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1. INTRODUCTION

1.1. Motivation and Overview. Let G denote the identity component of the
special orthogonal group SO(n,1), n > 2, and V a finite dimensional real vector
space on which G acts linearly from the right.

A discrete subgroup of a locally compact group with finite co-volume is called a
lattice. For v € V and a subgroup H of G, let H, = {h € H : vh = v} denote the
stabilizer of v in H.

A subgroup H of G is called symmetric if there exists a nontrivial involutive
automorphism o of G such that the identity component of H is same as the identity
component of G% = {g € G : o(g) = g}

Theorem 1.1 (Duke-Rudnick-Sarnak [9]). Fizwg € V such that Gy, is symmetric.
Let T be a lattice in G such that Ty, is a lattice in Gy,,. Then for any norm ||-||
onV,

lim #{w € wel : |lwl]] <T}  vol(T'yy \Guy)
T—o00 VOI(BT) n VOI(F\G)
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where By := {w € woG : ||w|| < T} and the volumes on Gy, G and woG ~ Gy \G
are computed with respect to the right invariant measures chosen compatibly.

Eskin and McMullen [10] gave a simpler proof of Theorem 1.1 based on the
mixing property of the geodesic flow of a hyperbolic manifold with finite volume.
It may be noted that this approach for counting via mixing was used earlier by
Margulis in his 1970 thesis [20]. We also refer to [3] for a quantitative version of
Theorem 1.1.

The group G can be considered as the group of orientation preserving isometries
of the n-dimensional hyperbolic space H™. The main achievement of this paper
lies in extending Theorem 1.1 to a suitable class of discrete subgroups I' of infinite
covolume in G; namely, the groups I' with finite Bowen-Margulis-Sullivan measure
mBMS on T\H". In particular, this class contains all geometrically finite subgroups
of G. The analogue of vol(T'y,\Gw,) turns out to be a very interesting quantity,
which we will call the ‘skinning size’ of wq relative to I' and denote by skr(wp). In
fact, skp(wp) will be the total mass of a Patterson-Sullivan type measure on the
unit normal bundle of a closed immersed submanifold of T\H" associated to G.,.
One of the important components of this work is to completely determine when
skr(wp) is finite (Theorem 1.5). In particular, skr(wp) < oo for any geometrically
finite I whose critical exponent ¢ is greater than the codimension of the associated
submanifold.

The main ergodic theoretic ingredient in the proof is the description for the lim-
iting distribution of the evolution of the smooth measure on the unit normal bundle
of a closed totally geodesically immersed submanifold of T\H" under the geodesic
flow. The corresponding equidistribution statement (Theorem 1.8) is applicable to
many other problems; for example, in [23, 24], it has been applied to the study of
the asymptotic distributions in circle packings in the Euclidean plane or a sphere,
invariant under a non-elementary group of Mobius transformations.

1.2. Statement of main result. Our generalization of Theorem 1.1 for discrete
subgroups which are not necessarily lattices involves terms which can be best ex-
plained in the language of the hyperbolic geometry. Let I' < G be a torsion-free
discrete subgroup which is non-elementary, that is, I' has no abelian subgroup of
finite index. This is a standing assumption on I'" throughout the whole paper. Now
I" acts properly discontinuously on H". Let 0 < 6 < n — 1 be the critical exponent
of T (see §3.1.1). Let {v;}recmn be a T-invariant conformal density of dimension
0 on the geometric boundary OH" (see (2.11)) which exists by Patterson [26] and
Sullivan [36]. Let mBMS denote the Bowen-Margulis-Sullivan measure on the unit
tangent bundle T*(I'\H") associated to {v,} (see (3.2)).

For u € T'(H"), we denote by u* € OH" the forward and the backward end-
points of the geodesic determined by w respectively and by 7(u) € H™ the base
point of u. Let p : T'(H") — T'(I'\H") be the canonical quotient map.

Let V be a finite dimensional vector space on which G acts linearly. Let wg € V
be such that G, is a symmetric subgroup or the stabilizer Gr,, of the line Rwyg is
a parabolic subgroup. We define a subset EcC Tl(H") associated to the orbit wyI’
in each case.

When G, is a symmetric subgroup associated to an involution o, choose a
Cartan involution 8 of G which commutes with o, and let o € H™ be such that its
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stabilizer G, is the fixed group of 6. Then S = Gy, -0 is an isometric imbedding
of H* in H" for some 0 < k < n — 1, where the embeddings of H and H' mean
a point and a complete geodesic respectively. Let EC Tl(H") be the unit normal
bundle of S.

In the case when Gy, is parabolic, we fix any o € H". If N is the unipotent
radical of Ggy,, then S := N.o is a horosphere. We set E C T'(H") to be the
unstable horosphere over S.

Now in either case, we define the following Borel measure on E:

d#%s(v) = Pt @) gy ()

for x € H" and S¢(z1,22) denotes the value of the Busemann function, that is,
the signed distance between the horospheres based at £, one passing through x;
and the other through s (see (2.2)). This definition of ;%5 is independent of the
choice of x € H™. Due to the I'-invariance property of the conformal density {v,},
it induces a measure on E := p(F) which we denote by ubS.

Fix any X, € E based at o, and let A = {a, : r € R} be a one-parameter
subgroup of G consisting of R-diagonalizable elements such that r — a,..Xg is a unit
speed geodesic. Note that A is contained in a copy of SO(2,1) = PSL(2,R) such
that a, corresponds to d, = diag(e"/ 2 e/ 2). Any irreducible representation of
PSL(2,R) is given by the standard action of SL(2,R) on homogeneous polynomials
of degree k in two variables such that the action of —I is trivial, so k is even and
the largest eigenvalue of d,. is e*/27. Therefore if A denotes the log of the largest
eigenvalue of a; on R-span(woG), then A € N. We set

w) = rlgglo e Mwpa, #0, by [13, Lemma 4.2].
Theorem 1.2. LetT' < G be a non-elementary discrete subgroup with |mPMS| < cc.
Suppose that wol is discrete and that its skinning size skr(wo) = |uE3| is finite.
Then for any Go-invariant norm ||-|| on V', we have

. #Hwewl :|w|| <T} |Vo| - sk (wo)
(1.1) A T3/A T 5 mBYS| L w5

Remark 1.3. (1) If T' is convex cocompact, skp(wp) < co. In the case when Gry,
is parabolic, skr(wg) < oo as well. A finiteness criterion for skr(wq) is provided in
the section 1.4.

(2) Since woI is infinite, skp(wp) > 0 (Proposition 6.7), and hence the limit (1.1)
is strictly positive.

(3) The description of the limit changes if we do not assume the G,-invariance
of the norm ||-||; see Theorem 7.8, Remark 7.9(3)-(5), and Theorem 7.10.

(4) If G, is symmetric and T is Zariski dense in G, then the condition |u5°| < oo
implies that wgl is discrete, for by Theorem 2.21 and Remark 2.22, woI is closed
in woG, and by [13, Lemma 4.2], woG is closed in V. Therefore woI" is closed and
hence discrete in V.

(5) If Gry, is parabolic, then the condition |u£°| < oo implies that wol is
discrete. To see this, note that if the horosphere S is based at &, then S = {&}
and by Theorem 2.21, 'S is closed in H" and wl is closed in woG = woG ~ {0}.
If wel’ were not closed in V', wpy; — 0 for a sequence {v;} C I'. Then v;0 — &
and ¢ is a horospherical limit point of I'. Since |mPMS| is finite, the geodesic
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FIGURE 1. An externally I'-parabolic vector

flow is mixing (Theorem 3.2) and hence by [7, Thm.A & Prop.B], I'S is dense in
7({u : v~ € A(I)}), a contradiction to I'S being closed. Therefore woI is closed
and hence discrete in V.

Thanks are due to the referee for the last two remarks.

A discrete group I' is called geometrically finite, if the unit neighborhood of
its convex core! has finite Riemannian volume (see also Theorem 4.6). Any dis-
crete group admitting a finite sided polyhedron as a fundamental domain in H" is
geometrically finite.

Sullivan [36] showed that |mBMS| < oo for all geometrically finite I'. However
Theorem 1.2 is not limited to those, as Peigné [27] constructed a large class of
geometrically infinite groups admitting a finite Bowen-Margulis-Sullivan measure.

We will provide a general criterion on the finiteness of skr(wp) in Theorem 1.14.
For the sake of concreteness, we first describe the results for the standard represen-
tation of G.

1.3. Standard representation of G. Let @) be a real quadratic form of signature
(n,1) for n > 2 and G the identity component of the special orthogonal group
SO(Q). Then G acts on R"*! by the matrix multiplication from the right, i.e.,
the standard representation. For any non-zero wo € R™*!, up to conjugation and
commensurability, G, is SO(n —1,1) (resp. SO(n)) if Q(wo) > 0 (resp. if Q(wp) <
0). If Q(wp) = 0, the stabilizer of the line Rwy is a parabolic subgroup. Therefore
Theorem 1.2 is applicable for any non-zero wy € R**1, provided skr(wg) < oo (in
this case, A = 1).

An element v € I is called parabolic if there exists a unique fixed point of «y in
OH". For £ € OH", we denote by I'¢ the stabilizer of £ in I and call £ a parabolic
fized point of T if ¢ is fixed by a parabolic element of I'.

Noting that G, is the isometry group of the codimension one totally geodesic

subspace, say, Su,, when Q(wy) > 0, we give the following:

Definition 1.4. Let woI' be discrete. Then wg € R™! is said to be externally
[-parabolic if Q(wg) > 0 and there exists a parabolic fixed point £ € BS‘wO for T
such that G, NT¢ is trivial, where 85, C JH" denotes the boundary of S,,, in
H".

For n = 2, wy € R? with Q(wp) > 0 is externally I'-parabolic if and only if the
projection of the geodesic §w0 in I'\H"™ is divergent in both directions, and at least
one end of S,,, goes into a cusp of a fundamental domain of T' in H? (see Fig. 1).

IThe convez core Cr C T\H" of T is the image of the minimal convex subset of H" which
contains all geodesics connecting any two points in the limit set of I".
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Theorem 1.5 (On the finiteness of skr(wp)). Let T’ be geometrically finite and wol’
discrete.

(1) If 6 > 1, then skr(wp) < co.

(2) If 6 <1, then skp(wp) = oo if and only if wy is externally T'-parabolic.

Corollary 1.6. Let I' be geometrically finite and wol' discrete. If either § > 1 or
wq is not externally T-parabolic, then (1.1) holds.

Remark 1.7. (1) For geometrically finite I, if the Riemannian volume of F is finite,
then skp(wo) < oo (Corollary 1.15).

(2) It can be proved that if 6 < 1 and wy is externally I'-parabolic, the asymptotic
count is of the order T'logT if 6 = 1 and of the order T if § < 1, instead of T°
(cf. [25]).

(3) When Q(wg) < 0, the orbital counting with respect to the hyperbolic metric
balls was obtained by Lax and Phillips [19] for T' geometrically finite with § >
(n—1)/2, by Lalley [18] for convex cocompact subgroups and by Roblin [31] for all
groups with finite Bowen-Margulis-Sullivan measure.

(4) When Q(wo) = 0 and T is geometrically finite with § > (n — 1)/2, a version
of Theorem 1.2 was obtained in [17].

1.4. Equidistribution of expanding submanifolds. In this section, we will
describe the main ergodic theoretic ingredients used in the proof of Theorem 1.2.
Let E C T'(H") be one of the following:

(1) an unstable horosphere over a horosphere S in H";

(2) the unit normal bundle of a complete proper connected totally geodesic
subspace S of H"; that is, S is an isometric imbedding of HF in H" for
some 0 <k <n-—1.

Let T be a discrete subgroup of G, and set E := p(E) for the projection p :
T'(H") — TY(D\H").

Recall that {v, : © € H"} denotes a Patterson-Sullivan density of dimension 4.
Let {m, : x € H"} denote a G-invariant conformal density of dimension (n — 1).
We consider the following locally finite Borel measures on E:

du%‘:‘b(v) = e VB+ W) g (vF), d/i%s(’l)) = Bt (07 gy (v,
where o € H"™. Note that ,u%eb is the measure associated to the Riemannian volume
form on E.

The measures u%s and M%Eb are invariant under ', = {y € T : y(E) = E},
and hence induce measures on I’ E\E . We denote by pke® and ,ugs respectively the
projections of these measures on E via the projection map I' E\E — F induced by
p.

Let mB® denote the Burger-Roblin measure on T (I'\H") associated to the con-
formal densities {1} in the backward direction and {m,} in the forward direction
([6], [31], see (3.3)).

Let {G'} denote the geodesic flow on T*(H").

Theorem 1.8. Suppose that [mBPMS| < oo and [ub°| < co. Let F C E be a Borel
subset with by (OF) = 0. For any ¢ € C.(T(T\H")),

PS
(1.2) 0 [ (G 0) du (o) - fjf(hf;ﬁ PR ().

t——+oo
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In particular, this holds for F = E.

See Theorem 3.6 for a version of Theorem 1.8 without the finiteness assumption
on |ug’l.

Remark 1.9. Theorem 1.8 applies to F with u[éeb(F) = oo as well, provided

\,ugs| < o0. The proof for this generality requires greater care since it cannot
be deduced from the cases of F' bounded. It is precisely this general nature of our
equidistribution theorem which enabled us to state Theorem 1.2 for general groups
I only assuming the finiteness of the skinning size skr(wp) = |u5| for a suitable
E.

When FE is a horosphere and F' is bounded, Theorem 1.8 was obtained earlier
by Roblin [31, P.52]. We were motivated to formulate and prove the result from
an independent view point; our attention is especially on the case of m(E) being
a totally geodesic immersion. This case involves many new features, observations,
and applications (cf. [23], [24]). The main key to our proof is the transversality
theorem 3.5, which was influenced by the work of Schapira [34]. The transversality
theorem provides a precise relation between the transversal intersections of geodesic
evolution of F' with a given piece, say T, of a weak stable leaf and the transversal
measure corresponding to the mPMS measure on 7.

For T' Zariski dense, we generalize Theorem 1.8 to ¢ € C.(I'\G). To state the
generalization, we fix o € H” and X, € F based at o. Then, for K = G, and
M = Gx,, we may identify H" and T'(H") with G/K and G/M respectively. Let
A = {a,} be the one-parameter subgroup such that the right translation action by
a, on G/M corresponds to G". Let mBR denote the measure on I'\G which is the
M-invariant extension of mB® via the natural projection map I'\G — I'\G/M =
THT\H"). Let H = G, and let dh denote the invariant measure on I'gr\ H whose
projection to E coincides with pLeP.

Theorem 1.10. Let ' be a Zariski dense discrete subgroup of G such that |mBMS| <

oo and |phP| < co. Then for any ¢ € C.(T\G),

s .
lim e(»~1=9) / ¥(Tha,) dh = |mBEMS|mBR(1/)).
helu\H

When T is a lattice in G and F is of finite Riemannian volume, Theorem 1.10
is due to Sarnak [33] for horocycles in H?, Randol [28] for unit normal vectors
based at a point in the cocompact lattice case in H?, Duke-Rudnick-Sarnak [9] and
Eskin-McMullen [10] in general (also see [15, Appendix]).

In Section 7, we deduce Theorem 1.2 from Theorem 1.8. The standard techniques
of orbital counting via equidistribution results require significant modifications due
to the fact that mP® is not G-invariant.

1.5. On finiteness of u%s for geometrically finite I'. An important condition
for the application of Theorem 1.8 is to determine when M%S is finite. In this
subsection we assume that I is geometrically finite. Letting E and S = 7(E) be as
in section 1.4, suppose further that the natural imbedding Fg\g — T\H" is proper;
in particular, p(S) is closed in T\H", where I'g = {y € T': S = S}.

When S is a point or a horosphere, ,ugs is compactly supported (Theorem 4.9).
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Theorem 1.11 (Theorem 4.7). If S is totally geodesic, then 'z is geometrically
finite.

Definition 1.12 (Parabolic-Corank). Let A,(I') denote the set of parabolic fixed
points of I" in 9H". For any & € A, ('), I'¢ is a virtually free abelian group of rank
at least one. Define

pb-corank(I'g) = max _ (rank(I'¢) —rank(I'¢ NI'g)).

£eAL(I)NA(S)

If A,(T') N 3(S) = B, we set pb-corank(I'g) = 0. In particular, the parabolic
co-rank of I'g is always zero when I' is convex cocompact.

Lemma 1.13 (Lemma 6.2). If S is totally geodesic, then

pb-corank(I'g) < codim(S).

Theorem 1.14 (Theorems 6.3 and 6.4). We have:

(1) supp(uL®) is compact if and only if pb-corank(I'g) = 0.
(2) |uhP] < oo if and only if pb-corank(I'g) < 6.

Note that by [8, Prop. 2], § > %maerAp(p) rank(T'¢). As a consequence of
Theorem 1.14, we get:

Corollary 1.15 (Corollary 6.5). Suppose that dim(S) > (n+1)/2. If |ukP| < oo,
then |u%S| < oco.

1.6. Finiteness of ;5% or uk® and closedness of E. Let £ and E be as in the
subsection 1.4. In [29], it is shown that |u%¢"| < oo implies that E is a closed subset

of TH(I'\H"). We prove an analogous statement for phS.

Theorem 1.16 (Theorem 2.21). Let I" be a dz’screte Zariski dense subgroup of G.
If |uE5| < oo, then the natural embedding I'\S — T\H" is proper.

1.7. Integrability of ¢y and a characterization of a lattice. Define ¢y €
C(T\H") by
oo(z) :==|vy| for z € T\H".

The function ¢q is an eigenfunction of the hyperbolic Laplace operator with eigen-
value —d(n — 1 — §) (see [36]). Sullivan [37] showed that if § > 251, then ¢y €
L*(T\H", d Volgjem) if and only if [mBMS| < co. The following theorem, which is a
novel application of Ratner’s theorem [30], relates the integrability of ¢o with the

finiteness of Volgjem (I'\H"):

Theorem 1.17 (§3.6). For any discrete subgroup T', the following statements are
equivalent:

(1) ¢0 € LI(F\HnadVOIRicm);

(2) [mPR| < oo;

(3) T is a lattice in G.

Although mB® depends on the choice of the base point o, its finiteness is inde-
pendent of the choice. If T' is a lattice, then § = n — 1 and hence ¢q is a constant
function by the uniqueness of the harmonic function [38].
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2. TRANSVERSE MEASURES

2.1. Let (H",d) denote the hyperbolic n-space and OH" its geometric boundary.
Let G denote the identity component of the isometry group of H”. We denote
by T 1(]HI") the unit tangent bundle of H™ and by m the natural projection from
T'(H") — H". By abuse of notation, we use d to denote a left G-invariant metric
on T*(H") such that d(r(u),7(v)) = min{d(u1,v1) : 7(u1) = 7(u),7(v1) = 7(v)}.
For a subset A of Tl(H") or H™ or OH™ and a subgroup H of G, we denote by H 4
the stabilizer subgroup {g € H : g(A) = A} of A in H.
Denote by {G" : r € R} the geodesic flow on T'(H). For u € T*(H"), we set

(2.1) ut = lim G"(u) and u” = lim G"(u),

which are the endpoints in 9H" of the geodesic defined by u. Note that (g(u))* =
g(u*) for g € G. The map Viz : T'(H") — 9H" given by Viz(u) = ut is called the
visual map.

2.2. The Busemann function 8 : OH" x H™ x H" — R is defined as follows: for
¢ € OH™ and z,y € H,

(22) Be(,y) = lim d(x,&) — d(y,&)

where &, is any geodesic ray tending to £ as r — oo; and the limiting value is
independent of the choice of the ray &,.
Note that g is differentiable and invariant under isometries; that is, for ¢ € G

and x,y € H", Be(x,y) = By(e)(9(2), 9(v))-
For u € T'(H"™), the unstable horosphere based at u~ is the set

My ={veT'H"): 0" =u",f,-(n(u),7(v) = 0},
and the stable horosphere based at ut is the set
H, = {ve THH") : v = uT, By (n(u), 7(v)) = 0}.
The weak stable manifold corresponding to u is

W =Viz '(u) = {ve T'H") : v =ut}.

(2.3) v1,v2 € HE, r € R = d(G"(v1),G" (v9)) = €"d(v1,v2).
(2.4) v, 09 €WE 1> 0= d(G"(v1),G" (v2)) < d(v1,02).

The image under 7 of a stable or an unstable horosphere H in T*(H") based at
¢ is called a horosphere in H" based at . Hence m(H) = {y € H" : B¢(z,y) = 0}
for x € T(H).

2.3. Let S be one of the following: a horosphere or a complete connected totally
geodesic submanifold of H” of dimension k for 0 < k < n — 1. Let E C Tl(]HI”)
denote the unstable horosphere with W(E) = S if S is a horosphere, and the unit
normal bundle over S if S is totally geodesic.

Lemma 2.1. The visual map Viz restricted to Eisa diffeomorphism onto O(H™) \

a(9).
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Proof. The conclusion is obvious if S is a point or a horosphere.
Now suppose that S is a totally geodesic subspace of dimension 1 < k < n — 1.
Consider the upper-half space model for H™:

(2.5) H" ={z+jy:2c R y>07=(0,...,0,1)},

and OH" = R"~1U{oo}. Without loss of generality, we may assume that co € d(S)
and hence 9S ~ {co} is a (k — 1)-dimensional affine subspace, say F, of R"~1.
For any z € R"™! \_ L, let 21 be the orthogonal projection of x on L. Let xo =
x4 ||z — 1] -5 € H. Let v € T'(H™) be the unit vector based at x5 in the same
direction as z — z;. Then v € E and vt = z. Now the conclusion of the lemma is
straightforward to deduce. O

2.3.1. Maps between E and H; . For v € T'(H"), —v is the vector with the same
base point as v but in the opposite direction. For v € F, let &, : H \Viz_l(aS) —
E ~ {—v} be the map given by

(2.6) &(u) = Viz HuT)NE.

Then &, is a diffeomorphism. Its inverse, ¢, : E ~ {—v} — H; \ Viz~1(89) is the
map given by

(2.7) ¢(w) = Viz H(wT) N H;F .

Proposition 2.2. There exist C1 > 0 and €y > 0 such that:
(1) if v,w € E and d(v,w) < €, then

|But (7 (qu(w)), w(w))] < d(go(w), w) < Crd(w,v);
(2) ifve E and w € H with d(v,w) < €, then
[But (7 (&o(w)), m(w))] < d(&o(w), w) < Crd(v, w).

Proof. In each of the two statements, the first inequality follows directly from the
definition of Busemann function, so we only need to prove the second inequality.

Consider the upper half space model of H" given by (2.5). By applying an
isometry g € G, since qg(,)(gw) = g(gy(w)), we may assume that v is the unit
vector based at j so that v+ = {oo}.

Since f(u) := d(qy(u),u) is a differentiable function of u € E, there exist ey > 0
and C] > 0 such that |Df(u)|| < C] for any u with d(v,u) < €. Therefore, since
f(v) =0, there exists C7 > 0 such that |f(u)| = |f(u) — f(v)] < Cy - d(v,u) for all
u € E with d(u,v) < €p. This proves (1). And (2) can be proved similarly. O

Remark 2.3. The following stronger form of statements in Proposition 2.2 holds:
There exist g > 0 and C7 > 0 such that

Bt (m(go(w)), 7(w))| < Crd(v,w)?, for all w € E with d(w,v) < €o;

|But (m(&u (W), m(w)))| < Crd(v,w)?, for all w € HF with d(w,v) < .
We omit a proof as the stronger version will not be used in this article.

Notation 2.4. Let I' be a non-elementary torsion-free discrete subgroup of G and
set X := I'\H". Both the natural projection maps H” — X and T'(H") — T*(X)
will be denoted by p.
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2.4. Boxes, Plaques and Transversals. Let v € T'(H"). Consider a relatively
compact open set P containing u in H;", and a relatively compact open neighbor-
hood T of u in Viz~*(ut). For each t € T and p € P, the horosphere H;" intersects
Viz~!(pt) at a unique vector: we define
tp =M, NViz~ (p") € THH").

The map (t,p) — tp provides a local chart of a neighborhood of « in T*(H"). Since
u € P, in this notation tu = t. We call the set

B(u)={tpe T'(H"): t € T,p € P}
a box around u if some neighborhood of B(u) injects into T*(X) under p. We write
B=B(u)=TP.

Note that P (resp. T) may be disconnected and of ‘large’ diameter, and then
the corresponding T' (resp. P) will be chosen to be of small diameter in order to
achieve the required injectivity of p on a neighborhood of B(u).

For any t € T', the set

tP:={tp:pc P} CH;

is called a plaque at t; and for any p € P, the set

Tp:={tp:teT}c Viz *(pT)
is called a transversal at p. The holonomy map between the transversals Tp and
Tp' is given by tp+— tp’ for all t € T.
Remark 2.5. If v =tp € B, then tP C H}, Tp C Viz ' (v") and B(v) = (Tp)(tP)
is a box about v and TP = (Tp)(tP). Also B(u) and B(v) have the same collections
of plaques and transversals.

For small € > 0, let
T.. ={seViz "(u") :d(s,T) < e},
T._={teT:d(t,dT) > ¢}, and Boy = T.s P.

Note that for any v € G, yP C H¥,, 7T C Viz=H((yu) ), v(tp) = (vt)(vyp) for
any (t,p) € T x P, y(TP) = v(B(u)) = B(yu) = (yI)(vP), 7(tP) is a plaque at
~t and y(Tp) is a transversal at yp. Also YBey = (7T)+(vP).

For r € R, G"(B(u)) = B(G"(u)) = (G"(T))(G" (P)).

2.5. For the rest of this section, let B = TP C T'(H") denote a box such that
B.,+ injects into T'(X) for some ¢y > 0. By choosing a smaller ¢, if necessary, let
C1 > 0 be such that Proposition 2.2 holds. Let

(2.8) Cy = max{d(tp1,tp2) : t € Tey+, p1,p2 € P}.

In this section we will develop auxiliary results to understand the intersection of
G"(E) with p(B) for 7 > 1. First we will show that for any v € I" if G"(yE) N B is
nonempty, then there exists a unique t € Ty, N G"(vE) and the sets G"(yE) and
G"(tP) are contained in C;Cye™"-tubular neighborhoods of each other.

Lemma 2.6. Let r € R and v € T'. Suppose that QT(VE) S tp for somet € T,
p€ P Letv= G (v Mp) € E. Letpy € P,y = G (v 'tp1) € HS, and
w=2¢&(y) € E. Thenw™ =y,

d(v,y) < Cae™" and d(y,w) < C1C2e7".
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Proof. By (2.6), wt = y*. Since tp,tp; € H;, by (2.3) and (2.8),
d(v,y) = d(G" (v~ 'tp), G~ (’fltpl)) d(G~" (tp), ™" (tpr))
< d(tp,tp1)e” " < Coe™".

By Proposition 2.2, d(y,w) = d(y,&,(y)) < Cid(v,y) < C1Ce™". O
Lemma 2.7. For anyr € R and v €T,

#(TNG"(YE)) = #(G"(v'T)NE) < 1.
Proof. Since Viz(G~"(y~'T)) = v~ Viz(T) is a singleton set and Viz restricted to
FE is injective, the conclusion follows. O
Notation 2.8. For r € R and v € I, in view of Lemma 2.7, define
29) .= {ggrw)(gwltm) CE TNG () ={t}

0 fTnNgr(vE)=0.
Proposition 2.9. For any 0 < e < ¢g, 7 > 1 := log(C1(Cy + 1)Cs/¢) and v €T,
we have
(2.10) G "y 'B.)NEC E.,C G"(y'B4)NE.

Proof of first inclusion in (2.10). Let y e T'and t € T, and p € P be such that
vi=G (v tp) €E. Let y =G (v 1t) and w = &,(y) € E. By Lemma 2.6,

d(y,w) < C1Cee " < €/(C1+ 1) < e

Let t; = G"(yw). Since t = G"(yy) and wt =y, t] =t+. By (2.4),
d(t,t1) = d(G"(vy)), G" (yw)) < d(vy, yw) = d(y, w) <.

Therefore t; € T, for t € T._. Since (t;p)* = (tp)*, we have

G (v tp) T =G ()T =0T
Since w = G~"(y"'t1), G~ (v 't1p) € HY. Also w,v € E. Therefore by (2.6),

v==E,(G" (v p)) € By
(I

Proof of second inclusion in (2.10). By Lemma 2.7, let {t} = TN G"(yE) for some
yeT. Letv=G"(y ") € E,pe P,y=G " (v 'tp), and w = &,(y) € E,.,. By
Lemma 2.6,

d(v,w) < d(v,y) + d(y,w) < Coe™" + C1Cre™" < €/C1.

Put v; = q,,(v) € Ht. By (2.7), v = v*, and by Proposition 2.2(1),
d(v,v1) < Crd(v,w) < e.
Put t; = G"(yv1) € 'H; . Since t = G"(y), tf =tT. By (2.4),
d(t, t,) = d(gr(yv) G"(yv1)) < d(yv, 1) <€
Hence t; € T.y. Now G"(yw), t1p € H{,. Since wt =y,
(G (w) " = (G" ()" = (tp)" = (t1p) "

Since Viz is injective on H, G"(yw) = t1p. Hence w € G~" (7' By). O
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2.6. Measure on F corresponding to a conformal density on OH". Let
{ttz : © € H"} be a I'-invariant conformal density of dimension ,, > 0 on OH™.
That is, for each = € H", p, is a positive finite Borel measure on 0H™ such that
for all y € H™, £ € OH"™ and v € T,

dp
(211) Vila = Py and L(f) = eéuﬁff(y:z)’
dpy
where v, 1, (F) := p.(y"1(F)) for any Borel subset F of OH".
Fix o € H". We consider the measure on E given by
(2.12) dpj(v) = Pt OO dpy (v).
By (2.11), pp is independent of the choice of o € H" and Vel = My for any
v €T, Let fr \E be the locally finite Borel measure on I';\ E induced by pj as
follows: For any f € C.(E), l?t f@Tzv) = ZWGF;]C(’YU)’ for all v € E. Then f s f
is a surjective map from C.(E) from to C.(I'z\E), and

(2.13) /F fdup 5 ¢=/Efdug

B\E
is well defined; see [29, Chapter 1] for a similar construction.
Now let pug be the measure on E = p(E) defined as the pushforward of i \E

from T'z\ E to T"(I'\H") under the map I zv + T'v. Thus for any set B C T*(H")
such that p is injective on B, and any measurable nonnegative function f on E N

p(B),
Jorpm T s =S perr, fuey s f@W) s (w)
= Z[’Y]EF/FE quE’ﬁ'y*lB f(p(u)) d/’l/E(u)7

where the integration over an empty set is defined to be 0. Therefore by Proposi-
tion 2.9 we obtain the following:

(2.14)

Proposition 2.10. Let 0 < € < €9 and r > r.. Then for all borel measurable
functions ¥ >0 on T*(X) with supp(¥) C p(B._) and f >0 on E, we have

S WG () f () du) = [orn i rip,yy UG () (1) dpus ()
= S piersrs Jo vt 1o ¥(G () F () dpi ()
=S igerir, Jo, . V(G () (p(w)) dpij ().

Remark 2.11. (1) For the counting application in section 7, we will use the results
of this section only for the case when the map T'z\E — T*(I\H") is proper, in
which case ug is a locally finite Borel measure.
(2) In the general case, ug may not be o-finite, but it is an s-finite measure;
namely, a countable sum of finite measures (with possibly non-disjoint supports).
(3) If the dimension of S = 7(E) in H" is 0 or n— 1, the map T'z\E to T*(I'\H")
is injective, and hence pp is o-finite on T*(I\H™).

2.6.1. Measures on horospherical foliation and their semi-invariance under geo-
desic flow. The conformal density {p. } induces a T-equivariant family of measures
{tgr 1u € T!'(H")} on the unstable horospherical foliation on T*(H"):

(2.15) dpggs (v) = € Pur TN gy (1),



EQUIDISTRIBUTION AND COUNTING 13

For any r € R, since G"(v)T =o' and
Bt (0,m(G"(v))) = Bu+ (0, 7(v)) = But (m(v), 7(G" (v))) =7,
by (2.11), we get for all v € T" and r € R,

(216) 7*“7‘(3 = Mﬁtu and g:MHi = e‘tsu,TMH;rr(’ ).

2.7. On transversal intersections of G"(I'E) with B. Let a box B, ¢ > 0,
C1 > 0 and Cy > 0 be as described in the beginning of §2.5. For any 0 < € < ¢,
we put

(217) Te = 10g((01 + 1)0102/6).

Proposition 2.12. Let 0 < e < ¢y, 7 > 1., and {t} =T NG"(yE) for somey €T.
Then for all measurable functions ¥ > 0 on Be,+ and f >0 on E,

(e5) £ (G (v 1)) / W ding
= G ) (w)dp()
<G [ W dig.

tP

where f£ on E and UE on Bey are defined as

f:(u) = Sup{uleﬁtd(ul,u)ge} f(u1)7
(2.18) f6+(U) - mf{UIEE:d(ULU)SE}f U1),

\Ile (tp) = SUP{t;eT., d(t1p,tp)<c} \I/(tlp)a

\IJe_(tp) = inf{t1€T€+:d(t1p,tp)§e} \D(tlp)

Proof. Let v=G "(y"'t) € E. Let ¢ : tP C H; — E,., C E be the map given by
o(tp) = w :=&,(y), where p € P and y = G~"(y~'tp). By Lemma 2.6,

(2.19) d(y,w) < C1C2e™" <€, dv,w) < (C1+1)Coe™ <€
and since w =y,

A(G" (1), G (yw)) = d(G" (1), 6" (w)) < d(y,w) < e,
and by Proposition 2.9, G"(yw) € T.4p. Therefore

(2.20) fo ) < f(w) < fF(v);

(2:21) V(G () < W(G"(yw)) < TG ().
For the map tp — y := G~ "(y " tp), by (2.16),

(2.22) " dpiyt (y) = dpigg (t)-

For the map y — w = &,(y), by (2.12) and (2.15), since wt = y™T,
(8Bt (0m(w)) .

— OuBy+ (m(y),m(w))
By oty g (y) = € s (9).
By (2.19), |8+ (7(y), m(w))| < d(w(y), 7(w)) < e. Therefore

(2.24) e e < dpg(w)/dpg+(y) < ednue,

(223)  dpglw) =
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Combining (2.22) and (2.24), for the map w = ¢(tp) we get

d/lE('LU) < etsue

2.25 e one < our <
(2:25) dpiy+ (tp)

By noting that G="(y~'t) = v and tp = G"(yy), the conclusion of the proposition
follows from (2.20), (2.21) and (2.25). O

Notation 2.13. For 7 > 0 and t € TN G"(I'E), in view of Lemma 2.7 let
(2.26) T ={0] €T/Ts:{t} =T NG (vE)}.

Since p is injective on B4, for notational convenience, we identify ¢ € T¢, 4+
with its image p(t) € p(T) C X. Therefore we have

221)  {MerMgz:B, 20 = | Tu= U D

teTNG"(T'E) teTNg" (E)

Combining Proposition 2.10 and Proposition 2.12, in view of (2.27) we deduce
the following;:

Corollary 2.14. Let 0 < € < €9 and r > r.. For all measurable functions ¥ > 0
on Be,+ with supp(¥) C Be_ and f >0 on E, we have

@) Y G O) [ dg

teTNgr(E)

<chur / W(G" () () dyus ()
E
<) Y #T) SHGTO) [ W dug,

teTNG" (E) tP
where f£ on By and E on E are defined as in (2.18).
2.8. Haar system and admissible boxes.

Lemma 2.15 ([31]). For a uniformly continuous ¥ € C(B), the map

tET»—>/ U dpy,+
tP ¢

is uniformly continuous. In particular the map t — Mg (tP) is uniformly continu-
ous.

Proof. Note that (tp)™ = p™. Therefore by (2.15)
/ W djiyys — / B (tp)eln Byt 0T g1y (14
tP ‘ P
Put ¢(tp) = (tp)e’ ot (7)) " Gince ¢ is uniformly continuous on B,

/ U g+ —/ U dpy,+
t P 1 t, P ‘2

as d(tl,tg) — 0. O

< po(Viz(P)) - sup [¢(t1p) — @(t2p)| — 0
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Definition 2.16. A box B = T'P as defined in subsection 2.4 is called admissible
with respect to the conformal density {u.}, if every plaque of B has a positive
measure with respect to {uq+ }; that is, Mgt (tP) > 0 for all t € T, or equivalently,

pz(Viz(tP)) = p(PT) > 0 for some (and hence all) x € H".

Lemma 2.17. Fiz a conformal density {ps}oemn on OH™. Then for any u €
TY(H™), there exists an admissible box around u with respect to {j, }.

Proof. Fix any « € H". Since I',- is virtually abelian, and since we assume that
I' is non-elementary, I' does not fix u~. Therefore by the I'-invariance and the
conformality of the density {yu,}, we have supp(u,) # {u~}. Since Viz : H}f —
OH™ \ {u~} is a diffeomorphism, there exists u; € H; such that uj = Viz(u;) €
supp(y). If yu = uq for any v € ', then by the conformality, u € supp(,uHI) and
we replace u; by u. Since p is injective on {u,u }, there exists a relatively compact
open subset P of H; containing {u,u;} such that p is injective on an open set (2
of T'(H") containing P. Then p,(Viz(P)) > 0. By Lemma 2.15, we can choose T
a enough ball in Viz~'(ut) so that some neighborhood of the closure of B = TP
is contained in 2. Now B = TP is an admissible box. O

2.8.1. Let B = TP be an admissible box with respect to a conformal density {u, }
such that p is injective on a neighborhood of the closure of B,1 for some ¢y > 0.
Let Cq, C5 be as described in the beginning of §2.5. For notational convenience,
we will identify T.,, and B, with their respective images in T*(X) under p.

Proposition 2.18. Let 0 < € < €y andr > r. (see (2.17)). Then for all measurable
functions 1 > 0 on T, with supp(y)) C Te— and f >0 on E, we have

(e7%) / W2 (G (w)) £ (w) dyugs ()
E
<e T ST (Tr) (D (GT()
(E)

teTNG"(E

<) [ WG ) s ()
where the function ¥ on B+ is defined by
U(p(tp)) i= ¥(1) ipgs (tP), for all (t,p) € Toys x P,
and VE on By and f* on E are defined as in (2.18).
Proof. Since ft p ¥ dqu = 1)(t), the result is straightforward to deduce from Corol-
lary 2.14. (I

In the section 3, Proposition 2.18 will enable us to describe the limiting distri-
bution of the transversal intersections T'N G"(F) using the mixing of the geodesic
flow with respect to mBMS (cf. Theorem 3.5).

2.9. Some direct consequences. The results proved in this subsection are also
of independent interest. Let the notation be as in §2.8.1.

Corollary 2.19. Let 0 < € < ¢y and f be a measurable function on E such that
fr e LYE,ug). Then for any r > r. and any measurable function v on T':

S H(Tra) - W FGT ()] < oo

teTNGr(E)
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In particular, if there exists a T-invariant conformal density {p.} and |pugp| < oo,
then

Z #(Fnt) < 00.

teTNG™E

Proof. By Proposition 2.18 with T in place of T and declaring 1) to be zero outside
T, we obtain the first claim, because

Yo #T)  OAGTON < (L + [V oo - (1))
teTNG"(E)

To deduce the second claim from the first one, we choose f =1 on E and ¥ = 1 on

T. ]

Definition 2.20 (Radial Limit points). The limit set A(T") of T" is the set of all
accumulation points of an orbit I'(z) in H" for z € H". As T acts properly discon-
tinuously on H”, A(T) is contained in OH".

A point ¢ € A(T) is called a radial limit point if for some (and hence every)
geodesic ray § tending to £ and some (and hence every) point x € H", there is a
sequence v; € I' with v;& — £ and d(y;z, 8) is bounded.

We denote by A,(T") the set of radial limit points for T'.

If T is non-elementary, A,(I") is a nonempty I-invariant subset of A(I'). Since
A(T") is a I'-minimal closed subset of H", we have that A, (I') = A(T).

Theorem 2.21. Let C denote the smallest subsphere of H" containing A(T'). Sup-
pose that C = S or dim(C) > dim(dS). If there exists a T-invariant conformal
density {p, : © € H"} such that |ug| < oo, then the natural map p : T z\E —
I\ TH(H") is proper.

Proof. Note that I' C G = {g € G : gC = C}, because if v € T', then yC N C D
A(T), hence by minimality yC = C.

Suppose C' = 8S Then, since Gg=Gys, ' =I'NGc =T'g =Tz and hence the
properness of p is obvious.

Now suppose that dim(C) > dim(g) and that that p is not proper. Then there
exist sequences 7y; € I' and e; € F such that Y;€; converges to a vector v € Tl(H”)
as i — 0o, and

(2.28) vl g # T, for all i # j.

Fix ey € E. Since G 5 acts transitively on E, there exists h; € G £ such that
e; = h;eg. Then ~;h;eq converges to v. Therefore there exists g € G such that
vih; — g and v = geg.

Now Viz(gE) = OH" — d(¢S). Since dim(d(gS)) = dim(S) < dim(C), we have
that A(T')~ d(gS) is a nonempty open subset of A(T"). Since A,(I") is dense in A(T"),
it follows that

A(T) N Viz(gE) # 0.

Therefore there exists hy € Gz such that Viz(ghoeo) = (ghoeo)™ € Ay(T'). Hence
there exist 7; — oo such that p(G"i (ghoeg)) converges to a point in T*(X). Then
there exists a sequence {7/} C I' such that G" (v/ghgeo) — u for some u € T*(H").

Let B = TP be an admissible box centered at u. Let ¢ > 0 be such that
u € Bs._. Fix k € N such that ry > 7 (see 2.17) such that for v = ~;, we have
g”(’y/ghgeo) S B2E_.
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_ Since vih; — g, gr(v’%hihgeo) € B._ for all ¢ > i for some ¢g. Since h;hgey €
E, by (2.10) t; e TNG" (Y1, E) for all ¢ > ig. Therefore
(2:29) (PTNG"E) D {(y'v:) "ti i > o}
We claim that for any i € N,
(2.30) ey () ' # FE’VII(V/)_ltjv for all but finitely many j.

To see this, since p is injective on T', if ¢; # t;, then I't; # I't; and hence (2.30)
holds. If ¢; = t;, then it follows from (2.28) as I' N G(4/)-14, is finite. Combining
(2.29) and (2.30), we get that

#(Tz\('T NG E)) = oo.
We observe that if t € T'NG"(E), then Tz\(TtNG"E) = f;tlt. If |E8| < oo, then
by (2.19) of Corollary 2.19
#T\TTNGE) < Y #(Thy) < oo,
teTNG (E)

which is a contradiction. O

Remark 2.22. (1) Theorem 2.21 holds for I' Zariski dense: since I' C G¢ and G
is Zariski closed, we have C' = JH" for I' Zariski dense.

(2) Theorem 2.21 holds in the case A(T'g) = 9S; since S C C in this case, and
hence we have either S = C or dim(C) > dim(S).

3. EQUIDISTRIBUTION OF G ukeb

3.1. BMS-measure and BR-measure on T'(X). As before, let T' be a non-
elementary torsion-free discrete subgroup of G' and set X := I'\H". Let {u,} and
{u!,} be I'-invariant conformal densities on OJH" of dimension d,, and ¢,/ respectively.
After Roblin [31], we define a measure m** on T'(X) associated to {s, } and {u}
as follows. Fix o € H". The the map

u— (uhu”, By (0,7 (u)))
is a homeomorphism between T*(H") with
(OH" x OH"™ ~\ {(&,€) : £ € OH"}) x R.
Hence we can define a measure m/* on T'(H") by
(3.1) At (u) = ePnPut @m(W) 0By —(0m (W) gy (1 Ydp! (u™)ds,

where s = (,- (0, m(u)). Note that m#* is T-invariant. Hence it induces a locally
finite measure m™* on T*(X) such that if p is injective on Q@ C T'(H"), then
m* (p()) = m ().

This definition is independent of the choice of o € H".
Two important conformal densities on H" we will consider are the Patterson-
Sullivan density and the G-invariant (Lebesgue) density.
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3.1.1. Critical exponent dr. We denote by dr the critical exponent of I" which is
defined as the abscissa of convergence of a Poincare series Z'yEF e—s407(0) for
some o € H"; that is, the series converges for s > dr and diverges for s < ér and
the convergence property is independent of the choice of o € H".

As T is non-elementary, we have op > 0. Generalizing the work of Patterson [26]
for n = 2, Sullivan [36] constructed a I'-invariant conformal density {v, : = € H"}
of dimension dr supported on A(T"), which is unique up to homothety, and called
the Patterson-Sullivan density. From now on, we will simply write ¢ instead of dr.

We denote by {m, : © € H"} a G-invariant conformal density on the boundary
OH"™ of dimension (n—1), which is unique up to homothety, and each m,, is invariant
under the maximal compact subgroup G,. It will be called the Lebesgue density.

The measure m"* on T*(X) is called the Bowen-Margulis-Sullivan measure
mBMS associated with {v,} ([5], [20], [37)):

(3.2) dmPMS (1) = Put (0m(W) . 08, — (07 (W) gy, (4 +)duy(u™)ds.

BR

The measure m”"™ is called the Burger-Roblin measure m"" associated with

{vo} and {m.} ([6], [31]):
(3.3) dmPR(u) = e DB+ (0m (W) L 08, (07 (W) d (uH)dwy(u™)ds.

We note that the support of mPMS and mBR are given respectively by {u €

THX) :ut,u” € A()} and {u € T'(X) : u~ € A(I")}.

3.2. Relation to classification of measures invariant under horocycles.
Burger [6] showed that for a convex cocompact hyperbolic surface I'\H? with § >
1/2, mBR is a unique ergodic horocycle invariant locally finite measure which is not
supported on closed horocycles. Roblin extended Burger’s result in much greater
generality. By identifying the space Q4 of all unstable horospheres with 9H™ x R
by Ht(u) — (u™, B, (0,7(u))), one defines the measure dji(H) = dv,(£)e®*ds for
H = (£,5). Then Roblin’s theorem [31, Thm. 6.6] says that if [mBMS| < co, then
i is the unique Radon I-invariant measure on A;(I') x R C Q. This important
classification result is not used in this article, but it suggests that the asymptotic
distribution of expanding horospheres should be described by mPR.

3.3. Patterson-Sullivan and Lebesgue measures on E, H} and FE. Let S
and F be as in the subsection 2.3. The following measures are special cases of the
measures defined in the subsection 2.6.

Fix o € H". Define the Borel measure /flj:fb on E such that

(3.4) dpieP (v) = D0t 0D g (o),

Since {m;} is a G-invariant conformal density on JH", the measure p=*" is G-

Leb Leb

invariant; 1 L n particular, it i = invariant measure on
ariant; that is, P In particular, it is a G invariant measure o

: = Ho(ey

E.
Define the Borel measure ‘[LPES on E such that

(3.5) du%s(v) = Bt (0T gy (v).

We note that ,u%s is a I'-invariant measure.

As described in the section 2.6, we denote by puk® and pES the measures on

E = p(F) induced by ,ulée‘o and u%s respectively. Each of them is a pushforward of
the corresponding locally finite measure on I E\E
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Leb _{ ch

As in section 2.6.1, we have families of measures ™5 = {u> } and p 1y

on the unstable horospherical foliation satisfying
HES iy (G (F)) = B8 (F) and  phyq (07 (F)) = D7 pkeb ()
for any Borel subset F of p(H™).

3.4. Transverse measures for mPM3, For cach measurable T' contained in a
weak stable leaf of the geodesic flow on T'(H"), called a transversal, define a
measure Ap on 1" by

(3.6) dAr(t) = 7% du,(t™)ds
where s = 8;-(o,7(t)). If B = TP is any box and p € P, then (tp)- = ¢t~ and
H;; = H;", and hence Btp)- (0, 7(tp)) = B (o, m(t)). Hence

d)\Tp(tp) = d)\T(f);

that is, Ar is holonomy invariant, Where the holonomy is given by t — tp.
Now for any ¥ € C(B), by (3. 2) , we have

(3.7) [ pames— [ / (tp) diS. (tp)dAr (1),
(3.8) / f dmPR = / / (t9) dys? (tp)de (1),

3.4.1. Backward admissible box.

Lemma 3.1. For any u € T*(H") and € > 0, there exists a box B = TP about u
such that

(1) [Mr| > 0; or equivalently v,({t~ :t € T}) >0, and

(2) limsup,_,.. d(G"(tp),G" (¢'p)) <€, for all t,t' € T and p € P.

Such a box B as above will be called a backward admissible box with asymptoti-
cally e-thin transversals.

Proof. As in the proof of Lemma 2.17, there exists a relatively compact open
neighborhood P~ of w in H, such that v,({t~ : t € P~}) > 0, and p is in-
jective on a neighborhood of the closure of P~. Let rg = —log(e/4diam(P™)).
Then diam(G™(P~)) = €¢/4 and p is injective on a neighborhood of the closure
of G"(P~). Let T1 be an open relatively compact neighborhood of G™ (P _) in
Viz~!(uT) and P; be an open relatively compact neighborhood of G™ () in ngo(u)
such that 77 P; is a box about G™ (u) contained in a ball of radius €/2 about u. Let
T =G " (T1) and P =G " (P;). Then B = TP has the required properties. The
property (1) holds because

{tT:teT}={":teTi}D{t7:teG®(P)}={t":te P }.

For the property (2), let t; = G™(t) and t{ = G"™(¢') in T} and p; = G"™(p) € P;.
Since (t1p1)T = (#yp1)T, for any r > ro,

d(G"(tp),G"(t'p)) = d(G" " (t1p1), G (t1p1)) < d(taipr, thipr) <
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3.5. Mixing of geodesic flow. We assume that |[mPMS| < co for the rest of this
section. This implies that I is of divergent type, that is, Zwel‘ e~ 94(070) = 0 and
that the I'-invariant conformal density of dimension ¢ is unique up to homothety
(see [31, Coro.1.8]).

Hence, up to homothety, v, is the weak-limit as s — JT of the family of measures

1 d
Vg,o(s) := —os E e~ sd@rolg
Z’YGF e d(o,v0) e

where 4., denotes the unit mass at yo for some o € H".

The most crucial ergodic theoretic result involved in this work is the mixing of
geodesic flow which was obtained by Rudolph [32] for a geometrically finite I', and
by Roblin[31], as well as Babillot [1], in a much greater generality:

Theorem 3.2 (Rudolph, Roblin, Babillot). For any ¥; € L*>(T*(X),mBPM3) and
Uy € L (TH(X), mPM3),

lim / U (G (2))Ws(z) dmBMS(z) = BlMs mBMS (W) . mBMS (1),
TH(X) Im |

T—00

From this theorem, we derive the following result, which generalizes the corre-
sponding result for PS-measures on unstable horospheres due to Roblin [31, Corol-
lary 3.2].

Theorem 3.3. For any ¥ € C.(T' (X)) and f € L'(E, ub?),

(39) im [ WG (@) (@) duE () = LE ) s g

r=00 focp |mBMS]|

We will deduce the above statement from its following version.

Proposition 3.4. Let ¥ € LY(TY(X),mPMS) and f € L'(E, ut®), both nonnega-
tive, bounded and vanish outside compact sets. Then for any € > 0,

PS

1) mew [ WG @) e < LU )
PS

(3.11) lim inf / _, VG @)@) dpi(z) > ﬁjgﬁﬁ -mPMS (e ),

where, for any u € T*(H"),

(3.12)

UF(p(u) = sup{¥(p(v)): d(v,u) <e ve Vie ' (uh)},

U (p(u) =inf{¥(p(v)):d(v,u) <e, ve Viz *(ut)}.

Proof. By Lemma 3.1, there exists a finite open cover B of supp(f) ¢ E € T(X)
consisting of backward admissible boxes B with asymptotically e-thin transversals;
we identify B C T'(H") with p(B). By considering a partition of unity subordinate
to this cover, f = Y p.5 0B, where ¢p € L*(E,u%?) is a non-negative function
whose support is contained in p(B). Therefore it is enough to prove (3.10) and
(3.11) for ¢p in place of f for each B € B.
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Fix any B € B. For each [y] € /T, let ¢, (w) = ¢p(w) for all w € yE. By
(2.14),

pg (@s) = Y ubE(4,), and

[v]ET/T 5
"(x x PS(z) = "(w w) duFS (w).
@ @) e x [ YT w6 ) i )

Therefore to prove (3.10) and (3.11) for ¢ in place of f, it is enough to prove the
following: for any v € I' and ¢ := ¢, € L'(vF, MS%) vanishing outside YE N B, we

have
13(9)

(3.13) hin—?ip/we»yémg U(G"(w))o(w) dusg(w) < ‘%ng|mBMS(\I’j);
1E2.(9)

CIUE ) oy VG @O A w0) > Dm0,

Now we express B = TP. If yEN B = (), then both sides of (3.13) are zero
and hence the claim is true. Otherwise, there exists (¢1,p1) € T X P such that
v:=t1p; € vE. We recall that as in §2.3.1, &, : H ~ (v-Viz~1(9S)) — vE~ {-v}
and q, : YE~{—v} — H} ~ (v-Viz~1(dS)) are differentiable inverses of each other.

Letting

Py ={pe P:&(tp) € Tp},
we claim that
(3.15) YENB = {&(tip) : p€ P1}.
To see this, if tp € vE for some (t,p) € T x P, then
¢ (tp) = HI nViz Y ((tp)*) = HN Viz" ! (pt) = t1p.

Hence &, (t1p) = tp, and so p € P;. The opposite inclusion is obvious.
We define a map p: TP — vE as follows:

p(tp) = & (t1p), for all (t,p) € T x P.

For any t € T, for the restricted map p : tP — vE, by (2.12) and (2.15), since
(tp)™ = pT™ = p(tp) ™, we have

(3.16) dus%(p(tp)) /dﬂfﬁ (tp) = ePot (T(tP)m(p(tP))

In view of this, we define ® € L*(T'(X), u®MS) as follows: ®(z) =0if z € X \ B
and

(3.17) B(tp) = ¢(p(tp))elot FEPTPEP)) i 0 — ¢p € B.
We note that
(3.18) O(tp) #0= p(tp) e B=pe€ P.

And for t € T and p € Py, we have {p(tp),tp} C Tp. Since G"(B) has e-thin
transversals as r — oo (see Lemma 3.1(2)):

(3.19) limsup d(G" (p(tp)), G" (tp)) < e for all p € P;.

T—00
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By Theorem 3.2,

(3.20) |mBlMS| mBMS (W) . BV (9)
(3.21) = lim [ U} (G"(x))®(x) dm®M5(x)
r—oo Jp
sz = [ / W )(en) (1)) et
a2 =i [ ([ e et o)) dxee)
teT pGPl
(3.24) > el limswp [ W@ w)olw) i (w)
r—00 wevyENB

where (3.22) follows from (3.7) and (3.18), (3.23) follows from (3.15), (3.16) and
(3.17), and to justify (3.24) we put w = p(tp) and use (3.12) and (3.19).
By putting ¥(z) =1 = ¥l (z) in (3.21)—(3.24) with equality in (3.24), we get

(3.25) mBMS (@) = |Ap| ~u5%(¢) < 0.

Now (3.13) is deduced by comparing (3.20), (3.24) and (3.25), and noting that
|Ar| # 0 by the backward admissibility of B. Similarly we can deduce (3.14). O

Proof of Theorem 3.3. Since both the sides of (3.9) are linear in ¥, it is enough to
prove it for ¥ > 0. Since V¥ is uniformly continuous and |mBMS| < oo,

lim mBMS(UF —w7) = 0.
Therefore by Proposition 3.4, we have that (3.9) holds for all nonnegative bounded
measurable f with compact support on E. Since the set of such f’s is dense in
LY(E, u%®) and both sides of (3.9) are linear and continuous in f € L'(E, ub9),
and (3.9) holds for all f € LY(E, ut?). O

The following result is one of the basic tools developed in this article.

Theorem 3.5 (Transversal equidistribution). Let f € LY(E,ut®) be such that
pES(fr —f7) = 0ase— 0. Let v € C.(T) for a transversal T of a box B (§2.4).

€

Then

PS
3200 Gw et 3 #0060 167 0) = D ),
teTNG"(E)
where
+ _ p— _ .
f&(z) = {yEE:SdlElﬁx)«}f(y) and fo (z) = {yeE:(li?;x)«}f(y),

the transverse measure A\t is defined by (3.6) and T4 is defined by (2.27).

Proof. Since both sides of (3.26) are linear in f and in v, without loss of generality
we may assume that f > 0 and ¢ > 0. By Lemma 2.17, supp(¢)) can be covered
by finitely many admissible boxes. By a partition of unity argument, in view of
Remark 2.5, we may assume without loss of generality that T is a transversal of an
admissible box B.
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Let €p > 0 be such that p is injective on Be,, and that 1) vanishes outside T, _.
We extend v to a continuous function on T¢, by putting ¢ = 0 on T, \T'. Since
B is admissible, due to Lemma 2.15, if we define

W(tp) = (1)) iy (tP), for all (t,p) € Teys x P,

then W is a bounded continuous function on B, vanishing outside B,,_. If ¥F €
C(Bey) are defined as in (3.12) for 0 < € < €, then

(3.27) lim [ @] — W 7| = 0.
By Proposition 3.4,
X PS + mBMS +
18 limsup, o [ U2 (G (0))fF (v) dpbS (v) < HEUm (00
(3.28) .. _ _ PS B (fT)mPMS (B )
liminf, o [ U7 (67 ()7 (o) dpif(v) > MEU o),

Since mBMS(B,, 1) < oo, by (3.27), we have that mBMS(UF — W) — 0ase — 0.
By our assumption, u25(|f+ — f|) — 0 as € — 0. Therefore by Proposition 2.18
and (3.28),

PS( £, BMS
lim " Z #(fr,t) ) - f(GTT() = a2 (‘|]2LBMS| W)

T—00
teTNG™ (E)

And
mBMS (§) = /

T

dpr(t) ( /t ., \I’(tp)du%) = Ar(¥).
O

Now we state and prove the main equidistribution result of this article which is
more general than Theorem 1.8.

Theorem 3.6. Let f € LY(E, ut®) such that pt3(fF — f7) — 0 as e — 0. Let
U € C.(TY(X)). Then

1i (n—1—8)r UG dyleb _ M%S(f) BR

1 e 5 (g (u))f(u) HE (u) - |mBMS‘m ( )
ue

T—00

In particular, the result applies to f = xr for a Borel measurable F C E such
that pB5(F.,) < oo for some €1 > 0 and pEP(OF) = 0.

Proof. By Lemma 2.17, the boxes admissible with respect to {,uTP_g} form a basis
of open sets in T*(X ). By a partition of unity argument, without loss of generality
we may assume that supp(¥) C B for an admissible box B = T'P. Let ¢y > 0 be
such that ¥ = 0 outside B, . For 0 < € < ¢, let ¥F be defined as in (2.18). Then

(3.29) lim [0 — U7 o =0.

For t € T,,, and € > 0, define Y= (t) = [,, VF dul?. By Lemma 2.15, yF €

My
C.(T) for any 0 < € < €p/2.
For the conformal density, {y,} = {ms}, we have 6, = n—1, and by multiplying
all the terms in the conclusion of Corollary 2.14 by e 9", for 7 > r. (see (2.17)), we
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get
(e D=0 N (D) - (1) - [ (G ()
teTNGT(E)
<em 10 [ w(g ) ) du®(a)
E
(YN (D) (@) - SHGTT().
teTNGT(E)
Define ¥ (t) = [, ¥(tp) duiff for all t € T. Then Ap(v)) = mPR(¥) and

Ar(vF) = mPR(WE). Since mPM3 (B, ;) < oo, by (3.29),
A1) = Ap(¥7) =mPRUF —T) -0, as e — 0.
And since pbS(f+ — f-) — 0, by Theorem 3.5

€

PS pY
Jim en=1=or /E U(G" () f(u) dug™(u) = /W'

Since A (1)) = mBR (W), we prove the claim.
In the particular case of f = xr, we have

inf f:r:XF and  sup fo = Xing(r), and
€>0 >0

if UES(£5) = pES(FL,) < oo, then Tim, o uES(fF — f7) = ubS(9F). O

€

The idea of the above proof was influenced by the work of Schapira [34].
Our proof also yields the following variation of Theorem 3.6.

Theorem 3.7. Let ' C E be a Borel subset such that ,u%s (1:"5) < oo for some e >0

and ,u%s(aﬁ') = 0. Then for any 1 € Co(T"(I'\H")),

tim_ 0 [ 0(G10) dil o) = T - (w)
F

t——+oo
3.6. Integrability of the base eigenfunction ¢g.

Proof of theorem 1.17. We want to prove equivalence of the following;:
(1) (bo S Ll(F\H", dVOlRiem);
(2) [mPR| < oo
(3) T is a lattice in G.

The pushforward of mP® from I'\ T*(H') to I'\H" is the measure corresponding
to ¢o d Volgiem (see [17, Lemma 6.7]). Therefore (1) and (2) are equivalent.

To prove that (2) implies (3), suppose that [mBR| < co. Since the left G-action
on TY(H") is transitive, we may identify T'(T'\H") with T\G/M for a compact
subgroup M. We lift the measure mB® to a measure m on T'\G as follows: for
any f € C.(I'\G), we define m(f) = mPR(f), where f(TgM) = Jyens f(Tgz) da,
where dx is the probability Haar measure on M. Denote by U the horospherical
subgroup of G whose orbits in G projects to the unstable horospheres in TI(H").
Then M normalizes U and any unimodular proper closed subgroup of G containing
U is contained in the subgroup MU. As m is invariant under G+ for any unstable
horosphere H™, it follows that m is a U-invariant finite measure on I'\G. By
Ratner’s theorem [30], any ergodic component, say, A, of m is a homogeneous
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measure in the sense that A is a H-invariant finite measure supported on a closed
orbit 2o H for some zy € I'\G and a unimodular closed subgroup H of G containing
U.If H# G, then HC MU and I'N H is co-compact in H. It follows by a theorem
of Bieberbach ([4, Theorem 2.25]) that I' N U is co-compact in U. Hence H = U.
Thus we can write m = m1 + ms, where my is G-invariant and msy is supported on
a union of compact U-orbits.

If m; = 0, then m = my, and hence the projection of the support of mP® in
T'(H™) is a union of compact unstable horospheres. It follows that the Patterson-
Sullivan density is concentrated on the set of parabolic fixed points of I', which is
a contradiction.

If my # 0, then my is a finite G-invariant measure on I'\G; that is, I" is a lattice
in G. Hence (2) implies (3).

If T is a lattice, then {v,} = {m,} up to a constant multiple. Hence mP® is the
projection of a finite G-invariant measure of I'\G to T'(I'\H"). Hence (3) implies
(2). O

4. GEOMETRIC FINITENESS OF CLOSED TOTALLY GEODESIC IMMERSIONS

4.1. Parabolic fixed points and minimal subspaces. Let I" be a torsion free
discrete subgroup of G.

Definition 4.1. An element g € G is called parabolic if Fix(g) := {£ € OH" : g€ =
&} is a singleton set. An element £ € OH" is called a parabolic fixed point of T' if
there exists a parabolic element v € T" such that Fix(y) = {£}. Note that if £ is a
parabolic fixed point for I, then £ € A(T"). Let A,(I") denote the set of parabolic
fixed points of T'.

Let £ € Ap(I'). In order to analyze the action of I's on OH™ N\ {{}, it is convenient
to use the upper half space model R} = {(z,y) : x € R*~ 1y > 0} for H", where &
corresponds to oo and OH"™ . {¢} corresponds to IR = {(z,0) : z € R""'}. The
subgroup I's, acts properly discontinuously via affine isometries on OH" \ {co} =
R™1: at this stage we will treat R®~! only as an affine space, and we will choose its
origin 0 later. Moreover the action of I'y, preserves every horosphere R"~! x {y},
where y > 0, based at oo.

By a theorem of Bieberbach ([4, 2.2.5]), I's, contains a normal abelian subgroup
of finite index, say I'._. By [4, 2.1.5], any (nonempty) I'_-invariant affine subspace
of R"~! contains a (nonempty) minimal I',_-invariant affine subspace, we call such
an affine subspace a I',_-minimal subspace. By [4, 2.2.6], T’ acts cocompactly
via translations on any I',_-minimal subspace. Moreover, any two I',_-minimal
subspaces are parallel, and if v; and vy belong to any two I',_-minimal subspaces,
then yuv; — yvg = v1 — vy for all 4 € T7_. Let rank(I's) denote the rank of the
(torsion free) Z-module I'._; it is independent of the choice of I, and it equals
the dimension of a I',_-minimal subspace.

Definition 4.2. A parabolic fixed point £ € A,(T") is said to be bounded if
L\ (AT) N {¢}) is compact. Denote by Ap,(I") the set of all bounded parabolic
fixed points for I'. Therefore oo € App(I') if and only if co € A(T') and

(4.1) A(D) ~ {oo} C {zx e R" ! i dpye(z, L) < 1o},

for some rg > 0, where L is a I, -minimal subspace.
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4.2. On geometric finiteness of I'z. For the rest of this section, let S be a
proper connected totally geodesic subspace of H” such that the natural projection
map FS\S — X = I'\H" is proper, or equivalently, the map I's\Gg — T'\G
is proper, or equivalently I'Gg is closed in G. Since S is totally geodesic, the
geometric boundary 95 is the intersection of OH™ with the closure of S in H”.

Proposition 4.3. Let co € A,(T) NS. Let L be a T -minimal subspace of
OH™ \ {oo} 2 R"™! and choose the origin 0 € L. Then the intersection of L with
the (parallel) translate of the affine subspace S ~ {00} through 0 is a (I, N Gg)-
minimal subspace.

Proof. Let I" = T, A = I" N Gg, and the affine subspace F = 95 \ {oc}.
Since AF = F, let v belong to a A-minimal subspace of F'. Since v and 0 belong
to two A-minimal subspaces, yv — 0 = v — 0 = v. Since yv € F, we have
70 =~v—v € F —v. Since 0 € F — v, we have 70 € v(F —v) N (F — v). Now
v(F —v) and vF = F are parallel. Therefore F' — v and v(F — v) are parallel, and
since they intersect, y(F —v) = F'—v. Thus A(F —v) = F —v. Therefore A-action
preserves Lo := L N (F —v). We want to prove that I'' N G g acts cocompactly on
Lg.

Since oo € A,(T'), by [4, Lemma 3.2.1] I's, consists of parabolic elements of
Goo; that is T'oy € M N, where N is the maximal unipotent subgroup of G which
acts transitively on R"™1 = 9H" \ {oo} via translations and M is a compact
subgroup of G normalizing N and acts on R"~! by Euclidean isometries fixing 0.
Let U = {g € N : gL = L}. Then U acts transitively on L by translations. Since
0 € L and T” acts cocompactly on L via translations, the connected component of
the Zariski closure of I in G is a connected abelian subgroup of the form MU,
where M C M and M, acts trivially on L.

Since T"\L is a compact Euclidean torus, the closure of the image of Ly in
I"\L equals the image of an affine subspace, say L, of L. Thus I'Ly = IL;.
For ¢ = 0,1, let U; = {u € U : uL; = L;}. Then U; acts transitively on L;, and
I"M Uy = I"MpU,. Therefore the identity component of I'U is of the form M, Uq,
where My C My, and (TN M,U;)\M,U; is compact. In particular, IV N M U; acts
cocompactly on L.

By our assumption I'G is a closed subset of G. Therefore I'Uy C I'Gg. Since G
is the identity component in I'G g, we have M,U; C G 5. It follows that U; preserves
Ly. Since Uy acts transitively on Ly, Ly C Lg; hence Ly = Lg. In particular,
I N MUy acts cocompactly on Lg. Therefore A = IV N G5 acts cocompactly on
L. O

Proposition 4.4. Let co € App(I) NIS and Tg :=T N Gg. Then

00 € App(I'g)  if Do NTg is infinite;

oo ¢ A(T'g) if T'oo NTg is finite, hence trivial.
Proof. Let the notation be as in Proposition 4.3. Since co € Ap,(I'), by (4.1),
A(T) \ {oo} is contained in a bounded neighborhood of L, and hence in a bounded
neighborhood of L + v. Therefore (A(T) ~ {oo}) N AS is contained in a bounded
neighborhood of L + v intersected with F = 95 ~ {00}, and hence in a bounded
neighborhood of Ly = L N (F — v) as well. By Proposition 4.3, Lo is a (' N I")-
minimal subspace. Now if I'oc N T'g is infinite, or equivalently co € A,(I'g), then
o0 € Abp (Fg)
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Suppose that I'noNI'g is finite. Then Ly is a singleton set. Therefore A(I'g)~\{oo}
is contained in a bounded subset of S~ {oo}. Then co € 95 is isolated from A(I'g).
Since the limit set of a non-elementary hyperbolic group is perfect, it follows that
I’z is elementary, and hence I'g is either parabolic or loxodromic. Now suppose
that oo € A(I'g). In the parabolic case A(I'g) = {oo} = A,(I'g), contradicting the
assumption that I'osc NT's = {e}. In the loxodromic case, oo € A.(I's) C A.(T),
contradicting the assumption that co € A, (T). O

Lemma 4.5. We have

A(T)N3S = A, (Dg).

Proof. Let € € A,(T')NAS. As S is totally geodesic, there exists a geodesic ray,
say, (3, lying in .S pointing toward £. Since £ is a radial limit point, I'8 accumulates
on a compact subset of H". By the assumption that the natural projection map
I's\S — X is proper, I'38 accumulates on a compact subset of S. This implies
£ € A(I'g). The other direction for the inclusion is clear. O

In [4], Bowditch proved the equivalence of several definitions of geometrically
finite hyperbolic groups. In particular, we have:

Theorem 4.6 ([2], [4], [21]). T is geometrically finite if and only if A(T') = A,(T)U
App(T).

Hence, for geometrically finite I', we have Ap(I') = App(T).

Theorem 4.7. IfI' is geometrically finite, then I'g is geometrically finite.

Proof. Since A(T') = A, (T)UA,,(T), it follows from Proposition 4.4 and Lemma 4.5
that A(T's) = App(I'g) UAL(T'g), proving the claim by Theorem 4.6. d

4.3. Compactness of supp(u%s) for Horospherical E.

Theorem 4.8 (Dal’bo [7]). Let T be geometrically finite. For a horosphere H in
T'(H") based at € € OH", E := p(H) is closed in T*(X) if and only if either
EEAT) or& e Ay(T).

Theorem 4.9. Let I' be geometrically finite. If E := p(H) is a closed horosphere
in T'(X), then supp(u%®) is compact.

Proof. Let € € OH"™ be the base point for H. The restriction of the visual map
Vis : v — vT induces a homeomorphism ¢ : H — OH" \ {{}. As E is closed, by
Theorem 4.8, either £ ¢ A(T") or £ is a bounded parabolic fixed point. If £ ¢ A(T),
then A(T) is a compact subset of JH™ \ {¢}. Since supp(ut®) = p(y~1(A(T))), it
follows that supp(u%®) is compact.

Suppose now that £ is a bounded parabolic fixed point. By Definition 4.2,
C\(AT) \ {¢&}) is compact. Since T'¢ is discrete, it preserves the horosphere H
based at §, and I'y = I'yy. Therefore v induces a homeomorphism between I'y\'H
and Ty \(OH" . {€}). Tt follows that T3 \¢p~1(A(T) \ {£}) is compact and is equal

to supp(uhd). O
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5. ON THE CUSPIDAL NEIGHBORHOODS OF Ap,(T') NJS

5.1. Throughout this section, let I" be a torsion-free discrete subgroup of G and Sa
connected complete totally geodesic subspace of H™ such that the natural projection
I's\S — I'\H" is a proper map. )

The Dirichlet domain for I'g attached to some a € S is defined by

(5.1) D(a,T'g) == {s € S :d(s,a) < d(s,va) for all v € T'g}.
Proposition 5.1. A(I') N9D(a,T'g) = 0.
Proof. Let £ € A.(I') N 0D(a,T'g). As

D(a,Tg) = D(a,Tg) U (0D(a,Tg) NOH")

is convex in H", there exists a geodesic {{;} C D(a,I'g) such that { = a and
oo =& As & € A (T'g) by Lemma 4.5, there exist sequences t; — oo and ~; €
I's such that d(v;&,,a) is uniformly bounded for all i. Since d(&;,,a) — oo, it
follows that for all large 4, d(&;,,7; 'a) < d(&,,a), yielding that &, ¢ D(a,Tg), a
contradiction. O

Let E C T*(H") denote the set of all normal vectors to S. Given U C dH", we
define

(5.2) v ={ve E:n(v) € D(a,Tg), v € UNAT)}.

Remark 5.2. If £ € A.(T) N 98, then there exists a neighborhood U of & in OH"
such that &y = 0; to see this, note that if there exists a sequence {v;} C E such
that v;” — &, then m(v;) — &, and hence by Proposition 5.1 7(v;) & D(a,T'g) for all
large <.

In view of Theorem 4.6 and Remark 5.2, the main goal of this section is to
describe the structure of &y for a neighborhood U of a point in Ay, (T') NS and
to compute the measure ,u%s (Ev).

In this section, we will use the upper half space model H* = R*~! x Ry, and
first we assume that

00 € AS N AL(T).

Here Rf‘l is to be treated as an affine space till we make a choice of the origin.
Hence S is a vertical plane over the affine subspace 95 \ {oc} of R"~!. For any
affine subspace F' of R"™!, let P : R"™! — F denote the orthogonal projection.
Let

(5.3) b:R" ! xRyg—R"Pand h:R" ! xRyg— Ryg

denote the natural projections.

Let TV = T/, be a normal abelian subgroup of I',, with finite index, as in
section 4.1 and fix a I'-minimal subspace L of R"~!. Noting that b(a) € S~ {c0},
we choose 0 := Pp(b(a)), the origin of R"~!. This choice of 0 makes L a linear
subspace. Set W := {v — b(a) : v € &S \ {oc}}, a linear subspace of R"~!, and
A :=TgNTI". By Proposition 4.3, Ly := LN W is a A-minimal (linear) subspace.

Let V be the largest affine subspace of R*~! such that A acts by translations
on V. Then 0 € L C V and V is the union of all (parallel) A-minimal subspaces of
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R"™~!. There exist group homomorphisms 7 : A — Ly C R® tand 0 : A — O(n—1)
such that for any v € A,
(5.4) v(z) = 0(v)(z) + 7(7), for all z € R"™1.

We note that V = {z € R""! : §(A)x = x}, and V* is the sum of all nontrivial
(two-dimensional) 6(A)-irreducible subspaces of R"~1.

Lemma 5.3. (1) W=WnV)+WnVv);
(2) Wt=W+nV)+Wtnvd).

Proof. Put F' = S ~ {0co0}. Then AF = F, and there exists a A-minimal affine
subspace Lg C F. Choose 0' € Lg C FNV. Since W is a parallel translate of F
through 0, we have W = F — (0. As in the proof of Proposition 4.3, A(W) = W.
Since 0 € W, we have (A)(W) = W, and hence §(A)(W+) = WL, Thus WNV is
the set of fixed points of §(A) in W, and its orthocomplement in W is the sum of
all nontrivial §(A)-irreducible subspaces of W which is same as W N VL. Therefore
(1) follows. And (2) is proved similarly. O

For any v € E, 7(v) € S. By abuse of notation, we write b(v) := b(x(v)) €
0S5 \ {oo} and h(v) := h(rw(v)) € Rsg. We denote by o(v) € W+ the unique
element in W+ of norm one satisfying

(5.5) vt = Viz(v) = b(v) + h(v)o(v).
Bounded parabolic assumption. For the rest of this section we will further assume
that co € 9(S)NApp(T). Hence there exists Ry > 0 such that for allz € A(T)NR™ !,
(5.6) [P+ ()| < Ro,
where ||-|| denotes the Euclidean norm.
Lemma 5.4. For any v € E with vt € A(T),

[Py (b(v))]| < Ro.

Proof. Let 0' € V be as in the proof of Lemma 5.3. Since b(v)—0" € W and 0’ € V,
we have Py,1(0') = 0 and by Lemma 5.3,

Py i (b(v)) = Pyi(b(v) —0) € W and Py1(o(v)) € W,

Therefore by (5.5), ||[Py 1 (b(v))|| < ||Pyo(v?)|. Since L C V, we have V+ C Lt,
and hence by (5.6), || Py (v)| < [|[Pre(vh)] < Ro. O

Proposition 5.5. There exists Ry > 0 such that for all v € Egyn,
1P, (v D) < Ry
Proof. Let v € Egmn. Then for all vy € A C I,
(5.7)  duyp(w(v),a) < dnyp(y7(v), )
= deuar(b(v),b(a)) < dever (v b(v), b(a)).
Now b(v) —b(a) € W, Lo C W NV, and Pr,(b(a)) =0. As
W=VnW)+Lo+(WnVnLy),
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which is a sum of §(A)-invariant orthogonal subspaces of W, we get
vb(v) = b(a) = [0(7) Py~ (b(v)) — Py (b(a))] +
[PL,(b(v)) + ()] + Pyawnrg (b(v) — b(a)).
Comparing this with (5.7), for any v € A we get
(5.8)  [[Pro(b(0))[* < [6(7) Py s (b(v)) — Py (b(a))|*+
[PLo (b(v)) +7(7)]1*.

Since 7(A) is a lattice in Lo, the radius of the smallest ball containing a fundamental
domain of 7(A) in Lg is finite, which we denote by Rz. Then by (5.4) and (5.8),
we conclude that

1L, ()P = (1P, (b(0)|* < (Ro + [[b(a)]])* + R3.
By setting Ry = ((Ro + ||b(a)|)? + R%)'/2, we finish the proof. O
5.2. Co-rank at co and the structure of £;. Set
Too 1= rank(I's) — rank(I'sc N Tg).
More precisely, 7o, = rank(I"”) — rank(A) = dim(L) — dim(Ly).

Proposition 5.6. Ifr., = 0, then there exists a neighborhood U of oo in JH™ such
that Ey = 0, where Ey is defined in (5.2).

Proof. As 1o, =0, we have L = Lg. Therefore, for all x € A(T) NR*~ 1,
[1Prs ()| < Ro.
Hence for any v € Egpgn, by Proposition 5.5,
[0 1* = [|Pro ()P + [[Pre (vF)* < RE + RS,
Let U= {x e R" ' ||z||*> > R + R?} U{oco}. Then & = 0. O
In the rest of this section, we now consider the case when

=T > 1.

Notation 5.7. For any s = (s1,...,s,) € R" and an ordered r-tuple (wy,...,w,)
of vectors in R" !, we set s-w := sjwy +- - - +s,w, € R* 1 R'w := {s-w:scR"}
and |s| = max(|s1],...,|sr]). For k € Z" and an ordered r-tuple v = (7y1,...,%)

of elements of G, we write v* = 'yfl ke G

Fix an ordered r-tuple v = (y1,...,7) of elements of I = I',_ such that the
subgroup generated by vYUA is of finite index in I, For each ~;, there exists w; € L
and o; € O(n — 1) such that for all z € R*~1,

vi(z) = 04(x) + w;.

Moreover o; and the translation by w; commutes, and hence for any k € Z, v¥(z) =
o (z) + kw;.

Setting w = (wy,...,w,) and o = (01, -+ ,0,), we have that for any x = y+2 €
R"! withy € L+ and z € L and k = (ky,--- , k) €Z",
(5.9) Yo (z) =o*(y) + 2+ k- w.

Let Ry and Ry be as in (5.6) and in Proposition 5.5 respectively. Set
By:={zc L :|z| <Ry} and B;:={xcLy:|z| <R}
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Let My := LN Lg. Then Z" - Py, (w) is a lattice in My = R" Py, (w), which
admits a relatively compact fundamental domain, say F}. Let F5 be a relatively
compact fundamental domain for the lattice 7(A) in Ly. We define the following
relatively compact subset of R?~!:

(5.10) F:=Bo+ (B +F)+F CL"+ L+ (LNLy).

By (5.9),
YFF=F+k w.
For related variable quantities z > 0 and y > 0, the symbol > y means that
there exists a constant C' > 0 such that for all related = and y, x > Cy, and the
symbol x < y means that z > y and y > x.

Proposition 5.8. There exists cg > 1 such that for all sufficiently large N > 1,
(5.11) Viz(Eu,, ) C Uk n AYF(F)
where Uy y = {z € R"71 1 ||z]| > ¢oN}.

Proof. Since R"~! = Lt + Ly + M; for My = Lg N L, we have for any v € R*~!,

(5.12) vt =Ppi(vh) + Pr,(v) + Pay, (vF).
Let v € Espn. By (5.6) and Proposition 5.5,
(5.13) Ppi(v") € By and Pr,(v') € By.

In order to control Py, (vT), let k = k(vT) € Z" be such that Py, (vt) €
k- Py, (w) + Fy, where k is uniquely determined. Let A\ € A be such that

PLO(k . 'w) S T(/\k) + F5.

Since k - Py, (w) — k- w = P, (k- w),

PMl(’UJr) S (k:PMl('w) 7’€~1U)+(F1+k5~’w) ET()\k)+F2+(F1+k"w).

Therefore by (5.12), for k = k(v"), we have
(5.14) vP EF4k-w+7(\) = MeYR(F).

Since Py, : R"w — M is a linear isomorphism, there exists N; > 1 such that
for all k € Z" with |k| > Ny,

(5.15) [1Par, (R - w)| = |K].

By (5.12) and (5.13), || Par, (vF) —v™T|| < Ro+ Ry and Py, (vF) — Py, (k-w) € Fy
for K = k(v"). It follows that there exists a constant B > 0 such that for all
v € ga]Hl"a

1Pas, (k- w)l| = B < [lo™|| < || Py, (k- w)l| + B
where k = k(v"). Hence by (5.15), there exists N > 1 such that for all v € Egpn
with |k(vt)] > No,
[o ™ = [k(™)].

In view of (5.14), this finishes the proof. O
Lemma 5.9. There exists No > 1 such that for all k € Z" with |k| > Ny, the
following hold:

(1) For & € v*(F), Il = |-

(2) Forv € E with vt € v¥(F), h(v) < |k|.
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Proof. If ¢ € v*F, then ||¢ — k- w| < diameya(F). Hence ||€]| < ||k - w|| =< |k,
proving (1).

For v € E such that v+ € v*(F), by (5.5),

h(v) < || Py (v)] < Pyo (k- w).

Since WNL = Ly and L = Ly @ R"w, the map Py. : R"w — W+ is injective.

Therefore
[P+ (k- w)| < [[k - wl| < |k,

from which (2) follows. O

Let 0o = (0,1) € R""! x Ryg. For T > 1, put
(5.16) Br ={ve E: fu(o,m(v)) >logT},

that is, Br is the intersection with E of a horoball based at occ. We note that for
v € E, Boo(0,m(v)) = log h(v). Hence in the vertical plane model of S, By consists

of vectors v € E whose base points have the Euclidean height at least 7.

Proposition 5.10. Let Fy := By + F> + Fy. Then v,(Fo) > 0, and for all suffi-
ciently large T, there exists N < T such that

(5.17) Viz(Br) D Ujgj> nY* (Fo).
Proof. Since AF; = Ly and ~%" Fy, = My,
A(Upezrv*(Fo)) = Bo + Lo + My = By + L D A(T') \ {oc}.

Therefore if v,(Fy) = 0, then by the conformality, it follows that v,(A(T) \ {oo}) =
0. Since I' does not fix oo, by the I'-invariance of {v,}, we get v,(A(T")) = 0, which
is a contradiction, proving the first claim.

If v € E and v € v¥(F), then by Lemma 5.9, h(v) < |k|. If h(v) > T, then
v € Br. Therefore (5.17) holds for suitable N < T O
5.3. Estimation of ,uPES(é'U). Let V71 : R"~1 <3S — FE be the inverse of the
restriction of the visual map Viz : E — 0H" < 9§ = R*~1 < 95.

Lemma 5.11. There exists Ny > 1 such that for all k € 7V with |k| > Ny,
/ P (VT gy, (€) < k|,
geyhF

Proof. We have || Py, . (k- w)|| =< |k|. Hence for sufficiently large |k|, we have that
~k¥F N85S = 0. Note that the Euclidean diameter of the horosphere based at &
and passing through o = (0,1) € R"™! x Ry is 1+ [|£]|?. And the diameter of the
horosphere based at & and passing through 7(V='(€)) is h(7(V~'(£))). Therefore
the signed hyperbolic distance of the segment cut by these two horospheres on the
vertical geodesic ending in £ is

Be (0, m(V71(€))) = log(L + [|€[|*) — log(h(x (V' (€))))-
Hence by Lemma 5.9,

(5.18) (SBelom(VTH(E)) (h(l(;”i';)))é = |k|°.
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By conformality and I'-invariance of Patterson-Sullivan density {v,},

Vo(VoF) = (v *1o)(F) = vy o(F) = / (&) dvo(€)
3

vy,

er dvo
(5.19) :/f fe—éﬁﬁﬁ’kf’v")dyo(g).
[S

We note that the horosphere based at ¢ passing through v~ %0 = (=k - w, 1) €
R"™! x Ry has diameter 1+ ||€ + k - w||?. Therefore

Be(v~*0,0) = log(1 + [|€ + k- w]]*) — log(1 + [I€]1*),
and hence, since ||k - w|| < |k| for all large |k|, we have, for any £ € F,
e—éﬂ&(’)‘ko,o) — (1 + ||k W — £||2)76 - |k§|_26,
1+ [I€]?
Since v,(F) > 0 by Proposition 5.10, we deduce from (5.19) that
Vo(VEF) = k|2 vo(F) = [k~
Together with (5.18), this proves the claim. O
Letp: E — FE\E be the natural quotient map. We note that I'; = I's. From
§2.6, we recall that the measure uPES, which is I'z, invariant, naturally induces a
measure on I'z\E. The pushforward of this measure from I'z\E to E = p(E) is
PS
HE -
Recall the definition of ¢y > 0 and U, n from Proposition 5.8.

Proposition 5.12. (1) For all sufficiently large N > 1, we have

P (PEu,n)) < D |k
kezZm~{0}
(2) For all sufficiently large T > 1, we have
P (p(Br)) > > |k
kezZr~{0}

Proof. By Proposition 5.8 and by Lemma 5.11, for all large N > 1,
P (PEu,n)) < D g (VHE*(F)

[k[>N
- / D90 (VTHO) gy (£)
k| >N T EEVT
< Ik
k>N

proving (1).

Consider the natural quotient map
(5.20) Poo : (T NT)\E — T:\E.

Since 0o € App(I'), there exists Ty > 0 such that ps restricted to (I'z N oo )\Br
is proper and injective for all T' > Tj.

Now since F5 is a fundamental domain for A action on Lg and F; is a funda-
mental domain for the action of {~v* : k € Z"} on My, the quotient map £ — A\FE
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is injective on Up>n V7 H(*(Fo)). Since [[g NI @ A] < 00 and po is injective
on (I's NT')\Br, for all sufficiently large 7' > 1,

pg (p(Br)) = u?Z\E(poo(BT))§ see (2.13)
> Y sy K2 (VTH(*(F))); by Proposition 5.10
> Y snlk[% by Lemma (5.11).

This proves (2). O

6. PARABOLIC CO-RANK AND CRITERION FOR FINITENESS OF ub°

Let I' be non-elementary torsion free discrete subgroup of G. Let S ,~E and E
be as in section 5. In particular, S is totally geodesic and the map I'g\S — T'\H"
is proper.

Definition 6.1 (Parabolic corank). Define
pb-corank(I'g) = max _ (rank(I'¢) —rank(I'¢ NI'g)).
§EAL(T)NA(S)

When AL (T) N9(S) = 0, we set pb-corank(I'g) = 0.

Lemma 6.2 (Corank Lemma). pb-corank(I's) < codim(S).

Proof. Suppose 0o € A,(T') N dS. Let L be a I, -minimal subspace of dH" ~ oo
and let W be the intersection of a translate of S \ {co} through a point in L

Then by Proposition 4.3, rank(I",,) — rank(I's N I',)) = dim(L) — dim(W) <
(n—1) — dim(dS) =n — dim S. O

6.1. Finiteness criterion for geometrically finite I'. For the rest of this sec-
tion we further assume that I' is geometrically finite.

Theorem 6.3. pb-corank(I's) = 0 < supp(uk?®) is compact.

Proof. Suppose that supp(u%®) is not compact. Fix a Dirichlet domain D(a, T’ 3)
for the I'g action on S. Since the projection of I‘E\E into T'\ T'(H") is proper,
there exists an unbounded sequence v,, € E with 7(v,,) € D(a, I'g) and v;f; € A(T).
Since A(T) is compact, by passing to a subsequence, we assume that v, — £ for
some ¢ € A(T"). Thus for any neighborhood U of £ in OH"™, we have v,, € & for all
large m.

Consider the upper half space model H® = R*™! x Ry with ¢ identified with
oo as in §5. As v, — £ = oo, by (5.5) we have ||b(v,,)|| — oo or h(vy,) — oo
(see (5.3) for notation) and hence 7(v,,) — oo = & Therefore £ € 9(D(a,T'g)).
By Proposition 5.1, £ € A (T'). Since T' is geometrically finite, by Theorem 4.6,
£ € Ap(I')NOD(a,T'g). Now by Proposition 5.6, pb-corank(I's) # 0.

To prove the converse, suppose that there exists & € App(I') N dS such that
r = rank(I'¢) — rank(I'e NT'g) > 1. Without loss of generality, we may assume
¢& = oo. Fix Ty > 1. The map po as in (5.20) restricted to (I'z N T'so)\Br, is
proper (see (5.16) for notation). Therefore for any compact subset Q of I';\ E, we
have poo(Br) N Q = @ for all sufficiently large T > Ty. By Proposition 5.12(2),

P (Br) > > [k >0.
kezr~{0}
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Therefore supp(u5®) intersects p(Br) for all large T' > 1. Since the projection of
I';\E into T'\ T'(H") is proper, supp(u®) is noncompact. O

Theorem 6.4. pb-corank(I'z) < § < |uES| < cc.

Proof. Suppose that pb-corank(I's) > § > 0. Then there exists £ € App(I') N S
such that r := rank(I'¢) — rank(I'e N T'g) > max{d, 1}. Without loss of generality,
we may assume £ = oo. By the second part of the proof of Theorem 6.3, for all
sufficiently large T' > 1, since r > 9,

g = p (p(Br) > Y k|70 = oo
keZr~{0}

Now suppose that pb-corank(I'g) < 6. By the compactness of A(I')N9(D(a,I'g)),
where D(a,I's) is a fixed Dirichlet domain for I'g, to prove finiteness of ubs | it suf-
fices to show that for every £ € A(T)NI(D(a,T'g)), there exists a neighborhood U of
¢ in OH" such that ub°(p(Ey)) < oo with & defined as in (5.2). By Proposition 5.1
and Theorem 4.7, £ € App(I'). Let 7 := rank(I'¢) — rank(I'¢ N 'g). If 7 = 0 then by
Proposition 5.6, there exists a neighborhood U of ¢ such that & = 0. Therefore
we assume that 6 > r > 1. By Proposition 5.12(1), there exists a neighborhood U
of ¢ such that

P ) < Y |k < oo
keZr~{0}

6.2. Finiteness of |uk"| and [uF5|.

Theorem 6.5. Let S be any totally geodesic immersion in H™. Suppose that
dim(S) > (n +1)/2 and || < co. Then |ub?| < oo.

Proof. Since I'g is a lattice in Gg, A(I'g) = dS. Hence by Theorem 2.21, the
natural map p : I'g\S — I'\H" is proper.

Let k := dim(S) > [(n+ 1)/2] > 2. By a property of a lattice in rank one Lie
group Gg, rank('g NT¢) =k — 1 (cf. [29, §13.8]). Therefore by Lemma 6.2,

r:=pb-corank(I'g) <n—-k<n—-(n+1)/2<(n—-1)/2.

Let ¢ € O(S)NApp(T's) be such that rank(I'sNT¢) = 7. Then rank(T'¢) > (k—1)-+r.
By a result of Dalbo, Otal and Peign [8, Proposition 2],

0 >rank(T'¢)/2> ((k—1)+r)/2>(k—1+(n—k))/2=(n—-1)/2>r.
Hence by Theorem 6.4(2), |u5°| is finite. O
As an immediate corollary, we state:
Corollary 6.6. Let n = 2,3. Then |ukfP| < oo implies that |u2°| < oco.

To deduce that skp(wp) > 0, when wol is infinite in Theorem 1.2 we need the
following. Here I' need not be geometrically finite.

Proposition 6.7. If [ : T'g] = oo, then A(T) ¢ 9-(S), and [u53] > 0.
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Proof. Suppose on the contrary that A(T') C ds(S). Let L be a geodesic joining
two distinct points say &,& € A(T). Then L € S. For any v € T, we have vL
is the geodesic joining v¢; and &2, and hence vL C S. Now fix 29 € L. Then
I'zo C S. Since I‘g\g — T'\H" is a proper map, we get that I's\I" is finite, a
contradiction to our assumption. ([l

7. ORBITAL COUNTING FOR DISCRETE HYPERBOLIC GROUPS

As before, let G = SO(n,1)° for n > 2 and T' a torsion-free, non-elementary,
discrete subgroup of G.

7.1. Computation with mPR. Let K be a maximal compact subgroup of G. Let
0 € H" be such that K = G,. Then G/K = H". Let X, € TL(H") and M = Gy, .
Then G/M = TY(H"), where g[M] = gX,. Let A = {a, : r € R} C Za(M)
be a one-parameter subgroup of G consisting of diagonalizable elements such that
G"(Xo) = a,[M]. Via the map k — kX, we have K/M = oH".
Let N < G be the expanding horospherical subgroup with respect to the right
ar-action; that is,
(7.1) N:={9€G:arga' —e asr— co}.
The N-leaves gNM /M correspond to unstable horospheres ’H;‘XO in TYG/K) =
G /M based at gX; . The map N 2 z — zX € OH" \ {X; } is a diffeomorphism.
As before let m, denote the G-invariant (Lebesgue) conformal density {my }yemn
on OH". We normalize it so that m, (and hence every m,,) is a probability measure.
Here m,, is K-invariant.
Lemma 7.1. For any g € G, consider the measure Ay on N given by

Doy (z) = ¢ VPoer (09

Then Ay = Xe. In particular A is a Haar measure on N which we shall denote by
the integral dn = d)\.(n) on N

dm,(g2X7), where z € N;

Proof. Since {m,} is a G-invariant conformal density,

ne —1
dmo(ngJ) = dmgfl(o)(ZXJ) = e( =Byt (097 (0))

Since ﬂng;r (0,92(0)) = ﬂzX; (97 0), 2(0)),

DB (0:7(0)

dmo(2X7).

(7.2) dXg(2) = dmo(2X;) = d)\(2).
For any g € N, dAc(g9z) = d)\g(2) = dAc(2). Therefore A, is N-invariant. O

Notation 7.2. Note that Gy = ANM and KNGy = M. For ¢ € C(K) and
a measure A on OH" = KX, = K/M, we define

(7.3) w(k)d)\(k:Xg)::/ (/ G (km) dm)dA(kM).
kEK K/M JmeM

We also fix a Patterson-Sullivan density {v,} on 9H" and consider mP® defined
as in subsection 3.1 with respect to {m,} and {v,}.

Proposition 7.3. For any ¢ € C.(T'(H")) = C.(G)M,

~ BR _ —&r —
m=(¢) = /k . / . nENqS(karn)e dn dr dvy,(kXy ).
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Proof. By definition,
PR () = / () =D (0:7() 58,1~ (0.7 (1)l (= Y,

where t = (,-(0,m(u)). Let u = ka,nXy. Then, since GX; = MAN, we have
u” = ka,nX, = kX, and

t= fu-(o,7(u)) = ﬂkxg (0, ka,no) = 6X07 (0,a,n0)
= lim;— o0 d(0, a_0) — d(a,no, a_0)
= limy—o0 t — d(at4rna—_i—r(a44,0),0)
= lim; oo t — d(a¢4r0,0) = —1.

Therefore e2%u- ™) qy, (u~) = e~ dv, (kX ). And by Lemma 7.1 for fixed g =
ka, and variable z =n € N,

e(n— l)ﬁkarnxg_ (0,karnm(0))

dmo(ka,nX{) = d\ga, (n) = dAe(n) = dn.
Putting together, this proves the claim. (I

Notation 7.4. (1) Let dk denote the probability Haar measure on K. Since m,, is
a K-invariant probability measure on O0H"™ = K/M, we have that dk = dm, (kX )
(and similarly dk = dm, (kX T)). We fix the Haar measure dg on G given as follows:
for g = ka,n € KAN, dg = e~ »~V" dndr dk. Since G is unimodular, dg = dg~'.
Therefore if we express ¢ = na,k, then dg = e™ Y dndrdk. And if we express
g = a,nk, then dg = dr dn dk.

(2) For € > 0, let U, denote the e-neighborhood of e in G. By an approzimate
identity on G, we mean a family of nonnegative continuous functions {t¢}c~o on G
with supp(¢.) C U and [, ¥c(g)dg = 1.

(3) For £ € C(M\K) and 9 € C.(G) and a measurable Q C K with MQ = Q,
we define a function £ xq ¢ € C.(G/M) by

(7.4) §x (g) = §(k)y(gk) dk.

keQ
For ¢ € C.(T'\G), we define £ xq ¢ € C.(I'\G/M) similarly.

Proposition 7.5. Let {1).}c>0 be an approzimate identity on G. Let f € C(M\K)
and Q C K be such that MQ = Q and v,(0(Q~1)X;) =0. Then

(7.5) lim mBR(f xq ) = / FE™h dve(kXy).
e=0 keQ-1
Proof. Note that for some uniform constants ¢1,¢5 > 0, we have for all £ € K and
for all small € > 0,
(7.6) k™0 C Upek™ C (AN Upe)(N N Uge)k™ (K N Uge).

Set K. := (K NUpe), Qe = QK and Q. = Nier, Qk.

In view of the decomposition G = ANK, for a function ¢ on K, we define a
function Ry on G by Ry(g) = ¢(k) for g = ank € ANK. For any n > 0, there
exists € > 0 such that for all k € K and g € U,

’R'f'xnf, (kil) —n< 7—‘)'f'st (kilg) < lRf'XQEJr (kil) + 1.
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Now by Proposition 7.3,
mBR(f *Q Pe)
= I e Jeq belgh') F ') dI/dinPR(g)
= f(k,ar,n)GKXAXN Jyea Ve(kank") f(K")e 0" dk'dndrdv,(kX; )
= Jrer Sl miyeaxnxi Ye(kank") f(K)xa (K )e™°" drdndk'dv, (kX))
Jiex fgeG Ve(kQ)R g (9)e™" dgdvo (kX ), if g = ay,nk’
edtae fkeK fgeg we(g)Rf-xn(kilg) dngo(kX(;)a by (7.6)
et fkeK ngG ws(g)(lRﬁXQHr (kil) +1) dngO(kXo_)
et (fkeK Rf‘xnﬁ_ (k=1) dvo (kX ) + 77|V0|)a as fG Ve(g) dg = 1.
= e0f¢ (fkgg;rl f(k_l) dVO(ng) + n|V0|)-

Since N0y = Q, and since 1 > 0 was arbitrarily chosen,

lim sup PR(f %0 1) < /
k

e—0

AN A

FR™) dvo (R Xg).

€1
Similarly, liminf, o mBR(f *q ¥e) > fkeim q-1 f(k™1) dvo(kX{ ). Since we assume
that v,(0(Q271)X; ) = 0, we obtain (7.5). O

7.2. Setup for counting results. Till the end of this section, let V be a finite
dimensional vector space on which G acts linearly from the right and let wy € V.
We set H := Gy, .

7.2.1. When H is a symmetric subgroup of G. Let H < G = SO(n,1)° be a
symmetric subgroup, i.e., there is a non-trivial involution o of G such that H® =
(G7)° where G = {g € G : 0(g) = g}. There exists a Cartan involution € of G such
that oo = 0of. Let K = G?. It turns out that H° is a subgroup of finite index in
its normalizer Ng(H®), and up to a conjugation of G, H® = (SO(k,1) x SO(n—k))°
for some 0 < k <n —1and K = SO(n). Choose o € H" such that G, = K. Then
S = H -0 is an isometric imbedding of H* in H". Let E be the unit normal bundle
over S.

7.2.2. When Gry, is a parabolic subgroup of G. Suppose that Gry,, is a parabolic
subgroup of G. Let # be any Cartan involution of G and let K = GY. Then
G = Gruo K. Let N be the unipotent radical of Gr,,. Let o € H" be such that
G, = K. Then S := N -0 is a horosphere. Let E C T'(H") be the unstable
horosphere such that 7(E) = S. Let H = (G, N K)N.

7.2.3. Common structure in both cases. Let the notation be as in any of the above
section 7.2.1 or 7.2.2. Let Xy € TL(H") N E. Let E* = H - X,. If H is symmetric
and codim(g) > 1, or in the parabolic case, then F is connected and E* = E. If
H is symmetric and codim(g) = 1, then E has two connected components: E*
containing Xy and E- containing — Xo; and then either E* = Eor E* = E+. There
exists a one-parameter subgroup A = {a,.} C G consisting of R-diagonalizable
elements, such that G"(Xy) = a, Xy for all r € R. Let M = Gx,, which coincides
with Z (A), i.e., the centralizer of A in K, and A* = {a, : r > 0}. Let N be the
expanding horospherical subgroup with respect to {a,}.

When Gry, is parabolic, then G, = MN = H where M = Gpy, N K; hence
N is the unipotent radical of Gy, so there is no conflict of notation. In the case
when H is symmetric, then E* = E if and only if G = HATK. In all cases, we
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have G = HAK. Put E = p(Ez, E* = p(E*), and in the special cases when E is
not connected, we set E+ = p(E*).

7.2.4. HAK decomposition of Haar measure on G. Note that E* = HX, =
H/(M N H) and recall that

g () = e 0T i (),

There is a Haar measure dh on H such that for any o € C.(H) if we put ¢(h) =
fmeMﬁH Y(hm) dm, where dm denotes the probability Haar integral on M N H,

then ¢ € C.(H)M"H = C,(E), and
7 dh = dpzeP.
(7.7) /H " / D duls

In view of the decompositions G = HATK or G = HAK, there exists a function
p: R — (0,00), such that we get the following Haar measure dg on G: For any
Y € C.(G), by [35, Theorem 8.1.1]

(7.8) /wdg—/ / / Y(ha.k) dhdrdk, and
kek JreRr heH

(7.9) e=DI"lif » — 400 and H is symmetric,

. r

P eV if r — 400 and Gy, is parabolic.

where R = {r > 0} if G = HAT K, otherwise R = R. In fact the Haar measure dg
described in Notation 7.4(1) and the Haar measure dg defined in (7.8) are identical,
see §8.

7.3. Extension of Theorem 1.8 to I'\G for Zariski dense I'. The result in
this subsection will enable us to state our counting theorems for general norms,
provided T' is Zariski dense.

Let mB® be the measure on I'\G which is the M-invariant extension of m
that is, for ¢ € C.(I'\G),

BR
)

PR () i mP ()
where ¥(p(9Xo)) = Jinear ¥(Cgm) dm and dm denotes the Haar probability mea-
sure on M.
As M normalizes N, m

I\G.

BR ig invariant for the right-translation action of N on

Theorem 7.6 (Flaminio-Spatzier [11, Cor. 1.6]). Suppose that I is Zariski dense
and |mBMS| < co. Then mBR is N-ergodic.

Let H and E be as in subsection 7.2.1 or 7.2.2 so that H = G . Let dh be the
Haar measure on H defined as in (7.7); by abuse of notation, we also denote by dh
the measure on I'y\ H induced by dh.

We recall that for I Zariski dense, | M§S| < oo implies that the canonical map

I'y\H — T'\G is proper by Theorem 2.21.
Theorem 7.7. Let T' be a Zariski dense discrete subgroup of G such that |mPMS| <

oo and |phP| < co. Then for any ¢ € C.(T\G),

r—00

PS
lim e(nflfé)r/ LZJ(Phar) dh = |NE mBR(d)).
her i |mBMS|
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Proof. Define a measure \. on I'\G as follows: for any ¢ € C.(T'\G),
A () = en1=9r / ¢(Tha,) dh.
hel'y\H

Let q : '\G — THT\H") = I'\G/M be the natural quotient map. Then for
any 1 € C.(THT\H")), we have 9)(q(zma,)) = ¥(q(za,)) for any m € M and
x € T\G, as M and A commute with each other, and hence

Q*(/\r>(¢) :)‘r(w )_e(n 1= 6)T/ w U(LT dl,cLeb( )

Therefore by Theorem 1.8, q.()\,) — C - mPR, where C = |7Lf£€\4‘sl

In order to show that A, weakly converges to CmPR, it suffices to show that
every sequence \,, has a subsequence converging to CmPR

For any sequence r, — 00, since q is a proper map, after passing to a subsequence
of {ri} there exists a measure A on I'\G such that A\, (¢) — A(¢) for every ¢ €
C.(T\G). Therefore

Cl*(/\) = CmBR.

For any g € G, define a measure gA on I'\G by gA\(A) = A(Ag) for any measurable
A CT\G. Now for any ¢ € C.(I'\G),

(7.10) meM(mA)(ﬂ))dm :f

c (xm) dA(x) dm
=q.(A

M
) CmPR () = CmPR(y).

Iy
)

G

Claim 1. X\ is N-invariant.

Proof of Claim 1. Due to Lemma 2.1, the map h — thr is a submersion and hence
there exists a neighborhood €2 of e in N and a continuous injective map o : Q — H
such that o(e) = e and o(2) X, = 2X; for all z € Q.
Fix z € Q, let 2 := a,, za_,,, and hy, = o(zy) for all large k. Then b, = z,c_lh;C €
GX+ = MAN . Therefore by, — e and a_,, bia,, — e as k — oo.
Let P € Co(T\G). Given € > 0 and x € I'\G, set
Yer(@) = sup wlag) and e = inf ¥(rg).

geU,

Since ¢ is uniformly continuous and a,,z = hiby 'ar, = hpar, (a—p by 'ar,), we
have for all large k and for all z € T'\G,

Ve (zhhyar,) < P(zar, z) < ey (Thiay, ).
Since the measure dh is H-invariant,
/ ¥(Thay, ) dh < / Ves (Chhyay, ) dh = Ves (Thay, ) dh.
helT g \H Lu\H Ta\H
Similarly we get a lower bound in terms of 1._. Since A,, — X as k — oo,
A(tpe-) < P(x2) dA(@) < Mtey)-
"\G

Since ¥ € C.(T'\G), we have that A(¢ex) — A(¥)) as € — 0. Therefore the z-action
preserves A. This proves Claim 1. (]
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Claim 2. X\ = CmBR.

Proof of Claim 2. By (7.10), it is enough to show that A is M-invariant. For any
€ > 0, define a measure 7. on I'\G by
1

Ne == —— mAdm,
‘ |ME| meM,.

where [M,| = [,, dm. Then since M normalizes N, 7 is N-invariant. By (7.10)

ne < mBR

Therefore, since mP? is N-ergodic by Theorem 7.6, there exists ¢, > 0 such that
Ne = cemPBR. Thus 0, is M-invariant, as mPR is M-invariant.

If X\ is not M-invariant, there exist ) € C.(I'\G), mo € M and § > 0 such that
A(mg - ) > M) + 8. There exists € > 0 such that for all m € M., A((mmg)y) >
A(m -1) + B/2. This implies that n.(mot) > (1) + 5/2, which is a contradiction
to the M-invariance of 7.. Hence Claim 2 is proved. O

As noted before this completes the proof of Theorem 7.7. O

7.4. Statements of Counting theorems. Now we describe the main counting
results of this section. In the next two theorems 7.8, and 7.10, we suppose that the
following conditions hold for wg € V and I' a non-elementary discrete torsion-free
subgroup of G:

(1) wel is discrete.

(2) H is a symmetric subgroup of G, or Gry, is a parabolic subgroup of G.

(3) ImBMS| < 00 and |pb®| < oco.

Let A € N be the log of the largest eigenvalue of a; on R-span(woG) and set

. Woly -\ . wWol —y
7.11 =1 d =1 .
( ) Yo rerolo e’ an Yo TLI& err
Theorem 7.8 (Counting in sectors). Let ||| be a norm on V satisfying
(7.12) |witrmk|| = [|wE k||, for allm € M and k € K,

and set By :={v eV :|v| <T}.

(1) For any Borel measurable 2 C K such that MQ = Q and v,(0(Q71 X)) =
0,

. #(wol' N Br N (woATQ))
lim
T—o0 T‘S/)‘
PS *
_ ki (EY) AL—1)|—6/X -
- S - |mBMS‘ ee-1 ||’UJ0]€ H / dVO(kXO )
(2) For the full count in a ball, we get
. #(wol' N Br)
(T13) i
PS ~
S foes W3k dvo (kX)) > 0, if B = Gy - Xo

PS
Zié‘m]ﬁqs‘ Jyercllw w7 dv, (kX)) > 0, otherwise.



42 HEE OH AND NIMISH A. SHAH

Remark 7.9. (1) By [13, Lemma 4.2], we have w} # 0. And if H is symmetric,
then wy * # 0.

(2) Since wol is discrete, HT is closed in G, and hence I'H is closed in G. It
follows that the canonical imbedding (I'N H)\H — TI'\G is a proper injective map;
the properness follows from a suitable open mapping theorem in the category of
locally compact Hausdorff second countable topological group actions. Therefore
the map (T'N Gg)\g — T'\H" is a proper map. In particular, £ and E* are closed
subsets of T*(I'\H").

(3) The condition (7.12) holds if ||-|| is K-invariant as inTheorem 1.2. There
exists a Weyl group element ky € K such that ]‘507 arkg = a_, for all » € R. Then
wy ™ = w)ko. Therefore if ||-|| is K-invariant, then ||wi k|| = |wy| for all k € K.
Then the limit (7.13) becomes (1.1). Thus Theorem 7.8 implies Theorem 1.2.

(4) When T is Zariski dense in G, Theorem 7.8 holds for any norm on V without
the condition (7.12) and for the Q without the M-invariance condition. See §7.7
for details.

(5) Since wi™ is fixed by H N Zg(A), if M = Zx(A) C H, then the condi-
tion (7.12) holds for any norm on V. We have M C H in the parabolic case. In the
case when H is symmetric, if S is a single point or S is of codimension one, then
MCH.

Theorem 7.10 (Counting in cones). Suppose further that I' is Zariski dense in G.
Let © be a measurable subset of V. Let

Qr ={ke K:wi'k cRTO}.
If vo(A(Q1' X)) = 0, then for any norm ||-|| on V,
#(wolNBrNR*O) 1
(Tl T3/ =5 [mBMs|
fkeﬂ wg k|0 duo (kXY ), if E = HX,

pg (EF) fkeg 1[|wg T Y= 6/)‘dVo(kX0 ), otherwise;

Note that if T' is Zariski dense in G, and if 9(£2+) is contained in a countable
union of proper real algebraic subvarieties of OH™ then v,(9(21)) = 0 (see [11,
Corollary 1.4] and [23, Remark 1.7(2)]).

7.5. Proof of the counting statements. We follow the counting technique of
[9] and[10]. For a Borel subset @ C K satisfying the condition of Theorem 7.8, we
set

BT(Q) =BrnN w0A+Q,

and define the following counting function on I'\G:

Fpro(9) =Y X (woy9).
YE W, \I"

We note that
(715) FBT(Q) (6) = #(wOI‘ N BT(Q)) = #(wOI‘ N BT N (w0A+Q))
For 1,13 € Co(T\G), we set (11,92) := [p o ¥1(9)v2(9) dg
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Let v € C.(I'\G). Then by (7.8),

(FBr(),¥) = / XBr () (wog)¥(g) dg

wo

(7.16) = / / ( / ¥(hayk) dh)p(r) drdk
keQ J{r>0:lwoark||<T} /[h]€Twy \H
For any k € K and T > 0, define
(7.17) r(k,T) =sup{r >0 : [lwoa k| < T}.

Let A\; be the log of the largest eigenvalue of a; on V strictly less than e*. Then
by (7.11) there exist C; > 1 and r1 > 0 such that

(7.18) |woark — eXwik| < Cre”, for all k € K and r > ry.

Put ¢ = (A — A\1)/A > 0 and Cy = 20,/ infre||wik||. Let T) > 1 be such
that CoT, © < 1/2 and (1/2)(T1/ supye||[wak|)/* > €. For T > Ty, we define
functions r (k,T) via

(7.19) =) = (T/[[wg k[|) A (1 £ CoT ).

Then by elementary calculation using (7.18)

(7.20) r_(k,T) <r(k,T) <ri(k,T), forall T >T; and k € K.
By (7.12),

(7.21) re(mk,T) =ry(k,T), forallme M and k € K.

We note that by (7.19), given € > 0, for Tj (¢) sufficiently large,
(7.22) R — (1 4 O(e))(T/||wik)®/> for all T > T (e).
Proposition 7.11. For any non-negative ¢ € C.(I'\G),

Jeeads ™™™ o) ([ ¥0(G" ()l () drdk < (i), v)
< Jrea do ™" ) ([ipe (07 ()it (v) ) drk,

where ¥y, € Co(I\G)M = C.(THT'\H")) is given by
o) = [ vlgmk)dm
meM

Proof. By (7.7), (7.8), (7.16), (7.20), (7.21) and Lemma 7.1, we get
(Fpr), )
— Jkea f{r20:|\w0a7.k|\<T} (f[h]erO\H W(hayk) dh)p(r) drdk
< Jrea S e ¥ (hark) db) p(r) drdk
= Jeea Sy Uigeroonar Joners VUharmk) dmdh)p(r) dk, as M =
= fkeﬂ fou(k,T) (f[h]el‘wo\H wk(har) dh)p(r) drdk

ry (k,T r
= Joea o T p(r) (f. x(G7 (@)l () drdk
The other inequality is proved similarly. 0
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Proposition 7.12. For any ¢ € C.(T\G), we have

lim T~ 5/A<F >_ /’LII?JS(E*) . BR( * )
o Br () ¢ - 5-|mBMS\ m gwo Qwv

where &y, (k) = ||wdk|| =%/,

Proof. Without loss of generality, we may assume that 1) is non-negative. For any
e >0 and k € K, by Theorem 1.8 and (7.9), there exists g > 0 such that for any
>

PS(E*) . mBR
(7.23) en=1=or /EE* Yr(G"(v)) dHIEEb(U) = Le (EniBMs| (W) + O(e);
(7.24) p(r) = (14 O(e))er=br,

Since ¢ € C.(T'\G), the map K > k +— 1 is continuous with respect to the
sup-norm on C.(T*(H")). Therefore since K is compact, we can choose 79 > 0
independent of k € K. Now for sufficiently large T' > 1,

1y 5 ot i (G 0) 0
:f:oi(kT)p n+1+5)r( n—1-8)r f Ve(GT(v)) d Leb(v)) dr

:(W—I—O )1+O Ti(k:T) 57 dr
BS(ET)-mPR(yy) T Hw;k\l o +O( )T5//\+O(65T°),

‘mBI\/I ‘

(7.25)

where the last equation follows from (7.22) for sufficiently large T'.
Since £ ¢ TY(I'\H") is a closed subset, ¢ € C.(I'\G) and K is compact, it
follows that for fixed ry > 1, we have

sup /wwmdww> o(1).

|<7‘0,I€€K

Hence
) o) [ @ @)l (o) = O ),
{r:||lwoark||<T,|r|<ro} E

By Proposition 7.11, (7.25) and (7.26),

. (FBr(),?) /il;:S(E*) AL||—8/X,,, BR
Jim B = S [k )k + O(e)
Since € > 0 is arbitrary, we finish the proof. O

Lemma 7.13 (Strong wavefront lemma). There exist £ > 1 and ¢y > 0 such that
for any 0 < € < ¢y and g = hak € HATK with ||a|| > 2,

gUe - h(H n Uée)a(A n UEe)k(K N Uée)a
where ||g|| denotes the distance of g from e in G which is K -invariant.

Proof. If H is symmetric, the result follows from [14, Theorem 4.1].

Now suppose that H = N is horospherical. We may assume that the distance
from e in G is invariant under conjugation by elements of K. Let u € U.. Then
kuk~' € U.. Write kuk™! = hia1k;, where hy € HN Uy, a1 € AN Up and
k1 € K NUy for some ¢ > 1 independent of e. Now

gu = haku = ha(kuk™ )k = (h(ahia™1))(aar)k(k™ kL k).
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Since a € AT and hy € H = N, by (7.1), |lah1a™t|| < ||h1]]. Also [k~ kik|| = || k1.
Hence gu has the required form. ([

Proof of Theorem 7.8(1). By the assumption that v,(9(Q71)) = 0, for all suffi-
ciently small € > 0, there exists an e-neighborhood K. of e in K such that for
QE+ = 0K, and Q._ = ﬂkeKGQk‘,

(7.27) lim V(0 — Q7Y = 0.
Let £ > 1 as in Lemma 7.13. Then for 7" > 1,
Br(Q)U,-1, C Bayor(Qet) and Ba_or(e-) C Nuev, ,, Br(Q)u.

Let 9. € C.(G) be a non-negative function supported on Up-1. and [ hedg = 1,
and let ¥, € C.(I'\G) the I'-average of ¥.:

(7.28) Ue(g) =Y e(v9)-
~yel

Then FB(FE)T(Q‘_)(Q) < Fpo(e) < FB(1+6)T(QF+)(9) for all g € Uy-1.. Therefore,
by integrating against ¥., we have

(FBo (@) Vo) < Fpr@)(€) < (FBi @) Ye)-

Let &, be as defined in Proposition 7.12. By Proposition 7.5, for any n > 0,
there exists € > 0 such that

mPR (€, ka We) = mP(Eu, xq ve) = / Ewy (E71) duo(kX ) + O(1).
keQ—1

Therefore by Proposition 7.12,
limy_, o T=9/*. <FB(1:{:5)T(Q£i)7 \I/6>

7.29 PS( x B
(729) — D ot GuE ) dvu(kXG) + Ol

In view of (7.27), we get

. Frro)e) _ pi () 1 .
Tlgrio TS/A 5. |mBMS| ./kte Ewo (kK77) dvo (kX ) + O(n).
Since 1 > 0 is arbitrarily chosen, we finish the proof of (1). 0

Proposition 7.14. Suppose that H = G, is symmetric and that G # HATK.
Let @ € M\K such that vo(d(Q ' X)) =0. Then

. wol'NBrNwo A~ Q
limy_ o #(wo T?/)\ 0 )

(7.30) PS - e B
= :;-I\Em(BMS)\ fkleleo *k e dvo(k Xy ).

Proof. For k € K and T > 0, let s(k,T) = sup{r > 0 : ||lwoa_,k|| < T}. Then
there exist Ag > 0 and Ty > 0 such that if we define sy (k,T) via

e+ BT = (1% AgT0) (T g k),
then for all T' > Tp, we have s_(k,T) < s(k,T) < s (k,T).
By Theorem 1.8, for any ¢ € C.(I'\ T!(H")), we have
lin, o0 e =107 fE+ $(G"(v)) dp™ (v) -
= Timy o €170 [ G(G7 () dpkfP (v) = SELE - mPR(g).
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Let B; (Q) =Brn ’LUOAig and
FB,;(Q) (9) = Z XB;(9) (wovg)-
YET o \I'
In view of these observations, by arguing as in the proof of Proposition 7.12, we
get that for any ¥ € C.(T'\G),
: —8/A
llm:THoo T _6</‘§‘B'1_“ () ¢>
=limy o T Jiea f{r>0:\|woa_rk\|<T} U[h]ermo \i Y(ha_rk) dh]p(r) drdk
PS E— _ _
= gL-\Em(BMS)\ Jreallwe Kl =0/ AmPR (4y,) dk.
Now (7.30) follows from the arguments as in the proof of Theorem 7.8 (1). O

Remark 7.15. If Gy, is parabolic, then wpa, — 0 as r — —oo. Since wol is
discrete,
(7.31) #H(wel' NweA™ K) < 0.
Proof of Theorem 7.8(2). If G = HATK, then (2) follows from (1) by putting
Q=K.

If H is symmetric and G # HATK, G = HATKIUHA™ K, and then (2) follows
by combining (1) and Proposition 7.14 and putting Q = K.

If Gry, is parabolic, (7.13) follows from Theorem 7.8 and (7.31). O

7.6. Counting in bisectors of HATK coordinates. We state a counting result
for bisectors in HATK coordinates. For any g € HATK, we set a(g) to be the
A*-component of g, which is unique. Consider bounded Borel subsets ; C H and
QQ C K with Ql(HOM) = Ql and MQQ = QQ. Set
]\/YT(Ql7 Qg) = #(F n Q]A;’:QQ)
where AT = {a, € AT : " < T}. For the sake of simplicity, we assume that the
projection map Q; — I'\G is injective.
Theorem 7.16. If 155(0(021(X0))) = vo(0(25 1 (Xy))) = 0, then
. Np(Q,00) 1 1 e
Thféo T3 = |mBMS|M%S(Ql(XO)) vo(Q51(Xg)).

This result for H = K was also obtained by Roblin [31] by a different approach.
When T is a lattice in a semisimple Lie group G and H = K, the analogue of
Theorem 7.16 was obtained in [12].

Proof. We define the following function on I'\G:

Fro, a,(9) = Z X0, AL, (79)-

yel
For ¢ € C.(T'\G), given € > 0, by Theorem 3.6 for sufficiently large T' > 1,
(Fr.0,.0::%) = fgeglA;m Y(g)dg
= fk)EQz flgeT<T fheﬂl Y(ha-k)p(a,)dhdrdk
= fkeuz ng§5T<T p(ar)(fheﬂl.xo ¢k(ha,.)dh)drdk + Or, (1)
= (ST (U XT) fyeq, mPW0)dk + O())
% gféogT e(r—n—1)6p<r)dr) + OT0<1)

= s g (1 Xo) - mP (xgxe,9) + O()T° + Or, (1),

(7.32)
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where xk *q, ¥(g) = fk€Q2 P(gk)dk.

By the assumptions on 2; and {29, for every € > 0 there exist e-neighborhoods
H. and K. of e in H and K respectively such that for Qy .- := Npcq, (anar)Q1h,
W e+ =N H(HNM), Qg - := Nper, Q2k and Qy + 1= DK, as € — 0,

P (e (Xo) N Q- (X0)) = 0, wo(Q5 1 (X)) N Q51 (Xg)) — 0.

2,et

By Lemma 7.13, for £ > 1 as therein, there exists an e-neighborhood U, of G
such that for all T > 1,

QAFQUp-1, CQ et A(+1+E)T92,e+

Q- AG,E)TQ%— C Ngeu,_+, Q1 A% Qag.

Let ¢ € C.(G) be a non-negative function supported on U1, and [t.dg = 1,
and let U, € C.(T'\G) the I'-average of 1).:

Te(9) = ve(v9).

yel
It follows that
(7.33) (Fa—ore, —9, V) < Fro,0.(e) < (Futore, 4.0, . Ve
On the other hand, by Proposition 7.5,
lim mPR (X o, o W) = 1o(Q 12 (Xg))-
Therefore by (7.32),

HES () o (X))ol 14 (X7 )

. -5 _
i T (Fazor,a, 4.9, .47 Ye) = 5 [mPVs]
By (7.33) we get
. Fro,a,(e) 1 PS -1 -
A %5 = 5 - [mBMS[HE (Sh,e+ (X0))vo(€2; 1 (X ))-

O

7.7. Counting theorems for I' Zariski dense. In the case when I Zariski dense,
Theorem 7.8 holds for any norm on V and for any €2 without the M-invariance
condition. Similarly, Theorem 7.16 holds without the M-invariance assumption on
Ql and QQ.

The reason that this generalization is possible is because for I Zariski dense, we
use Theorem 7.7 instead of Theorem 1.8. In proving Theorem 7.8, the place where
we needed the M-invariance of 2 is Proposition 7.11; for general €2, we replace this
proposition by:

fkeQ or_(kj) p(r) (f[‘wo \H ¢k(har)dh> drdk
S <FBT(Q),’1/1> S fkeﬂ fo’r‘Jr(k?’T) p(r) (waO\H ’l/)k(h(lr)dh) drdk,

where ¢ (g) 1= ¥ (gk) € C.(T'\G) is simply the translation of ¢ by k.
Applying Theorem 7.7 to the inner integral in the above, we deduce in the same
way as in the proof of Proposition 7.12 that for any ¢ € C.(I'\G), we have

(7.34) lim T/MF ¢>—m-m‘3ﬁ(5 % 1))
. Too BT(Q)u - 5'|mBMS‘ wo TN )
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where mPR defined as in subsection 7.3 and &, (k) = |w)k||~%/*. Now for a
general norm ||-]| on V, note that the function &,, (k) is not necessarily M-invariant.
However, for an approximate identity {¢.}.~o on G and any f € C(K), the proof
of Proposition 7.5 can be easily modified to prove

(7.35) lim mBR(f *q ) = / FE™h dvy(kXy).
keQ—1

e—0

Hence applying (7.34) to ¢ = 1. and (7.35) to f = &,, and by sending ¢ — 0,
we obtain

fg (E) —1y- -
(7.36)  lim T~ 0N Fppo(e) = W /Qil||w6\k Y= v, (kX ).

This explains the generalization of Theorem 7.8 (1). The generalization for Theo-

rem 7.8 (2) and Theorem 7.16 can be done similarly.

Proof of Theorem 7.10. In view of the above explanation, the result can be deduced
from Theorem 7.8 (or its combination with Proposition 7.14 or Remark 7.15) via
elementary arguments; see [13]. O

8. APPENDIX: EQUALITY OF TWO HAAR MEASURES

Let H be a symmetric group as in §7.2.1. As in Notation 7.4(1), consider the
Haar measure on G corresponding to the Iwasawa decomposition G = NAK given
by

dg =™ Vdndtdg, for g=naq, n € N,a, € A, g € K.

Corresponding to the generalized Cartan decomposition G = HAK, by (7.8) the
Haar measure on G can be expressed as

dg = cq - p(r)dhdr dk, for g = ha.k € HAK,
where ¢ > 0 is a constant. We note that dn is defined by Lemma 7.1 and dh is
determined by (7.7).
Theorem 8.1. ¢y = 1.

Proof. Let the notation be as in §7.1. Let N~ ={g € G : a_,ga, — e as r — o0}.
Then for y € Lie(N~) we have a_, exp(y)a, = exp(e™"y). In view of NAN~ M-
decomposition of a small neighborhood of e in G, for h in such a neighborhood we
write

h = n(xz(h))anmv(y(h))m(h)
where z(h) € Lie(N) = R*! and n(z(h)) = exp(z(g)), y(h) € Lie(N*) = R*~!
and v(y(h)) = exp(y(h)), b(h) € R and m(h) € M. In particular,

(8.1) hXg = n(z(h))aymyv(y(h))m(h) X = n(z(h) Xq

In view of the decompositions G = HAK and G = NAK, For h € H, r > 0 and
k € K, we express

ha,k = n(z(h,r,k))ayp,r e q(h, 7, k), where q(h,7,k) € K.
Now for h in a small neighborhood of e in H, we have

ha,k = n(xz(h))aymnyv(y(h))m(h)ak = n(x(h))a,;omyvie” "y(h))(m(h)k).



EQUIDISTRIBUTION AND COUNTING 49

In view of G = NAK decomposition,

v(e "y(h)) = n(x1(h,7))ap, (nrki(h,r), with
max(||lz1 (h, 7)[[, [|br(h, P)[, [k (R, 7)) = O(e™"[[z(R)]))-

Therefore

hark = n(z(h))a,omyn(@1(h, 7)) ap, () (k1 (h, r)m(h)k)
= n(z(h) + z2(h, 7))y o(h) 16, (hr) (k1 (B, T)m(R) k),

where o (h,r) = e~ "Mz (h, ). So
(8.2) lz2(h )| = e O([la(h)])-
Therefore

z(h,r, k) = n(x(h) + z2(h,r)), t(h,r,k) =71+ b(h)+ bi(h,71),

(8:3) g(hr k) = Ky (b, P)ym(h)k.

Since z(h,r, k) = z(hm,r,e) and t(h,r, k) = t(hm,r,e) for any k € K and m €
MnNH = Gxy NH, we can write z(h,r k) = z([h],r) and t([h],r, k) = t([h],r),
where [h] = h(M N H) = hX;. Moreover, for any fixed h and r, since dk is
K-invariant, we have that dq(h,r, k) = dk.
For h in a small neighborhood of e in H, r > 0 and k € K,
=D R) g (2(hyr,k)) dt(h,r,k) dg(h,r,k)
¢ = o(r) dh dr dk
e DM dn(2([h),r)) di([h]r) | dq(h.r.k)
p(r) dh dr T dk
el v, o dn(z([h],r)) dt([h],r)
p(r) dhdr
because z and ¢t do not depend on & and for fixed (h,r) we have d(q(h,r, k)) = dk.
Now the numerator depends only on [h] = hM and [ _p ., 1dm = 1. Therefore

o(n=1)t((h],r) oM VBn oty x g (OTUF(RTR))0)

(84) co= p(r)e(nfl),@[h](o,[h]O) 8

dme(n(z([h), ) XJ) dt([h], r)
dmy([h]) dr '

To compute ¢y, we evaluate the Radon-Nikodym derivative at the point ([h],r) =
([e], s) = (X, s) for any fixed s > 0. Then we consider the upper half space model
R x Ry for H* with o = (0,1) and X; = oco. Then X =0 € R*! =
OH™ \ {oo}. Since m, is equivalent to the Lebesgue measure, let

dm ()

(8.5) 0<Ci=—2"|

; also n(z) X = for all » € R*1.
We define a map ® from a small neighborhood of (0, s) in R*™! xR to R"~! xR
by
O([h],7) = (n(z(h,r, k)X, t([h], 7).

To compute the Jacobian of ® at the point (X, s) = (0, s), we write ® = (&1, ®)
and ([h],’]") = (21722)~
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Fixing [h] = [e], we get z([e],r) = 0, t([e],r
Hence the Jacobian of ® at ([h],r) = (0, s) is

J(®)(0,5) =10, ®1(0,9)] .
dm, (n(z2([h],s)+z(h))X,
_dmo(n(z2([h],8)+z Xo
= im0 oy 81

= el at (1) = 0 = a((4), by (85)

= 1+ SR at (7] =0 = (1)

=1+ 0(e 2"~ by (8.2);
note that for a fixed s, due to (8.1) and (8.5), z2([h], s) is a smooth function of
z([h]). By (8.4), the Radon-Nikodym derivative at ([h],r) = ([e], s) is

e(n=1)t(1e],8) o "Bz o1,y x (0o ((E]))e)
Co = p(s)e(n_l)ﬁ[e](ov[e]o) ' J<®)(O7 S)
= (D p()(1 + O D)),

Since p(s)/e(" 15 — 1 as s — oo, we have co = 1. O

) = r. Therefore 9,,(®1, P2) = (0,1).
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ABSTRACT. Let G be the identity component of SO(n, 1), n > 2, acting linearly
on a finite dimensional real vector space V. Consider a vector wg € V such that
the stabilizer of wq is a symmetric subgroup of G or the stabilizer of the line
Rwy is a parabolic subgroup of G. For any non-elementary discrete subgroup
I' of G with its orbit woI' discrete, we compute an asymptotic formula (as
T — o0) for the number of points in wel" of norm at most 7', provided that
the Bowen-Margulis-Sullivan measure on T!(I'\H") and the I'-skinning size of
wq are finite.

The main ergodic ingredient in our approach is the description for the limit-
ing distribution of the orthogonal translates of a totally geodesically immersed
closed submanifold of I'\H"™. We also give a criterion on the finiteness of the
I'-skinning size of wq for I' geometrically finite.
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