Therefore we may write
Nyy = Ay, N k1 € Agyeo Nayeo Kayeo
and hence

nhay = Nayyy, Ne, k1M
= 1(Qyyoy, My Qg ) Byyoyy K1 = 1N Ay k10
N Cyyoy, Toay yyoy1 / Pyyoy1 V1 z1yyoy1 Yyyoyr V1
By Lemma 5.3,
¢€<nwhay) = ¢€<nxn€v1yy0y1ayyoy1)(1 + O((f + 1)n71y))'

By Theorem 4.12, we may write ¢ (a,) = ¢,(£)y" 17 with ¢,(¢) <
(¢ +1)"=2/2 Hence, using Lemma 5.1,

/ de(nghay) - n(ng)dx
(NAD\N

=(1+0((¢+ 1)%19)) / De(NaNayyyoys Ayyoy: ) * 1N )d.

NNT\N
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Since z1yyoy1 = 1+ O(y?),

/ do(nzhay) - n(ng)dz
(NND)\N

:a+ow+n%w»/ be(attyyen,) - (7(n0) + O(4?))dz

NAT\N
—4

=Amwmmwwm-omm+0wwn y)
+ O + (€ + 1)) (€ + 1) T yrid)

— (14 0() + O+ 1) T 4m0) + Oy (C+ 1) (5717 + )
= Oy O+ ) T T ()T ) 4 0,((C+ 1) )

as |yo — 1| = O(e) and |y; — 1| = O(ye).
As [redv(h) =1, we deduce from Lemma 5.1 that

@%&ngfm(ﬁwwm%mmmam)ww

1-6 n2 s nd s n=2 5
=ca(Oy" T+ O0(e(l+1) 2y T+ (U+1) 2 y")+ O, ((0+1) 2 y).
Since ¢ (a,) = ¢, (£)y" 172, this proves the claim. O

The above proposition implies:

Corollary 5.6. For any ¢ > 0,

3n—-4
|<Cly-¢g,,0n75>|<<(€+1) 2y 1=

where the implied constant is independent of { > 0, 0 < € < 1 and
O<y<1.

6. EQUIDISTRIBUTION OF A CLOSED HOROSPHERE

As before, let n = 2 or 3, and G = PSLy(R), PSLy(C) accordingly.
Let I' < GG be a torsion-free geometrically finite discrete subgroup with
(n—1)/2 <6 < (n—1). We assume that (N NT')\N is closed. In
this section, we prove the main effective equidistribution theorem for
(NNT)\Na, as y — 0.

Let {X;} be a basis of the Lie algebra of G. For ¢ € C*(I'\G) N
L*(T\G)M, we consider the following L2-Sobolev norm S,,(v):

=> IX@)l
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where the sum is taken over all monomials X in X;’s of order at most
m. By Theorem 3.1, we can fix (n — 1)/2 < s; < § so that there is no
eigenvalue of A between s1(n —1 — s;) and §(n — 1 —§) in L*(T'\H").
That is, no complementary series representation of G with parameter
s1 < s < § is contained in L*(T\G).

Lemma 6.1. For any 11,1, € L*(T\G)" NC®(I\G) and 0 < y < 1,
we have

(ay.1, o) = Z (1h1, Be) {ay.de, 2)+0 ("7 - Suca (Y1) - Sue1(12)) -
ek

Proof. We write L*(T'\G) =V &V~ where V = Hj is the complemen-
tary series representation of G of parameter 6. By Theorem 3.1 and
the choice of s, the orthogonal complement V+ does not contain any
complementary series with parameter s > s;. Since VM = @ Cy,
we can write

1= (i, be) o + Ut

173:¢
with ¢i- € V+. Hence

(ay-1, 1) =) (b1, de) (ay-de, ¥2) + (ay i, ba)
ek

On the other hand, since V* does not contain any complementary
series with parameter s > s;, we have

| <ay~w1L> ¢2> | <<y T Sna () - S (1)
(see [21, Prop. 3.3] and [20, Cor. 5.6]). O
We refer to [20, Lem 6.5] for the next lemma:

Lemma 6.2. For 1 € C°(T\G), there exists ¢ € C(I'\G) such that
(1) for all small e >0, h € U, and g € I'\G,

[¥(g) — ¥ (gh)] < e ¥(g).

-~

(2) for any i > 1, S;(¢) < Son—1(¥) with the implied constant
depending only on supp(v)).

Lemma 6.3. For any ¢ € C*(I'\G), £ >0, and i > 1, we have
(0, )| < (€4 1) [|Cict) |-

In particular, for each i > 1,

D0+ 1% [, 60| < ICE

ek
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Proof. Recall that the operator Cx acts on each V; as a scalar «y, where
oy = —40% for n = 2 and and ay = (¢ + 1) for n = 3. Moreover, for
any smooth vectors v, w, [(Cxv,w)| = |(v,Cxw)|, as Ck is skew-adjoint
for n = 2 and Ck is adjoint for n = 3. Therefore

[(Ci, de) | = [ (¥, Cee) | = lag| - | (¥, ) |.

Hence for all i > 1,

| (¥, 0e) | < fowe| ™ - [ICx 2.

By Theorem 4.12, we may write
&' (ay) = call) - y"717°

where

cn(l) = (=1)" ¢, (0) . YEC IO /o 9y + 1. (6.4)

\/T(8)L(¢+n—1-0)
Theorem 6.5. Fiz 0 <spr < — s1. For any ¢ € C’OO(F\G)

N ay) = enl0) (W, d0) y" 0+ Sona (9)O(Y"

ek

Proof. Fix ¢ € C>®(T'\G)™. When oo has rank n—1, we set J = Fy. In
other cases, it was shown in [20] that there exists a bounded open subset
J of Fyy such that ¢(n,a,) =0forallz € Fp—Jandall0 <y < 1. We
assume that J contains Fj, which is a bounded fundamental domain
for the action of (NNT) in A(T") — {oo}.

Choose a non-negative function n € C°(NNI'\N) such that n|; = 1.
Then

1,(0)(a) = /(Nmr)wwmway)n(nx) dr = N (a,) .

Let ey, We, 7, ppe be as defined in section 5 with respect to J and 7.
Since r is the approximation of the identity in A direction, S,—1(py.) =
O, (e=2+D/2) For any 0 < y < 1, and any small € > 0, we have (see
the proof of Prop. 6.6 in [20])

|1, () (@) = {ay-b, pye| < (e +y) - L(¥)(ay). (6.6)
Setting 10(g) := 1(g), we define for 1 <1 < k, inductively
Yi(g) == {ﬂ\ifl(g)

where 1@,1 is given by Lemma 6.2.
Let k& be an integer bigger than 1 + %
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Applying Lemma 6.2 to each ;, we obtain for 0 <7 < k — 1,

1(3) (@) = {ayti, py) +O (€ +9) - L(60)(a))
= (ay-i, pn.e) + O ((€ +y) - Iy(Yis1)(ay))
and
L) (ay) = (ay-Vr, pye) + On ((€ + Y)Sn-1(¥n)) -
By Lemma 6.3,
(i, 00)| = O(|€] + 1)~ S5 (1)

and by Lemma 6.2, S;(¢;) < Sap,—1(%) for all j > 1.
Since | (ay.¢e, pye) | < ([ + 1)E=H/2yn=1=% 1y Corollary 5.6, we
have

> (i be) (ay-r, pre) = O(Sana () -y 7).

ek
By Lemma 6.1, we deduce that for each 1 <7 <k — 1,

<ay'wi7 pn,e> = Z <wza ¢€> <ay-¢€7 pr],e> + O (ynilisl : Snfl(@bi) : Snfl(pn,e))

ek
- O(S2n—1(¢) ' yn—l—é) + O(yn_1_51 : Sn—l(wi)sn—l(pn,e»
= Sauma (1) - O(y" 170 + By,
Hence for any 0 < y < €, using Proposition 5.5, we deduce

k-1

Ly(¥)(ay) = {ay, pue) + D O ({ay15, pye) (€ 4+ 9)7) + Oul(e + 1))

j=1
= <ay'¢7 /077,6> + San-1(1)O(e - yn_l_(s + 5_(2n_1)/2yn_1_51 + ek)
= (1, 60) (ay- 01, pre) + San-1 ()0 (e -y 170 4 G 2yrmimon by

ek

= 3,0 call)y™ 0+

ek

D () (0<6<|€| DT (4 )T ) 4 0, + 1><“—2>/2y5>)

ek
+ Son 1 (V)O(y° + ey 170 e BnTD/ZynTlma g oy,

Since | (v, ¢e) | < (€] +1)7*" 72 O(San-2(1))), we have
D (o) (U + D2 =0(1), Y (W60 (10| + 1) = 0(1).

ek ek
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Hence we deduce

]n(¢) (ay) = Z (Y, d0) Cn(f)yn_l_d

ek
+ Son1 (V)O(ey™ 0y 0 4y e B2yl gy,

By equating e-y”flf‘S and e*(znfl)/zy”*ksl, we put € = y2(5*51)/(2"+1)
and obtain

2(6—s1)
1,

W) (ay) =Y (W, 60) ca(O)y" ™7 + Sopa (V)O(y™ 0 o)

ek

7. COMPARING MAIN TERMS FROM DIFFERENT APPROACHES

The coefficient ),z c.(£){(%), ¢¢) of the main term in Theorem 6.5
is related to the space average of ¢ with respect to the Burger-Roblin
measure (which we will call the BR measure for short) by [30] and [20]
(also see [26]).

Recall that ¢g = ¢} is given by

Po(z + jy) = /

Rn—1

é
u|?+1
(IS—LL);J?) dv;(u)
I

for the Patterson-Sullivan measure v; = v; on the boundary 9(H").
Note that ¢ (j) = [} |. As before, we normalize v; so that [¢olls = 1.

For £ € O(H") and z1, 2o € H", recall the Busemann function:
Be(z1, 22) = slggo d(z1, &) — d(22, &)

where & is a geodesic ray tending to £ as s — co. Using the iden-
tification of T'(H") and G/M, we give the definition of the Bowen-
Margulis-Sullivan measure mPMS on T\G/M. For u € T'(H"), we
denote by u™ and u~ the forward and the backward endpoints of
the geodesic determined by u, respectively. The correspondence u +—
(ut,u™, B, (j,7(u))) gives a homeomorphism between the space T (H")
with (O(H") x 0(H") —{(£,€) : £ € O(H")}) xR where 7 : G — G/K =
H" is the canonical projection. Define the measure m®™M® on G//M:

dnPMS () = 2Pt Um() 8= gy (y ) du; (u™)dt

where t = (,-(j,m(u)). This measure is left T-invariant and hence
induces a measure m®S on I'\G /M.
Roblin obtained the following interesting identity in his thesis [31]:
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Theorem 7.1 (Roblin). Fordé > (n —1)/2,

ool = 1m5) - [ ot

As we have normalized v; so that ||¢oll2 = 1 and ¢o(j) = |v;|, we

deduce
; — __dz
|mBMS| g1 ()

To describe the equidistribution result of (N NI')\Na, from [30], we
recall the measure m5® defined in the introduction: for ¢ € C.(G/M),

mER (1)) = Y(kayn, )y’ drdydy;(k(0)).
KAN

The BR measure m5® (associated to the stable horospherical subgroup

N) is the measure on I'\G /M induced from My,
We define the measure u8° on N by

AuS () = € 9904 () = (1+ [af)°du ().

This induces a measure on (N NT)\N for which we use the same
notation pX°. Since /L 5 is supported in (N NT)\(A(T') — {oo}), which
is compact, we have p5° (N NT)\N) < oo.

The following is proved by Roblin [30] when(N NT')\N is compact

and in [26] in general.
Theorem 7.2. Let 6 > 0 and (N NT)\N closed. For any ¢ €
Ce(M\G)Y

llllg(l)y‘s "N (ay) = “ﬂanB—Qfs\‘mm%R(i/f)-

Comparing the coefficients of the main terms of Theorem 7.2 and
Theorem 6.5, and using Theorem 7.1, we deduce the following identity
of the Burger-Roblin measure considered as a distribution on I'\G:

Theorem 7.3. Let § > (n—1)/2. For any ¢ € C*(I'\G),

Kr - mN ch ?ﬂ ¢£

ek
with ¢, (€) asin (6.4) and kp = [, (HT%- e €(NAI)\ N (1+ |z*)°dv;(x).

Now Theorem 1.6 is a direct consequence of Theorem 7.3 and The-
orem 1.3.
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8. APPLICATION TO COUNTING IN SECTORS

Let n = 2 or 3. Let @ be a real quadratic form of signature (n, 1)
and vy € R™! be a non-zero vector such that Q(vg) = 0. Let Ty be
a geometrically finite subgroup of the identity component of SOg(R).
Suppose that 0 > (n — 1)/2 and that v’y is discrete.

Let || - || be any norm in R™™! and set By := {v € R"" : ||v|| < T}.
Let G = PSLy(R) if n = 2 and PSLy(C) if n = 3. Let ¢ : G — SOg(R)
be a representation so that the stabilizer of vy in G via ¢ is NM. Let
I':.= Lil(l—‘o).

8.1. Counting I. For g € G, we write k(g) for the K-coordinate of g
in the Iwasawa decomposition G = NAK. As before, M denotes the
centralizer of A in K. Fixing a function f on M\ K, define the counting
function Fr on I'\G by

Fr(g)= Y x5:.(vov9)f([x(v9)])

yENNT\T'

where xp, denotes the characteristic function of Br. Since k(g) =
k(ng) for any n € N and g € G, Fr is well-defined.
For k € K and ¢ € C.(G), define v* € C.(G)M by

V(g) = Y(gmk)dm

meM

where dm denotes the probability Haar measure of M. Similarly, for
U € C.(I\G), we set UF(g) = [ . WU(gmk)dm.

meM

Lemma 8.1. For ¥ € C.(I'\G) and for any Borel function f on K,
we have

_ k -n
) = /kGM\K T /y>||v0kT1 (/(Nmr)\N nay) da:) vyt

where dk denotes the probability Haar measure on K, also understood
as the invariant measure on M\ K.
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Proof. We compute

(Fp, W) = /F\G S e (079) F(5(19)) ¥ g) dg

~YENNT\T

- /(Nm\G x5 (vog) f(k(9))¥(g) dg

= / X By (Voayk) f (k) (/ U(nga,k) dm) y "dydk
ayk€AK (NAD)\N

_ / / £(k) ( / ( / U (nyaymk)dm) dx) y " dydk.
ke M\K Jy>||lvok|T—1 (NND)\N JmeM

O

By Theorem 1.6, for any ¥ € C°(T'\G)M and k € M\ K, we have,
as y — 0,

2SF

/ \Ijk(nxay)dx = Kkr- m]%R(\Ijk> : ynilié + 82n71(\11)0<y(n = 5)+2"+1).
(NND)\N

Therefore, we deduce from Lemma 8.1:

Theorem 8.2. For any ¥ € C*°(I'\G) and a bounded Borel function
f on M\K, we have, as T — o0,

281’*

<FT7 = TF : (/ W— dk) . T6 + 0(82n71(\IJ)T6_2n+1)_
keM\K

8.2. Counting II. For a left M-invariant Borel subset {2 C K and
T > 0, define

St(2) == {v € v AQ : ||v|| < T'}.
For a subset [ of Z>o, let {I'y < T’y : d € I} be a family of subgroups
of finite index which satisfies Stabr,uy = Stabr,vy and which has a

uniform spectral gap, say, sg.

Set

_ - T (k(0))
N 9
k=leq

We deduce the following from Theorem 8.2:

Theorem 8.4. Let Q2 be an admissible M -invariant Borel subset of K
and let go > 0 be as in (1.7). For any v' € Ty,

8so
#(vol'gy N Sp(Q)) = “I[’IQ(FI?? T° + O(T n_n+9)(2_n+1_)qg>

with the implied constant independent of d and ~'.
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Proof. Let T' := 17}(Ty) and 7 := ¢~1(7’). Recall that U, denotes an
e-neighborhood of e in G. By abuse of notation, we use the notation
[y to denote t~1(Ty). Moreover, for all sufficiently small € > 0, and for
K. :=U.N K, we have, for 2., = QK. and Q. = Nk Ok,

v (221(0) = QZ(0)) = O(e%). (8.5)

€

By the strong wave front lemma [14, Theorem 4.1], there exists 0 <
ly < 1 such that for T"> 1,

ST(Q)UZOe C S(1+6)T(QE+) and S(lfe)T(Qe—) C ﬁuEU(g()GST(Q)u'

Let ¢ € C2°(G) be a non-negative function supported in Uy, with
integral one, and define the following function of I';\G:

Ur,(9) =Y ¢e(vg).
ISV
Define the counting function F§* on I';\G by
FRg) = Y. xsr@Wog) = Y. xs(0r9)xel(s(v9)]);
’YGNﬂF\Fd ’VGNQF\Fd
this is well-defined as I'y N N = I'N N by the assumption on I';. Note
that F¥(vo) = #volavo N Sr(Q) and that
Qe
F(176)T(’709) < F7 (%) < F(HE) (709)
for all g € Uy,.. On the other hand,
Q. Qes
/ Fiior(109)¥r,.e(9)dg = / Fiir(9) %, (v 9)dg.
Fd\G Fd\G

Therefore, if we set W° (g) := Ur, (v 'g), we have

Qe Qet
<F(1 67T \PE ) < FT (70) < <F(1+e i \If}(; o)

where the inner product has taken place in L?*(T;\G). Since ¢f (e) =
i | and [|¢g |2 = 1, we note that for all positive integer d,

yrd -1 yr
J /DTy 7

Therefore it follows that k-1, = K.-1(r), and that for any

1
[[:Tg4]
[-invariant continuous function f on G/M,

m??N(f) = \/[;_Fd]mlgl}\[(f)
We use the following (see [26, Prop. 6.2], or [20, Sec. 7]):

m vl
/ AR g, = / T (14 0(e): (8.6)
ke ken-1 "°
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Since dim(G) = n(n+1)/2, we compute Sy,_1 (¥,) = O (W +9n=4)/4),
Hence putting these together and using Theorem 8.2, we have

Qe+

<F(1:l:e)T’ qjiy‘(; e>
2s

_ Ao (lj:e)éTa dug(k(lo)6 +O(€T§ te —(n2+9n— 4)/4T 2n£1)

OI:Td] -1 Teok=T]

et

_ K vT"s dl/ 5 n +9n 4)/4 -
= 5[12;1“(1]/ ||vék 1H5 +O( 79 4 )/Apd—3 +1)

nF.Té dv;(k P (n24+9n—4) /4 22501
= 3Ty W +O(€ T° + € T n+ )

_ 2s0
Hence, by equating e~ (*+9n=9/47" 2n+1) = 42 we deduce

8so
oy T du; (k(0)) “ A9 @i e
F(e) = 6[?::;(1] / . HUJ( (lﬁ(s + O( (n+9)(2n+1)aq ),

This finishes the proof of Theorem 8.4.

8.3. Let P be an Apollonian packing as in Theorem 1.1. Let
Q(21, 2, T3, 24) = 2(x] + 25 + 25 + 23) — (21 + T2 + 3 + 74)°

be the Descartes quadratic form, which has signature (3,1). Let A
denote the Apollonian group, i.e., the subgroup of Og(Z) generated by

100 0 1 2 00
2 100 0 -1 .00
Si=19 010 %2=|o 2 10|
2 00 1 0 2 01
10 2 0 100 2
01 2 0 010 2
S5=1g0 -10] =001 2
00 2 1 000 —1

The critical exponent of A is equal to «, which is the Hausdorff
dimension of the residual set of P and is a geometrically finite group
(cf. [20]).

In [20, Sec. 2], it was shown that there exists a vector vy, with
Q(vo) = 0, whose coordinates are given by the curvatures of four mu-
tually tangent circles of P and that

Np(P) ={v € vgA: ||v||max < T} +3

for all T'> 1.
Therefore Theorem 8.4 implies, as qx = 1:
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Corollary 8.7. For some cp > 0,
NT(P) =cp - T + O(Ta72s¢4/63)'

Moreover, if we set A4y < SO(Q)° to be a torsion free finite index
subgroup of A and write vy.A as the disjoint union U}, v;Ay, then

Z *—*vl -/407 (88)

=1

where Z,, is defined as in (8.3).
On the other hand, it can be deduced from the main results in [27]
that

. Nr(P) B
Th_rgo Ta = c4 - Ho(Res(P))
where ¢4 > 0 is a constant independent of P (cf. [28] for details).

Therefore Theorem 1.1 follows from Corollary 8.7.
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