JORDAN AND CARTAN SPECTRA IN HIGHER RANK
WITH APPLICATIONS TO CORRELATIONS

MICHAEL CHOW AND HEE OH

ABSTRACT. For a given d-tuple p = (p1,...,p4) : I' = G of faithful
Zariski dense convex cocompact representations of a finitely generated
group I', we study the correlations of length spectra {£,, () }yer and
correlations of displacement spectra {d(p;:(v)o,0)}yer. We prove that

for any interior vector v = (v1,...,vq) in the spectrum cone, there exists
0,(v) > 0 such that for any e1,...,e4 > 0, there exist ¢1,c2 > 0 such
that
] e5p(v)T
#{] € I viT < lpy(r) Svil +ei, 1 <i < df ~ Clm;
eép(v)T

#{y €T : 0T <d(pi(7)o,0) <v;T +¢e;, 1 <i<d}~ CQW.

We deduce this result as a special case of our main theorem on the
distribution of Jordan projections with holonomies and Cartan projec-
tions in tubes of an Anosov subgroup I' of a semisimple real algebraic
group GG. We also show that the growth indicator of I' remains the same
when we use Jordan projections instead of Cartan projections and tubes
instead of cones, except possibly on the boundary of the limit cone.

1. INTRODUCTION

Let G be a connected simple real algebraic group of rank one and (X, d)
the associated Riemannian symmetric space so that G = Isom™(X). Let I'
be a non-elementary convex cocompact subgroup of G. Denote by [['] the
conjugacy classes of elements of I'. To each non-trivial element [y] € [I]
corresponds a unique closed geodesic in the locally symmetric manifold I'\ X
whose length we denote by ¢,. Let or > 0 denote the critical exponent of
I". The prime geodesic theorem and orbital counting theorem say that as
T — o0,

e&pT
#{b] €M)ty < Th~ S (1)
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and’

eorT

|mBMS| 5.

where 0 € X and mPMS denotes the suitably normalized Bowen-Margulis-
Sullivan measure on the unit tangent bundle of I'\ X. This is due to Margulis
[27] and Roblin [34] in this generality (see also [17], [13]). We identify the unit
tangent bundle of I'\ X with I'\G/M where M is a compact subgroup of G.
For each non-trivial [y] € [['], there exists a unique conjugacy class [m.] of M,
called the holonomy of v. Equidistribution of holonomies was obtained for
lattices by Sarnak-Wakayama [36], and the following joint equidistribution
was proved by Margulis-Mohammadi-Oh [28] for all Zariski dense convex
cocompact I': for any conjugation invariant Borel subset © C M with smooth
boundary, as T" — oo,

#{v €T :d(vo,0) <T} ~ (1.2)

orT

#Hh) €M) by < Tomy €0} ~ o

where Voly; denotes the Haar probability measure on M.

Volas (©) (1.3)

Correlations of spectra. For a finitely generated group I'’ and a d-tuple
of faithful Zariski dense convex cocompact representations

p=1(p1,-..,pq): T — G,

we are interested in understanding the correlations among the length spectra
{€s:(y) : 7] € [T]} and holonomies and the correlations among the displace-
ment spectra {d(p;(y)o,0) : v € T'}, i = 1,--- ,d. These correlations are
restricted by the spectrum cone L,, which is the smallest closed cone in R?
containing all vectors (€, (1), ,£,,y)), [7] € [[]. The interior int £, is
non-empty if and only if pi,..., pg are independent from each other in the
sense that no p; o pj_1 : pi(I') = pi(I") extends to a Lie group automorphism
of G for all i # j (cf. proof of Theorem 7.1).

Theorem 1.1. Let T be a finitely generated group and d € N. Let p =
(p1y---ypa) : ' — G be a d-tuple of faithful Zariski dense convex cocompact
representations. For any vectorv = (vi,...,vq) € int L,, there exists 6,(v) >
0 such that for any €1,...,eq4 > 0 and for any conjugation-invariant Borel
sets O1,...,04 C M with null boundaries, we have as T — oo,

#{] € ] 0T <€y, ) ST + i, my,(y) € O, 1 <i < d}
ST 4

1=1
IFor real-valued functions fi, fa of T, we write f1 ~ fo <= lim 210 =1,
T— 00 fZ(T)

2Throughou‘c the paper, we assume that I' is torsion-free.
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and
. , eSoMT
#{v el :vT <d(pi(v)o,0) <vT+¢e; 1<i<d}~c-c T2
for some constants ¢ = c¢(v,e1,...,6q4) >0 and ¢ = (v) > 0.
Moreover,
dp(v) < miin 8, (1) Vi- (1.4)
If d > 2, we also have
d
1
5 < 1S e 15)
i=1
Coa(y)
fslope =M,
vl +ea| - ’I,, «slope = vy /vy
I o slope = m,
S
0T o1 + e, m(v)

FIGURE 1. The d = 2 case: note that the size of the box is
independent of T

Remark 1.2. (1) Let " be a cocompact lattice of PSLy(R) = Isom™ (H?)
and p: I' = PSLo R a discrete faithful representation (whose image
is necessarily a cocompact lattice). Let

m,= inf ——= and M,= sup @
ver—{e} Ly ver—fe} vy
be the minimal and maximal stretch constants of p respectively. By
a theorem of Thurston [39, Theorem 3.1, if p is not a conjugation by
a Mobius transformation, then m, < 1 < M,,. In this case, the first
asymptotic on the correlations of length spectra in Theorem 1.1 for
the pair (id, p) was proved by Schwartz-Sharp [37, Theorem 1] for the
specific direction v = (1, 1) together with the bound d4q ,y(1,1) < 1.
We also mention a related work of Dai-Martone |7] which generalizes
the result of Schwartz-Sharp to pairs of Hitchin representations and
some specific direction. Their results do not overlap with our results.

(2) If weset £,y = (€p(7), - - - » €py(y))s then the condition v;T' < £, () <

viT +¢i, 1 <i < d, can be written as £,,) € Tv + H?:1[Oa5i]- We

remark that if we replace the box H?ZI[O, g;] with a general compact
set IC with null boundary, then we can approximate I with boxes
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and we obtain the same asymptotic in Theorem 1.1 with constant
¢ = ¢(v,K). Similarly for displacements.

Correlation of complex eigenvalues. When G = PSLy(C) = Isom™ (H?),
Theorem 1.1 describes the correlations of complex eigenvalues of convex
cocompact representations. Denote by )\g the complex eigenvalue of g €
PSLy(C) so that |[AG| > 1. The argument of AJ is well-defined as an element
of [0, 7), so that )\((g: = \)\(g:\ Arg(/\g). Let I' < PSLy C be a convex cocompact
subgroup. We have ¢, = 2log |)\S| for each non-trivial v € T". Since dp is
equal to the Hausdorff dimension dimyg Ar of the limit set of I" by Patterson
and Sullivan ([31], [38]), the following is a special case of Theorem 1.1:

Corollary 1.3. Let I' < PSLy(C) be a Zariski dense conver cocompact sub-
group and p : I' — PSLa(C) a faithful Zariski dense convex cocompact repre-
sentation. For any m, < s < M,, there exists

0 < 265 < dimyg Ar + s - dimy Ap(p)

such that for any €1,e9 > 0, there exists a constant ¢ = ¢(s,e1,e2) > 0 such
that for any 0 < 61 < 0 <7 and 0 < 0} < 0y < m, we have as t — oo,

t < |IAS| < (1 +e)t, Arg(AS) € [64,0] , }
el :,s "7 i
#{M Pl XS < (14 en)te, Arg(AC, ) € (6], 03]
t255

~ s (0o — 01)(05 — 07);
(logt)g/z( 2 1)( 2 1)
Using the relation coshd(go,0) = ||g||*> where ||g|| denotes the Frobenius
norm of g € PSLyC, we can also obtain correlations for Frobenius norms
from Theorem 1.1.

Jordan and Cartan projections in tubes. In fact, we prove much more
general results for Anosov subgroups on (i) joint equidistribution of Jordan
projections in tubes and their holonomies and (ii) equidistribution of Cartan
projections in tubes, of which Theorem 1.1 is a special case.

Let G be a connected semisimple real algebraic group. Let P < G be
a minimal parabolic subgroup with Langlands decomposition P = M AN
where N is the unipotent radical of P, A is a maximal real split torus and
M is a maximal compact subgroup of P commuting with A. Let g and a
denote the Lie algebras of G and A respectively, and choose a positive Weyl
chamber a’. Let K be a maximal compact subgroup of G such that the
Cartan decomposition G = K(expat)K holds. Let u : G — a* denote
the Cartan projection, that is, u(g) is the unique element of a® such that
g € Kexp(u(g))K for all g € G.

A finitely generated subgroup I' < G is called an Anosov subgroup with
respect to P if there exists C' > 0 such that for all v € T,

a(p(v)) > Ch|-C!



JORDAN AND CARTAN SPECTRA 5

for all simple roots a of (g,at) where |y| denotes the word length of v
with respect to a fixed finite set of generators of I'. If we only require this
condition for a subset 6 of simple roots, then we get a more general definition
of #-Anosov subgroup, but this will not be considered in this paper. Anosov
subgroups of G were first introduced by Labourie [23] for surface groups who
showed that the image of a Hitchin representation is Anosov. They were
later generalized by Guichard-Wienhard [15] for Gromov hyperbolic groups.
There are several equivalent characterizations of Anosov subgroups due to
Kapovich-Leeb-Porti [18] and to Guéritaud-Guichard-Kassel-Wienhard [14]
one of which is given as above. Anosov subgroups are regarded as the higher
rank generalization of convex-cocompact subgroups. Schottky subgroups
are Anosov and every Zariski dense subgroup of G contains a Schottky, and
hence Anosov subgroup [1]. Another important class of Anosov subgroups
which is particularly relevant to this paper is the class of self-joining groups
defined in (1.9) associated to a d-tuple of convex cocompact representations
Ply---5pd I — G of a finitely generated group T'.

In the rest of the introduction, let I' < G be a Zariski dense Anosov
subgroup with respect to P. Every nontrivial element v € T" is loxodromic
[15, Lemma 3.1] and hence conjugate to an element exp(A(y))m(7y) where
A(v) € intat is the Jordan projection of v and m(y) € M. The conjugacy
class [m(y)] € [M] is uniquely determined and called the holonomy of . We
note that A(7y) and [m(vy)] depend only on the conjugacy class of 7. The
limit cone £ = Lr C at of T is the smallest closed cone containing A(T);
this is a convex cone with non-empty interior |1].

By a tube T in a™, we mean a subset of the form

T=T(v,e,w) ={u+w € a’: ||u—Ry| <&}
for some unit vector v € a®, ¢ > 0, and w € a where || - || is a Euclidean

norm on a. The unit vector v will be called the direction of T. We say a
tube T is essential for T if its direction v belongs to the interior int L.

FIGURE 2
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The growth indicator ¢ : a™ — [0, 00)U{—00} of I is defined by ¢r(0) = 0
and

Yr(w) = ||w|| inf TC for all non-zero w € a™
open cones COw

where 7¢ is the abscissa of convergence of the series ¢ — Z'yEF u(y)ec e~ eI,

It was first introduced by Quint and it is regarded as the higher rank
generalization of the critical exponent in rank one. Quint showed that
Yr|e+—g = —00, Yr|e > 0 and Yr|int £ > 0 33, Theorem 4.2.2].

The holonomy group Mr of I' is defined as the smallest closed subgroup
of M containing the holonomies of I'. This is a finite index normal subgroup
of M [16, Corollary 1.10]. We denote by r = r(G) the real rank of G.

Theorem 1.4 (Jordan spectrum). LetI' < G be a Zariski dense Anosov sub-
group. For any essential tube T of direction v, there exists kT > 0 such that
for any conjugation-invariant Borel subset © C M with smooth boundary,
we have as T — 00,

ewF(V)T
(0] € 1) NG < T, M) € T, miy) € O} ~ wa s s Volay(ONMy)
In particular,
KT €¢F(V)T

#{[7] € [P] : HA(’Y)H <T, )‘(7) € T} ~ [M . MF] ’ T(r+1)/2°

We also obtain a similar counting result for the Cartan projections p(I"):

Theorem 1.5 (Cartan spectrum). Let I' < G be a Zariski dense Anosov
subgroup. For any essential tube T of direction v, we have as T — 00,
KT ewF(V)T

ma| O

#{y el |uMI <T, p(y) e T} ~

where Kkt is as in Theorem 1./ and my, is the finite measure defined in (3.1).

Remark 1.6. We refer to (4.8) for a formula for xkp. For example, for
tubes T in the maximal growth direction vp € int £ such that ¢rp(vp) =
max|y||=1 ¢¥r (u), the constant s is proportional to the volume of the cross
section of T orthogonal to vr with the multiplicative constant depending
only on I' (see Remark 4.6).

As an immediate consequence of Theorems 1.4 and 1.5, we obtain a higher
rank extension of the asymptotic ratio of the number of Cartan projections
to Jordan projections in rank one given by (1.1) and (1.2).

Corollary 1.7 (Asymptotic ratio of Jordan vs. Cartan). For any essential
tube T of direction v, we have as T — o0,

#{v el I =T, p(y) €T} [M: My
O e DA< T AMy) €T [ma|

T. (1.6)
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Note that the multiplicative constant [J‘\f;:fr‘} is independent of tubes T,

depending only on I' and v. We mention a related work [2] where Jordan
and Cartan spectra have the same asymptotic limit for random products.

Remark 1.8. Without the restriction to tubes, the asymptotic #{[y] € [T] :
X < T, m(y) € ©F ~ c- E;FF; Vol (© N Mr) for some 0 < ¢ < 1 was
obtained by Chow-Fromm |5, Theorem 7.3| where or = tr(vp). Similarly,
the asymptotic #{y € T : |[u(7)|| < T} ~ 'e’rT for some constant ¢/ > 0
was obtained by Sambarino [35]; see also [10, Corollary 9.21] for a precise
description of the multiplicative constant. By comparing the constants from
these results, we find that as T" — oo,

#y el I <T}  [M: My]
#HOl e M A <TY  |mx, |

where vr is the maximal growth direction as defined in Remark 1.6.

T (1.7)

Growth indicators using Jordan projections and tubes. It is natural
to ask whether the growth indicator ¢r : a™ — RU{—00} can also be defined
using the Jordan projections rather than Cartan projections, or using tubes
rather than cones. For a subset S C a't, denote by 7¢ and Tg respectively
the abscissa of convergence of the series

s Z eI and = Z e UM,
v€T, u(v)es VeI, A(v)eS

Define the following degree one homogeneous functions a™ — [0,00) U
{—o0}: for all non-zero w € a™, set

P (w) = flwll inf 7
open cones COw

tubes .
wl" (w) Hw” open tglfl)es Tow e
he"*(w) = flwl|  inf T
open cones COw
hi***(w) = inf 1.8
r (w) Hw” open t%lrlies Tow ’EI‘ ( )
and define 1£°ne5(0) = iibes(0) = hgenes(0) = hiubes(0) = 0. Note that by
definition, Yr = ", and that these definitions are independent of the
choice of the norm || -||. All of these functions are —oo outside the limit cone

L. In fact, they coincide with each other on int £ as well:
Corollary 1.9. For any Zariski dense Anosov subgroup I' < G, we have
wr — ¢%ubes — h%ones — h%ubes on int L.

We also have yr = 1/)12“1365 on at.
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This corollary implies that for all unit vector v € int L, we have

PLubes (v) = inf  limsup 7 log#{y € T : u(y) € T, |u(y)|| < T};
open tubes T3> v 7_,49

M) = inf limsup & log #{[7] € [[]: A(7) € C, [A() | < T);

open cones C 3V T_y50

hi*(v) = inf  limsup plog#{[y] € [[]: A(y) € T, [A(M)| < T},
open tubes T > v 7_,4

and ¥ (v) is equal to any of the above.
Recall that vp € a™ denotes the unique unit vector of maximal growth for
Cartan projections in cones, i.e., r(vr) = max|,—=1 ¥r(u).

Corollary 1.10. Jordan and Cartan projections of I' in cones and tubes all
have the same direction of maximal growth: wltUbes(vr) = Max|y|=1 w%Ubes(u),'

h%ones(vp) = maxHuH:l h%ones(u)7 and h‘i—\ubes(VF) = maxHuH:l h{_‘ubes(u).

On the proofs. We now give an outline of the proofs of main theorems in
the introduction. We will focus on the correlations of length spectra and
Jordan projections in tubes for Anosov subgroups. We first explain how to
deduce the correlations of length spectra in Theorem 1.1 from Theorem 1.4.
Given p = (p1,...,pq) as in Theorem 1.1, we consider the self-joining of T'
via p defined by

Ip={(p1(7),---.pa(7)) : v €T} (1.9)
By the hypothesis that pi,...,pgq are convex cocompact, I', is an Anosov
subgroup and when p1, ..., pq are independent from each other, I',, is Zariski

dense in the semisimple real algebraic group H‘ij:l Isom™ (X).

Indeed, the novelty of our proof of Theorem 1.1 is to relate it with the prob-
lem on understanding the Jordan spectrum of I'y. The vector (£, ) Lpa(y))
is the Jordan projection A(p(7)) of p(v) = (p1(7), -, pa(7)) and the spec-
trum cone £, coincides with the limit cone Lr,. Hence given v = (v1,...,0q) €
int Lr, and €1,...,64 > 0 we are interested in the asymptotic behavior of

#{[v] € [T] : Mp(®)) € [iT,nT +¢e1] X -+ X [v4T,v4T + £4]}

As T tends to oo, the box [J%, [v;T, v;T + ;] C R? sweeps out the following
essential tube for I',:

d
T(v,K)=Ryv+ K= U H[viT, v T + &
T>0i=1
where K C R? is a (d — 1)-dimensional compact subset transverse to Rv. In
fact, we count in truncated tubes:

Trp=Tr(v,K, ) ={tv+u:ueKO0<t<T+bu)}

for a continuous function b € C'(K). By considering different functions b, we
will be counting in truncated tubes of different shapes. This is crucial since
we can realize the box as a difference of two truncated tubes of different
shapes (see Fig. 4). Hence Theorem 1.1 can be deduced from a more refined
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version of Theorems 1.4 and 1.5 with 6, = +r,. The upper bound (1.5) is a
direct consequence of a result of Kim-Minsky-Oh [19, Corollary 1.6] on the
growth indicator ¢r,.

We now give an outline of the proofs of Theorems 1.4. For a Zariski
dense Anosov subgroup I' < G, joint equidistribution of nontrivial closed
A-orbits in T'\G/M and their holonomies were obtained by Chow-Fromm
[5] following the rank one approach of Margulis-Mohammadi-Oh [28]. Their
theorem gives the counting result for Jordan projections in certain types of
cones with respect to an ordering given by a certain linear form of a. We
follow the approach of [5]. For truncated tubes, there is essentially only one
ordering possible since tubes are associated to unique directions. One of the
important features of an Anosov subgroup is that, denoting I'ym the set
of all primitive elements of I', each conjugacy class [y] € [I'prim] bijectively
corresponds to a closed A-orbit C'(y) C I'\G/M which is homeomorphic to
a cylinder S! x R™™! [5, Lemma 4.14]. We equip C(v) with the measure
induced by the Lebesgue measure on a. For each T' > 0, we define a Radon
measure 77 on I'\G /M x [M] by the following: for f € C.(T'\G/M)? and a
conjugation-invariant Borel subset © of M, let

miol)= > [ fletme).  (LW)
1€ prim], A(VET7, * €O

Theorem 1.4 follows once we find an asymptotic for nr(f ® 1g) whose

proof we now outline. For gy € G and € > 0, the e-flow box centered at gg is
defined as

B(go,¢) :== go(NeN N N.NAM)M_ A

where N is the horospherical subgroup opposite to N. Flow boxes form

a basis for the topology on G, so it suffices to understand the asymptotic

behavior of n7(B(go, £) ® ©) where B(go, €) is the image of B(go, €) under the

projection G — I'\G/M. We describe the main steps to find an asymptotic

for nT(B(go, £) ® ©). First, we find an asymptotic for #I'N gOS’T’bgofl where

Sty = N, exp(']I‘T,b)@Ne_l.

When r = rank(G) = 1, a well-known approach for this ([12], [30], [29],

etc; see also [9]) is to show that the sets Sp., . = [ ,eq. 915792 and

5’; be = U 1.92€Ge 915792 can be well-approximated by product subsets of

N exp(aT)MN and to obtain an asymptotic for #I ﬂgoS;ngO*l, using strong

mixing of the A-action on I'\G for the finite Bowen-Margulis-Sullivan (BMS)

measure. When r > 2, the BMS measure m, associated to v is infinite and

the A-action is not strongly mixing on I'\G. Instead, we use local mixing

(Theorem 3.3) for the action of one parameter family exp(tv + v/tu) for
certain u € a, obtained in ([6], [11]). The availability of the local mixing is

3For a topological space X, we denote by C(X) (resp. Ce(X)) the space of (resp.
compactly supported) continuous real-valued functions on X.
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one of the main reasons why our theorems are proved for Anosov subgroups.

Let
e(svT

* Ry vb(u

where k, > 0 is as in the local mixing Theorem 3.3. Using local mixing for
exp(tv + ﬁu) along with an accompanying uniformity statement, we prove
that

mv(B(907 6))
by (e)

where b, (¢) is the volume of the r-dimensional Euclidean ball of radius e.
We emphasize that the fact that we are using the tubes in the definition of
St is quite crucial in this step of the proof, as L*(Try) is the asymptotic of
a certain integral over T and it is unclear how to compute this for general
subsets of a™ other than tubes. By a wavefront-type argument, the family
of subsets goST 9, I and Vr,, are approximately equal to each other where

Vry := B(go, ) exp(Tr)OB(go, €)'

Moreover, since the direction of T lies in the interior of a*, we can apply
a closing lemma for regular directions to elements of I' and approximate
#I' N Wry, using #I' N Vry, where

#I'N goSrpgs ' = L*(Trp) ( Voly (©)(1 + O(g)) + OT(1)>

1

Wrp = {gamg™" : g € B(go,¢), a € exp(Trp), m € O}.

Since

nr(B(g0,€) @ ©) = by(€) - #(Fprim N Wrp),

we then get the asymptotic for nr(B(go, ) ® ©), which yields the asymptotic
for (1.10) using a standard partition of unity argument:

T]T(f ® 1@) ~ L*(TT,b) . m\,(f) . VOIM(@ N MF).

This process yields an asymptotic for counting Jordan projections with
weights [ c) f. Removing these weights is a difficult problem for a general
discrete subgroup; for instance, this is related to the difficulty of counting
Jordan projections for lattices (and also a reason for the presence of weight in
a related work of Dang-Li [8]). However for I' Anosov, there is a convenient
choice of f based on the vector bundle structure of the support of m, (see the
proof of Theorem 4.2) so that the weight fC(v) f is equal to ¥y (A(7)) where
1y : a — R is the unique linear form tangent to ¢¥r at v and this weight can
be removed as in the rank one case.

To study the correlations of displacement spectra, we observe that the
vector (d(p1(y)o,0),...,d(pi(y)o,0)) is the Cartan projection u(p(vy)) of
p(v) € I',. Hence we are led to count Cartan projections in tubes for Anosov
subgroups. Counting Cartan projections for cones with respect to certain or-
derings was done by Edwards-Lee-Oh [10]. In proving Theorem 1.5, the main
technical difficulty is again to estimate certain integrals over tubes.



JORDAN AND CARTAN SPECTRA 11

Organization.

e In Section 2, we recall the definition of I'-conformal measures on the
Furstenberg boundary and generalized BMS measures for general
Zariski dense subgroups I' of G.

e In Section 3, we recall the local mixing result on Anosov homogeneous
spaces.

e In Section 4, we deduce the Jordan projection counting in tubes
(Theorem 4.2) from Theorem 4.5.

e In Section 5, we prove the joint equidistribution in essential tubes of
nontrivial closed A-orbits and their holonomies (Theorem 4.5).

e In Section 6, we prove equidistribution and counting for Cartan pro-
jections in tubes (Theorem 6.1, Corollary 6.2).

e In Section 7, we give an application of Jordan projection counting
in tubes to deduce the correlations of length spectra (Theorem 7.1).
The correlations of displacements (Theorem 7.2) is a similar appli-
cation of Cartan projection counting in tubes.

e In Section 8, we deduce that the growth indicator for Anosov sub-
groups can be equivalently defined using Jordan projections rather
than Cartan projections or using tubes rather than cones at least in
the interior of the limit cone (Theorem 8.1).

Acknowledgement. We would like to thank Giuseppe Martone for inter-
esting conversations about his paper with Dai [7]. We also thank Dongryul
Kim for useful comments on the preliminary version.

2. PRELIMINARIES

Throughout the paper, we let G be a connected semisimple real algebraic
group. Fixing a Cartan involution of the Lie algebra g of G, let g = €D p
be the eigenspace decomposition corresponding to the eigenvalues +1 and
—1 respectively. Let K < G be the maximal compact subgroup whose Lie
algebra is €. Let a C p be a maximal abelian subalgebra and choose a closed
positive Weyl chamber a®™ C a. We denote by ®* the set of positive roots
for (g,a™).

Let A =expa, AT = expa™, and denote a,, = exp(w) for all w € a. Let
M = Ck(A) be the centralizer of A in K. We set

N = {n € G : lim a_gynagy, = e for all w € int a+} ;
t—o00
N = {h € G : lim appha—_g, = e for all w € int a+} ,
t—o0
and n =log N and i =log N. Let P = M AN and

F:=G/P=K/M

denote the Furstenburg boundary of G where the isomorphism G/P = K/M
is given by the Iwasawa decomposition G = K x Ax N. Let W = Nk (A)/M
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denote the Weyl group. Let wy € K be a representative of the element in
W such that Ady,(a™) = —a™. The map i : a¥ — a*t defined by i(w) =
— Ady, (w) is called the opposition involution.

For all g € G, let

gt =gPcF and g =guwyP € F. (2.1)

Fix a left G-invariant and right K-invariant Riemannian metric dg on G
and denote the corresponding inner product and norm on g by (-,-) and || - ||
respectively. Using the inner product on a, we identify a with R™ and equip
it with the Lebesgue measure which induces a Haar measure on A. For e > 0
and a subset S C G, we set S. = SNG. where G. = {g € G : dg(e, g) < ¢}.
For all w € a™, we have

| Ad,_, x| < ||z]je” ™Pace+ “)  for all z € n;
| Ady,, || < ||lz|le” ™Pacet *®)  for all z € . (2.2)
NAM N-coordinates. The product map N x A x M x N — G is a dif-

feomorphism onto a Zariski open neighborhood of e. The same is true if we
permute N, A, M, N. This fact is used to prove the next two lemmas.

Lemma 2.1. (1) For all sufficiently small € > 0, if 0 < e1,e2 < ¢,
h € N., and n € N.,, then’

hn = nihiaimy € NO(EQ)NO(El)AO(E)MO(E)'

(2) Fiz a bounded subset U C N. For sufficiently small € > 0 we have
for all hg € U,

hoNo(e) € Mo(e)Ao=)Noe)hoNo(e)-
(1) and (2) still hold if the roles of N and N are swapped.

Proof. Let € > 0 be sufficiently small so that the image of the diffeomorphism
given by the product map N x N x A x M — G contains N.N.. Then by
the implicit function theorem, there are smooth functions z,y, a, m defined
on N, x N, such that

hn = x(h,n)y(h, n)a(h, n)m(h,n) € Noe)No) Aoy Mo(e)-
Note that y(e,n) = e and if h € N.,, then y(h,n) € y(e,n)No(e,) = NO(51)~
Similarly, if n € Ne,, then x(h,n) € No(c,). This proves (1).
For (2), since U is bounded, for ¢ > 0 sufficiently small the image of the

product map M x A x N x N — G contains UNO(E). A similar application
of the implicit function theorem finishes the proof. O

Lemma 2.2. Fiz bounded subsets U C N and U C N. For all sufficiently
small € > 0, the following holds.

We write O(e) for a function which is in absolute value at most Ce for some constant
C > 0 independent of .
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(1) If g1 € G, and g = manh € MANU, then
991 € mMo(oyaAoynNo( hNoje)-
(2) If g2 € G, and g = ahmn € ANMU, then
992 € aAo(eyhNo@ymMo@enNoe)-
(3) If g1, 92 € Ge and g = hamn € UAMU, then
gi19ge € NO(E)hAO(E)aMO(E)mnNO(E).

Proof. Let ¢ > 0, g1 € G, and ¢ = manh € MANU. For ¢ sufficiently
small, we may write g7 = miainih; € MO(E)AO(E)NO(E)NO(E) since the
product map M x A x N x N — G is a diffeomorphism onto an open
neighborhood of e. Let m’ = mmy € mMo(, ' = aa1 € aApr), n' =
(myar)"tn(miar) € nNo(s) and h' = (mia1) " th(mia) € hNO(E) so that
g1 = m'a'n’W'nihy. Note that h'ny € UNO(a)NO(a) and UNO(E) C N is
bounded. Then by Lemma 2.1(2), if € is sufficiently small, then we can write
h'n1 = maagnah” where moasng € Moy Ao) No(e) and h" € hNO(E). Then

gg1 = m'a'n'W'nihy = m'a'n'maasnash’ by = m”a""n"nah/ hy

where m” = m/ms € mMoye), a" =dag € aAp(s) and n” = (maag)~tn'(maaz) €
nNo(e)- This completes the proof of (1).

The proof of (2) is similar and (3) can be deduced from (1) and (2) in a
similar manner. O

Henceforth, let I' < G be a Zariski dense discrete subgroup.

Limit set, limit cone and holonomy group. Let mr denote the unique
K-invariant probability measure on F. The limit set A C F of I" is defined
by

A ={¢ € F:3IHvu}nen C T such that (,).mr ——— De}

where D¢ denotes the Dirac measure at §. It is the unique I'-minimal subset
of F [1].

Any g € G can be written as the commuting product g = gngeg. where gy,
is hyperbolic, g, is elliptic and g, is unipotent. The hyperbolic component gy
is conjugate to a unique element exp A\(g) € A1 and \(g) is called the Jordan
projection of g. When A(g) € inta™, g € G is called lozodromic in which case
gu 1s necessarily trivial and g, is conjugate to an element m(g) € M which
is unique up to conjugation in M. We call its conjugacy class [m(g)] € [M]
the holonomy of g.

The limit cone L = Lr of T' is the smallest closed cone containing the
Jordan projection A\(I'"). It is convex and with non-empty interior [1| which
we denote by int £. We note that A(g~!) = i(A(g)) for all g € G and hence
L=i(L).

The holonomy group of I' is the closed subgroup Mt < M generated by
all of the holonomies in I". By [16, Corollary 1.10], M is a normal subgroup
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of M of finite index. In particular if M is connected, then Mr = M. If G is
of rank one, we always have M = Mt for any Zariski dense I', since either
M is connected or G = SLyR and Mp = M = {£(}9)} [4, Lemma 2]. In
general, there are examples of Zariski dense subgroups with Mp # M (e.g.,
Hitchin representations [23, Theorem 1.5]).

For g € G, let u(g) denote the Cartan projection of g, that is, u(g) € a™t
is the unique element in a™ such that

g € K exp(u(g)) K.
We note that u(g=1) = i(u(g)) for all g € G.

Conformal measures. The Iwasawa cocycle 0 : G X F — a is the map
which assigns to each (g, kM) € G x F the unique element o(g, kM) € a such
that gk € Ka,(4,¢)N. The a-valued Busemann function g : F x G X G — a
is defined by

Be(gr,92) = a(97 1 €) —a(95 ", €)

for all g1,g2 € G and & € F.

Definition 2.3 (Growth indicator). The growth indicator ¢r : a* — R U
{—o0} of T is defined by
Yr(w) = |Jw| inf TC for all non-zero w € a™
open cones COw

where ¢ is the abscissa of convergence of the series t — nyer,u(w)ec e~ eI,
We set ¢r(0) = 0.

It is concave, upper semicontinuous, and satisfies ¢r|int £ > 0 (33, Theorem
4.2.2]. By [33, Lemma 3.1.1], when ¢r(w) > 0 (i.e., w € int £), we have
grw)=lull _ inf  limsupglog#{y€T:u(y) €C, Il <T}

—00

open cones COw

Given a closed subgroup A < G, a Borel probability measure v on F is
called a A-conformal measure if there exists ) € a* such that for any v € A
and € € F,

drysv
dv
where 7,(Q) = v(y~1Q) for any Borel subset Q C F. In that case, we call
v a (A, 1)-conformal measure.

(&) = ¥ (Be(e7))

Generalized BMS measures. We recall the definitions of generalized
Bowen-Margulis-Sullivan measures using the Hopf parametrization of G /M.
There is a unique open G-orbit in F x F given by

FO =G.(et,e") Cc Fx F. (2.3)

If (z,y) € F@)_ then we say that z and y are in general position. The Hopf
parametrization is a diffeomorphism G/M — F ) x a defined by

gM — (g%, 97, By+(e,g)) forall g € G.
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For a pair (vy,, vy,) of (I',11)- and (I, 1)2)-conformal measures on F, the
generalized Bowen-Margulis-Sullivan measure m = m,, oy Vi 1S defined on

G/M = F? x a by

My vy, (gM) = o1 (Bt (e:9)) T2 (B, (e.9)) dvy, (g™) vy, (97) dw. (2.4)

The measure m is left I'-invariant and right A-quasi-invariant. It is A-
invariant if and only if 99 = %1 oi. The measure m descends to a mea-
sure on I'\G/M and by lifting it using the Haar probability measure on M,
we also obtain a measure on I'\G. Abusing notation, we also denote it by
m = my, u,, 85 well.

3. LOCAL MIXING FOR ANOSOV SUBGROUPS

There are several equivalent characterizations of Anosov subgroups. We
use the following definition [18]: a finitely generated subgroup I' < G is
called an Anosov subgroup (with respect to P) if there exists C' > 0 such
that for all v € T,

a(p(v)) > Ch|-C!

for all simple root « of (g,at) where || denotes the word length of v with
respect to a fixed finite set of generators of I'.

In this section, let I' < G be a Zariski dense Anosov subgroup. The
next theorem summarizes some facts about conformal measures for Anosov
subgroups. We say that a linear form ¢ : a — R is tangent to ¢r at v € a™t
if

Yr < and Yr(v) = P(v).

Theorem 3.1. Letv € int £ be a unit vector. Then there exists a unique lin-
ear form 1, tangent to r atv. There also exists a unique (T, 1, )-conformal
measure vy, on F. Moreover, v, is supported on A.

The three claims in Theorem 3.1 can be found in [32, Proposition 4.11],
[24, Theorem 1.3] and [10, Theorem 7.9|, respectively. In the following, fix
a unit vector

v € int L.

Noting that mr is a (I, 2p)-conformal measure where

2p = Za

acdt
is the sum of all positive roots with multiplicity, we set

_ BR __ BR. __
My = My vy My = Mgy, and My =My,

The measures mE® and mBR+ are respectively N and N-invariant and called

Burger-Roblin measures.
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The Anosov property of I implies that any two distinct points in A are in
general position ([15], [18]). Let A® = (A x A)NF@ = {(z,y) € A x A :
x #y}. The map 7, : A® x a = A® x R defined by

mo(z,y,w) = (z,y, ¢ (w)) for all (z,y,w) € A® xa

is a vector bundle with typical fiber ker t),. Note that I acts on A®) x a and
on A® x R on the left respectively by

v (z,y,0) = (vr, vy, wB(v 1 €)Y (2,y,t) = (v, vy, t+bu(Ba(v L €)))
forally €T, (z,y) € A® w € aandteR.

Theorem 3.2 ([3, Proposition A.1|, see also [6, Theorem 4.15]). The left
T-action on A® x R is properly discontinuous and cocompact.

By Theorem 3.2, the space
X, =T\(A® x R)

is a compact Hausdorff topological space. Define the locally finite Borel
measure 7y, on A2 x R by

di, (&, t) = v (Be (€9)+9u(i(Bn(,9)) g (&) dvipy (n) dt

where g € G is any element with ¢ = £ and g— = n and dt denotes the
Lebesgue measure on R [25, Definition 3.8|. Note that my;, is left -invariant,
so my, descends to a finite measure my, on &, .

Set

Q=T\A? xacT\G/M

which is the support of m,. The map m, is I'-equivariant and descends
to a map m, :  — A&, which is in fact a trivial kery-vector bundle (|35,
Proposition 3.5], |25, Corollary 4.9]). Hence € is homeomorphic to X, xker 1,
and

dmy|, = dmy, du (3.1)

o
where du denotes the appropriately normalized Lebesgue measure on ker ), .

Local mixing. We recall the local mixing theorem for the Haar measure

on I'\G which will be used in Section 4. Let dx denote the right G-invariant

measure on I'\G induced by the Haar measure on G. Given an inner product
(-,-)x on a, let I : kert, — R be defined by

(u,v)2

I(u) = .=

(1) = fu ), =

Theorem 3.3 (|6, Theorem 1.3], [11, Theorem 3.4|). There exist x, > 0

and an inner product (-,-)« on a such that for any u € kert, and ¢1,p2 €

for all u € ker . (3.2)
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C.(I'\G), we have

lim ¢77 e2p—w)(tv+viu) / o1 5Uatv+\fu)¢2( ) dz

t——+o0
BR mBR«
= m;,
,m 2| Z ‘ZN ¢1) - my

ZN(¢2)

where the sum is taken over all A-ergodic components Z of m,.

Moreover, there exist n, > 0 and s, > 0 such that for all ¢1, pa € Co(I'\G),
there exists Dy > 0 depending continuously on ¢1 and ¢o such that for all
(t,u) € (sy,00) x kervp, such that tv + v/tu € at, we have

Lo (20— (tv+VEu) /F\G b (mtv+\/zu)¢2(x) dz| < Dye ™ W),

4. JOINT EQUIDISTRIBUTION OF CYLINDERS AND HOLONOMIES

Let I' < G be a Zariski dense Anosov subgroup. We give a definition
of essential tube that is slightly more general than the one given in the
introduction.

Definition 4.1. An essential tube T for I' is given by
T =T(v,K)=Rv+K)na"
where v € int £ is a unit vector and and K C ker ), is a compact subset with
non-empty interior and Lebesgue null boundary. We call v the direction and
K the cross-section of T.
For this entire section, fix
an essential tube T = T(v,K) and b e C(K).
For T' > 0, set

Trp=Tr(v,K,b) ={tv+u € at :t <T +b(u), u €K}

A subset of at of this form will be called a truncated tube. Note that for
b =0, we have

Tro={tv+ucat :t<T,uecK}.
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FIGURE 3

Let
5\, = @br (V)
The main goal of this section is to prove the following equidistribution of
Jordan projections in tubes and their holonomies:
Theorem 4.2. For any ¢ € CI(M), we have as T — oo,

65"T

B[ b)) gy, :
Z e(m(y)) 5 /Ke du /Mrgodm TeiD/3 (4.1)

[YEIT], A(Y)ET Ty v
where Ky 1s as in Theorem 3.3. In particular, we have
K eT
#(0) € [0 2) € e} ~ g /K N - s T o
When b =0 and ¢ = 1, we get the following:
Corollary 4.3. We have

Ry VOlker Wy (K) 65"T

oM : My] T W8T e

where Voliery, (K) = [, du.

In the rank one case, the prime geodesic theorem is deduced from equidis-
tribution of closed geodesics in the unit tangent bundle ([27], [34], [28]). In
the same spirit, we first prove joint equidistribution theorems (Theorems 4.4,
4.5) of closed A-orbits C'(y) and their holonomies m(7y) with A(7y) in tubes.

By the Anosov hypothesis on I', every non-trivial element of I' is loxo-
dromic ([23, Proposition 3.4|, [15, Corollary 3.2]). Let I'prim denote the set
of primitive elements in I', that is, it consists of all elements « € I" such that
v %~ for any 79 € I and k > 2. For each conjugacy class [y] € [[pyim] with
v € g(int AT)Mg~! for some g € G, consider the closed A-orbit

C(y)=TgAM C Q
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which is homeomorphic to a cylinder S! x R"~! [5, Lemma 4.14]. For f €
C.(9), the integral fc(,y) f is computed with respect to the measure on C(v)
induced by the Lebesgue measure on a. Set

__Hhv Svb(u) 4.9
c(v,b) Sufma] /Ke du (4.2)

with x, and my, as in Theorem 3.3 and (3.1) respectively.
Theorem 4.4 (Joint Equidistribution I). For any f € C.(Q) and ¢ €
Cl(M), we have as T'— oo,

66"T

> £ epm() ~ ewd) - mulf) - [ pdmeZ S

€T primls A(YET T, ¥ & Mr

Theorem 4.5 (Joint equidistribution II). For any f € C.(R2) and ¢ €
Cl(M), we have as T — oo,

1
2 W/Cm fro(m(7)) ~ clv, b)-mv(f)./

[V}E[Fprim}’ )‘('Y)GTT,b Mr

o T
pdm- T(r+1)/2°

We will prove these two theorems in the next section. In the rest of this
section, we will explain how to deduce Theorem 4.2 from Theorem 4.5 using
the following structure of §2:

Q=suppm, £ X, x kertpy and dm,|, = dmy, du (4.3)

from (3.1). We emphasize that this fact we are relying on is a special feature
of an Anosov subgroup which is not available for a general discrete subgroup
such as a higher rank lattice.

Proof of Theorem 4.2 assuming Theorem 4.5. Choose f; € C.(ker )
with [ fi(u)du = 1. In view of (4.3), the function
f=1x® N

can be considered as a function in C¢(Q2) and

mo(f) = mx, / f1(w) du = [mx, |

Therefore for every [] € [['prim,

=0 (A() / £1(w) du = B, (A()).

c()
By applying Theorem 4.5 to this function f, we obtain (4.1) with [I'] replaced
with [T pyim):
0T

Ev [ edbu) g / dm- ——. (44
p(m(y)) ~ e U - m - . .
> mn) ~ 5 | [ pdm i 69

[7] € [Fprim}u A(’Y)GTT,ZJ v



20 MICHAEL CHOW AND HEE OH

We claim that this asymptotic remains true when [I'pyim] is replaced with
[[']. To see that, we first take ¢ =1 and b = 0 and obtain

65"T

#{17] € [Corim] : A(7) € Tr} ~ m /K S o (45)

Suppose that K is a convex set containing 0. Observe that if )\('yé) €
Tr(v,K,b), then A(y) = %)\(’y{)) € ']I‘T/j(v,%K,b) C T(v,K,b) by the con-
vexity of K. Therefore

#{] € [I]: A(v) € Tr} — #{[7] € [Cprim] : A(7) € Tr}
< F)T#{h] € [Fprim] : A('V) € TT/Q} < 66VT/2'
Identifying ker, with R"~!, we next consider the case when K is a box

[1:=] [ai, bi). Set Bj = [0,b1] x -~ x [0,a;] x - -+ x [0,b,_1] and note that for
any f € C(kert,), we have

r—1
I BN S O (N SRR B SN
/1_[:11 [aivbi] HZT;11 [Orbi] ]; Bj H:;11 [Ovai]

Theorem 4.2 now follows for K = H::_11 [ai, b;] by applying Theorem 4.2 to
each box containing 0 on the right hand side of (4.6).

For general K, using the hypothesis that the boundary of K has zero
Lebesgue measure, we can approximate K above and below by boxes and
apply Theorem 4.2 to the boxes.

Proof of Theorem 1.4. We now deduce Theorem 1.4 from Theorem 4.2.
Fix e > 0, w € a and conjugation invariant Borel subset © C M with smooth
boundary. Recall that T = T(v,e,w) = {u+w € a® : |[u — Rv|| <e}. Let

Br={veT:|v|<T}.
Then we want an asymptotic for

#{ll € [IT: A(v) € Br, m(7) € ©}.
Decomposing w as an element in the direct sum a = ker, ® Rv, we may
assume without loss of generality that w € ker),. Note that the set Br is
not a truncated tube as defined at the beginning of Section 4. Let

K={u€kertyy :|[u—w-—Rv| <e}
so that

T=T(,K)={tvtuecat:teR, ueK}

For v € K, define b(u) € R as the unique number such that u + b(u)v is

orthogonal to v with respect to the inner product inducing the norm || - ||.
We claim that for fixed & > 0, when T is sufficiently large, we have

TT,b—e’ C Br C TTJ,. (47)
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Suppose that v € Trp—s. Then v = tv + u for some v € K and ¢t <
T + b(u) — ¢’. We have

[[tv + ull = [I( = b(u))v + (u + b(u)v)|
= /(t = b(w))? + [lu+ b(uv|> < V(T — &) + u+bupv|? < T

where the last inequality holds when T is sufficiently large since u + b(u)v is
bounded. This shows that v € Br.

Now suppose that v € Bp. Then v = tv + u for some u € K and t € R
with |[tv + u|| < T. We have

t—b(u) < [[tv+ull = v/t = b(w))? + [lu+ bluv[> < T

and hence t < T + b(u) and v € Ty . This proves (4.7).
It follows from (4.7) that

#{[V] € [IT: A7) € Trp} < #{[v] € [ : A7) € Br, m(v) € ©}
<#{[V] €[I]: A7) € Trp}-

Applying Theorem 4.2 to Try_ and Trp and then taking ¢/ — 0, we
conclude that

- pr=D)/2
Tlgrolo T#{M € I : A7) € Br, m(v) € ©} = k- Voly (©NMr).

where
KT = KV/ ) gy, (4.8)
o Jk

Remark 4.6. There is a unique maximal growth direction vp at which r
attains its maximum on {w € a* : ||w|| = 1}. When I is Anosov, vp € int £
[32, Proposition 4.11] and ker ¢, is orthogonal to v. The function b € C'(K)
in the proof of Theorem 1.4 was defined by the condition that u + b(u)v is
orthogonal to v for every u € kert,. Hence for essential tubes T(v,K) of
direction v = vp, we have b = 0 and kT = % Vol(K).

5. PROOFS OF JOINT EQUIDISTRIBUTION THEOREMS

This section is devoted to proving Theorems 4.4 and 4.5. We keep the
notations for T = T(v,K),b etc from Section 4. To simplify notation, we
write the proof for the case that M = Mp (e.g., M is connected). The
case when M # Mt is complicated by the fact that the BMS measure m,
on '\G/M has more than one A-ergodic components, more precisely, the
number of its ergodic components is equal to [M : My| [26], but this can be
handled in exactly the same way as in [5, Section 5.
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Counting in N AM N-coordinates. Let v and v; denote the unique (T, 1), )-
and (F,¢i(v))—conf0rmal measures on F respectively. Let Volys denote the
Haar probability measure on M. Fix bounded Borel sets

ECN, ECN, 6cM
with non-empty relative interiors and null boundaries:
v(0=e™) = (027 e™) = Vol (90) = 0.
For T > 0, consider the following subset of NATMN:
Sty = STp(Z,E, T, 0) = Zexp(Tr,)OZ=. (5.1)
Define the measures 7 on N and # on N by
do(h) = e M) qu(nt);,  dig(n) = W) Ba= () qui(n7).
In this subsection, we prove an asymptotic for #I' N St.

Proposition 5.1. We have, as T — oo,

0T

LT N Spy) ~ c(v, b)i(2)5(EL) Vol (©) Te (5.2)

T2

For a sufficiently small € > 0, consider the following e-approximations of
ST.p:

Srpe= [) 9151092 Stve= U 915rp02
91,92€Ge 91,92€Ge

In the next lemma, we state a property of the N AM N-coordinates that
we will use to prove Lemma 5.2 which bounds the sets 5’% e Dy product
subsets of NA*MN that approximate Sz.

Lemma 5.2. For all sufficiently small € > 0, there exist truncated tubes
T, . C Ty C Tk and Borel subsets =7 C = C =F of N, 7 C 2 C ZF of

€ 3

N and ©7 C © C ©F of M satisfying the following:
(1) for all T > 0,

Noo)=z exp(T7,. ) Mo()©: E- Noe) C Srp,.
C S;,b,s - NO(S)E: eXp(T;,a)MO(S)@:E:NO(a) (5.3)

(2) an O(g)-neighborhood of Ty _ (resp. Tryp) contains Tty (resp. T%E);
(3) v(EF —Z2)et) = 0, »i((EF —Z2)e™) — 0 and Volp (05 —07) — 0
as e — 0.

Proof. We prove the half of the lemma involving — signs; the second half
involving the + signs is similar.

For T'> 0, let T} (resp. Z7,27,07) be the intersection of T7, (resp.
Z.,Ze, 0.) and the complement of an O(e)-neighborhood of its exterior, or
more explicitly,

Tis = TT,b — (8TT7(, + Clo(s)).
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To check (1),let g € NO(a)Ee_ exp(T7 ) Mo()©7 EZ No(e)- By Lemma 2.2(3),
it follows that for all g1, g2 € G,

91995 € No@) 22 Ao(e) exp(Tr ) Mo O Z2 No(ey C St
This implies that g € S, _, which establishes (1). It is clear that (2) is

satisfied. Moreover, since v(9Zet) = 0, we have

e—0

— 0.
and ©_ and hence (3) is satisfied. O

W(Ee®) — v(Ezeh)| < v(NowdZe™)

Similarly for =

An integral over tubes. It is possible to generalize Lemma 5.2 by replac-
ing the truncated tubes Tr; with a sequence of sufficiently nice compact
subsets of a and then attempt to obtain the counting as in Proposition 5.1
following the well-known approaches of ([12], [30], [29], etc). However, in
carrying out this in this higher rank and infinite volume setting, putting

L(To)

Ry

= edte™ 1) gt du (5.4)
|va‘ tvHv/tueTo

where k, and I(u) are as in Theorem 3.3, we need to control the asymptotic
of L(Trp) and L(T%,) as T — oo as in Lemma 5.4 where the shape of
the tubes plays an irﬁportant role. We will need the the following technical
lemma, in the proof of Lemma 5.4.

Lemma 5.3. Define fr: kerv, — R by

fr(u) = 517,6_1(“)/T/ Mt foru € ker iy
e R (u/VT)

where Ry(u) = {t > 0:t < T+ b(+/tu), Vtu € K}. We have

{(slveévb(“) if u € int K

m fr(w) =9 if u € ker b, — K.

T—o00

(5.5)

Proof. To compute the desired limit, we will first describe the values in
Ry (u). For convenience, let

My, = max b; myp = min b;
Ju={s>0:sucK} and J2={s*:s5¢€.J,} forucker,.
Then
RT(u/\/T)Z{tZO:th—I—b(\/;u), \/;ue K}
= {t20:t <T+b(y/Lu). t € T2}
C [0, min {T + M, (sup J3) T'}]
First, fix v € int K. Then
sy:=sup{0 <s<1l:su¢K}<1.
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Assume that T is sufficiently large so that
suT < T +my < T+ M, < (supJy)T.

Observe that [, T, T +my) C Ry(u/vVT) and Ry (u/vT) N (T + My, 00) = 0.
Note that since s,, < 1, we have

1 suT 1
ewT eiI(U)/T [) et dt < mefl(u)/Tet;vSuT (56)

and hence the quantity on the left hand-side goes to 0 as T' — oc.

Next we investigate which values in [T + my, T + Mj] are in Ry (u/vV/T).
Fix € > 0. Using continuity of b, we note that for all T" sufficiently large and
for all n € (,b(u) —mp), we have

T—I—b(u)—n<T+b<\/T+b(ﬁ)"u>

[suT, T + b(u) — op(1)] € Rp(u/VT). (5.7)
Similarly, we note that for all T" sufficiently large and for all € (&, My—b(u)),

we have
T+b(u)+n>T+b(\/Wrﬁ)J”7u>

Rr(u/VT) N [T + b(u) + or(1),00) = 0. (5.8)

and hence’

and hence

Also note that
e—1(w)/T /T+b(U)+0T(1)

e Mt = L~ 1)/T dub(w) (gor (1) _ g=or()y  (5.9)
6 A\

T+b(u)—or(1) e T

goes to 0 as T — oo. Summarizing (5.6)-(5.9), we have shown that to
compute limp_s f7(u), we can replace Ry (u/v/T) with [sp, T+b(u)—op(1))]
to get

1
lim fr(u) = lim — Te_I(u)/T/ et dt
T—o0 T—o0 €% Ry (u/VT)

e—I(U)/T(e5v(T+b(u)—0T(1)) _ oT(e‘SvT))

v

Next, fix u ¢ K. Since K is closed, there exists 7 > 0 such that (1 —n,1+
n) N Jy, = 0. Then for all sufficiently large T, we have

Re(u/VT) = {t 2 0: £ < T+ b(y/ ), t € TJ2} € [0, (1~ 1)*T).

6We write or(1) for a function of T that converges to 0 as T tends to co.
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Then
1 g (1=n)*T 1 e
< u)/T/ St gp < L —I(w)/T 5 (1-m)2T
fr(u) < eévTe 0 € = eévTe €
and hence limp_, o fr(u) = 0. O
Lemma 5.4. We have

: 1 St —I(u) _ L[ s
IJEI;O T2 /tvﬂ/iueTT,be e dt du = 5 Ke du. (5.10)

Proof. We may assume Ty, = {tv+u: 0 <t <T+b(u), u € K} as Tpp—a®
is contained in a fixed compact set independent of T'. Then

Rr(u) ={t>0:t < T +b(tu),Vtu € K}.

By changing the variable vT'u to u, we have
1

eTT(-7)/2 /tv+\/?€u€TT,b
- 1 —I(u) oot
_ MH)/Q/kewve /RT(u)e dt du
1
_ / ”e—I(U)/T/ e dt du
kery, €7 Rr(u/vT)

— / fT .
ker 1)y
Set

AT:/ fr, BT:/ fr and CT:/ fr
ucint K uehull(KU{0})—K ughull(KU{0})

where hullK U {0} means the convex hull of KU {0}. By hypothesis that 0K
has measure zero, we have fker " fr=Ar+Br+Crp.

ete W) gt 4y,

Asymptotic of Ar. Since

Re(u/VT) = {t 2 0: £ < T+ b(y/ ),/ bu € K}
:{t20:t§T+b(\/;u),t€TJ3}
C [0, min {T + My, (sup JZ) T'}]

where J, = {s > 0: su € K}, we have for all u € ker ),

1 T+ My 5 1
u) < et dt < — Mo,
o )—e”/o Y

Since K is bounded and the integral in (5) is uniformly bounded for all T’
we can apply the Lebesgue dominated convergence theorem for the sequence
frlintk to compute the asymptotic of Ay using Lemma 5.3:

lim Ar :/ lim fr(u)du ! ) .

T—oo cint K T—o0 Ov Jueint K
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Hence it suffices to show that By + Cp converges to 0 as T — oo.
Asymptotic of By. For u € hull(KU {0}), we still have the constant upper
bound in (5). Hence we can also apply the Lebesgue dominated convergence
theorem and Lemma 5.3 to compute

lim By = lim fr(u)du= O0du =20

T—oo /uehull(KU{O})—K T—o0 /uehull(KU{O})—K
Asymptotic of Cr. Fix u ¢ hull(KU {0}). Then for all ¢ > 1, tu ¢ K
otherwise u would lie on the segment with endpoints 0 and tuw and be in
hull(KU {0}). In particular, we have

Ju :=sup(Jy,) =sup{0 < s <1:sueK}<I.
Define
g(u) = 2y/5, 1) (1 = 72).
Using Rr(u/vVT) C TJ? C T[0,52], we get for all T > 0,

1 2
Fr(u) = —ame1/T / Mt gt < Le—TW)/Tg=8T(-32) < 1 ~g(w)
o T Ror (/) 3 3

where the last inequality uses the fact that a + b > 2v/ab for all a,b > 0.
Note that the function g(u) is radially increasing with at least a linear rate:
for all » > 1, we have

g(ru) = 2/8,I(ru)(1 — j2,) = 2r/8 I (u)(1 = j2/r?) = rg(u),
so the function u — e~9() is L'-integrable on ker ), — hull(K U {0}). Hence

we apply the Lebesgue dominated convergence theorem to compute the as-
ymptotic of Cy using Lemma 5.3:

lim Cp = / lim fr(u)du= / 0Odu=0
T—o0 ughull(Ku{o}) T—o0 ughull(KU{0})
This finishes the proof of Lemma 5.4. U

We are now ready to give the proof of Proposition 5.1.

Proof of Proposition 5.1. We first introduce some notation. Given a
bounded Borel subset B of G, define the counting function Fp: G x G — N
by
Fp(g,h) =Y 1p(g~"vh).
vel’

Note that FST’b(e7 e) = #I' N S7p. The function Fp is -invariant in both
arguments so it descends to a function on I'\G x I'\G which we still denote
by Fp. For Fy,F5: F\G X F\G — R, let

(F1, Fy) =/ Fi(z1, z2) Fa(x1, x2) doy dag
MNGxI'\G

when the integral makes sense where dx1,dxo are both the Haar measure
on '\G. For € > 0 smaller than the injectivity radius of I" at e, we fix a
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nonnegative function ¢, € C*(G) with suppv. C G. and [ ¢.dg = 1. Let
. € C°(T'\G) be defined by W.(I'g) = >~ rv:(vg) for all g € G.
Observe that we have
(F

ST,b,s

Ve @ Ve) < Fg,\(e,e) < <F5¥b E U, @ WU,). (5.11)
Given a bounded Borel subset B C G, we define fg : N x MN — R by

fB(h,mn) = N MW qt du.
Y Jh=tay, g, mnEB

Continuing the notation (5.4), set

L(Trp) = / eMe= 1 dqt du
v tv—i—\/fue’]I‘T,b

which is the value of fg,.,(h,mn) when it is nonzero.
We denote by

I, : MANN — a, Ji: MANN — N,
I, : ANMN — a, Jy: ANMN — MN

the natural projection maps. For a bounded subset B C G, define

Fulg1,90) = fB(Jl(gfl)’J2(951))ewv(11(9f1)—12(951))

for any g; € G such that J(g;l) and I(g;l) are defined for i = 1, 2.
The first step is to rewrite (Fgx ,¥. ® ¥.) by decomposing the Haar
T,b,e

measure on G using NAMN coordinates and separating the expected main
term from local mixing from the error term. Set Q¢+ to be
T,b,e

/ / for (97 k1, 95 K2) ¥ (91)0e(g2) dgr dgo dv (k) dui(ks).
K/MxK JGcxG: ~Tbe
(5.12)

Then as in [5, Lemmas 5.4-5.8], we have

<FS:Tth7\Ij5 ®‘Ils>

= Qq- M B, (t,u, h,mn) dt dudh dm dn

T,b,e 1
h=1la v+ﬁumn€ST,b,s

where

B (t, u, hymn) = = D/22 v i o / . (zh) Ve (vay,, g, mn) da
NG

— 7’%671(“) mBR* (h_l.‘l’g)m?R((mn)_l.\I’g).

Imx,| TV
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In view of (5.12) and Lemma 5.2, we only need to consider k1 € K such

that J1(k; 'g1) is in a bounded set. Similarly for k2. Then by Lemma 2.2(1)-
(2), we get

oLk ) = ook ) +0(e); enu(La(ky ' g2)) = W (2(ky 1) + O(e)
and
Jl(kiflgl)_l € NO(E)Jl(k‘fl)_l; Jg(k/‘;lgz) € Mo(s)JQ(kgl)NO(s). (5.13)

Let T, —’H‘(VK_Tb)CTTb,H CE, - CZand O C © be as in
Lemma 5 2 For convenience, let

Srye = Ex exp(Ty, )07 L.
By Lemma 5.2(1) and (5.13), for all g1, g2 € G we have
Fsp, (N g1)s Ta(ky " g2)) = fs,  (Ti(kyh), Ta(ky ).

It now follows that

2/ (1+0())fs, ,_ (k1 ko) du(ki) (k). (5.14)
K/MxK be

ST,

Using Lemma 5.2(2)-(3), we observe that’
/K/MxK(fSTb S5y, Ik, ok ) dv (k) dvs (k)
~ LEr0 (r (G- 200 +u (3 - (&2
+ (L(Trp) — L(T7 ) (ED)v((Z

)"He™) + Vola (6 — 07))
<) 3
= L(T7p)0:(1) + O(L(Trp) — L(T7.))

L

)" )Vl (©7)

(5.15)
where we note that L(Trp) — L(T7_) = L(Tr)o-(1) by Lemma 5.4.%
Combining (5.14) and (5.15) yi elds

Qs;,. = [ (14O oy (ha k) dv(h] ) dn(hF) + L(Tra)ou(1).
K/MxK

T,b,e
(5.16)
A similar argument shows that

Qgr < / (14 O()) oy, (k. ko) () dma(k3 ) + L(Trp)o-(1)
T.b.e K/MxK

(5.17)
and we conclude that

Qs%b :/ (1 + O(e)) fsy, dv(ki) dvi(k3) + L(Trp)o-(1).  (5.18)
€ K/MxK

"For a function f of T,e, we write O(f) for a function which is in absolute value at
most C'f for some constant C' > 0 independent of T, ¢.

8For a real-valued function f of g, we write f = 0.(1) <= lim.—0 f(¢) =0
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Considering k1 € K such that kfl = maynh™' € MANN, we have
Ji(kTY) = k7Y bt =k M, I1(k{') = w = By (e, h) and hence

/ e k) gy () = / e Bt () qu(pt) = i(2).
EFeK/M, (1 (k7)) —1eE he=

Similarly, considering k2 € K such that k5 V= auhm™n"' € ANMN,
we have Jo(ky ') =m~'n"t € MN, ky =n~, (k") = w = —i(B,-(e,n))
and hence
e_¢v(12(k;1))dyi(k2+) - / (o) (B,— (en)) dvi(n™) dm

/k'geK, Jo(ky 1)eO= nme=-10-1

= (271 Vol (0).
Thus, we obtain

<F5;b767 \IIE ® qjs)

= (1 + O(E))L(TT,b)ﬁ(é)ﬁi(Eil) VOIM(@)

L / e5vtE€<t7u’h7mn) dt du dh dm dn + L(TT,b)Oa(l)-
h_lathr\ﬁumnESTﬂ“:,b,e

For the error term FE.(t,u, h, mn), we claim that

1
lim

vt
— s eV E.(t,u, h,mn)dtdudhdmdn = 0.
T—o0 e(SVTT(l—T)/Q A_latv+ﬂumn65¥,b,a 6( )

(5.19)
To prove (5.19), note that since = C N and £ C N are bounded, by
Theorem 3.3, there exist positive constants 7, D, and s, such that

’EE (t? u’ h7 mn)‘ S Dve_nvl(’u)

for all (¢,u) € (sy,00) X ker, and h, mn such that h_lathr\/zumn € S%bg.
Then (5.19) follows by using similar reasoning as in Lemma 5.4 and the fact
that for fixed u € ker 1)y, tlim E.(t,u,h,mn) = 0.

—00

Now using Lemma 5.4 and (5.11), taking 7" — oo and then ¢ — 0, we
conclude that

#(TNSp) ~ — / MW dy - 5(2)5(E7Y) Vol (©).
5V|va’ K

This finishes the proof of Proposition 5.1.
Counting via flow boxes. We use flow bozes as in [27| and [28].

Definition 5.5 (e-flow box at gg). Given gy € G and € > 0, the e-flow boz
at go is defined by

B(go,€) = go(N.N N N.NAM)M:A..
We denote the projection of B(go, ) into T\G/M by B(go, ¢).
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For gg € G and T, e > 0, we denote
Vry(90,, T, 0) = B(go, ) T1,0B(go, ) . (5.20)
Our next goal is to obtain an asymptotic for #I' N Vr (g0, ¢, T, ©).
Proposition 5.6. Let gy € G. For all sufficiently small € > 0, we have

#(F N VT,b(QO; &, Ta @))

. mv(é(g()a 5)) €5VT
where ¢(v,b) is as in (4.2) and b,(¢) denotes the volume of the Euclidean
r-ball of radius €.

The asymptotic in Proposition 5.6 will be deduced from Proposition 5.1.
Using another wavefront-type lemma argument, we show the sets St and
Vr(e,e,T,©) are approximately the same in the following precise sense:

Lemma 5.7. There exists C' > 0 such that for all sufficiently small € > 0
and for all sufficiently large T, T with T > T", we have

Vrp(e, e, T,0) — Vi (e, e, T, 0)
- ST,b:(Ns+O(Ee—CT’)v (NEJFO(EG_CT/))_l,']I‘j, el)
= S0t Nerogee-cr'yy Ny oee-cry) T TE, 6F)
where KI' and bt are defined by the equation Trp + ap) = Tr(v, KT, b1),

T :=T(v,KI), and 0F = J m1©ms.

m1,m2€EMop ()

Proof. Since v € inta™, there exists Ty > 0 sufficiently large such that the
linear forms v, and o € ®* are all positive on T — T7, - Therefore there
exists a constant C' > 0 such that
C-y(w) < min a(w) (5.21)
acdt
for all w € a in the O(e)-neighborhood of T — Ty 5. By (2.2) and (5.21),
for all w € a™ in the O(g)-neighborhood of T — T, 5, we have

a_wNaaw C Neefcwv(w). (5.22)
Similarly, we have
ayN.a_y C Nae—cwv(w). (5.23)
Let T > T'" > Ty and T;E = Ty (v, KI,bF). Let

g c VTJ,(G,E, T, @) — VTQb(e,E, T, @).

Write g = giamg, * where g1, g2 € Be,¢), a € exp(Try —Trrp) and m € ©.
Since g1,92 € B(e,e), by Lemma 2.1(1) we can write g1 = hinymia; €
NENO(E)MEAE and go = nohomaas € NENO(E)MO(E)AO(E)' Then

—1;-1_—1
g = hinimiaima(maas)™ " hy ny .
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Let ' = aajay ', m' = mymmy' and ng = (m'a’)"'nym’a’. Then o’ €
T7.~Tr o ™ € OF and ng € Np(,—crry by (5.22). By Lemma 2.1(1),

8

we can write nghgl = mgazhqng € MO(E)AO(E)NO(E)NO(Ee—CT’)' Then

! -1 -1 ! -1
g = him'a'nghy ny, = him'a'msazhangn,

_ + +
— h5m”a”n5 [ N +O(E€ C’T’)@g_ eXp(TTﬁ - TTlfo(E),E)NE-‘rO(&eiCT,)'

where a” = d'az, m" = m'ms, ny = mm;l IS N+O(€e—CT’) and hs =

hl(m”a")h4(m”a”) 1 c N

e+O0(ce—CT'): This completes the proof. O

Proof of Proposition 5.6. It suffices to consider the case gy = e. Note
that the boundaries N, and ON, are proper real algebraic subvarieties of
F and hence v(9N.) = 14(ON.) = 0 by [20, Theorem 1.1]. We have a trivial
inclusion STJ,(NE, N1, T,0) C Vry(e,e, T, 0). By Proposition 5.1, we have

€5VT

T(r=1)/2"
(5.24)

#(NVrp(e,e, T, 0)) > c(v,b) (#(N:)T(N:) Volar (©) + or(1))

By [5, Lemma 5.20], we have

my(B(e,)) = (14 O(e))b,(e)(N.)i(N). (5.25)
Then using (5.24) and (5.25), we get
# T NVry(e, e, T,0))
65\,T

c(v,b) (mv(B(e’g)) Voly (©)(1+ O(e)) + 0T(1)> T2

br(e)
It remains to establish the reverse inequality. By Lemma 5.7, we have
VT,b(e7 g, T? @) - VT/2 b(e €, T 9)
- ST b+( e+0(ce=CT/2), (N;ro(ge—CTm))ilv ij 6:)
and
VT/Q,b(ea g, Ta @) - ST/Q}b;" (NO(€)7 (NO(E))_la Tg_a @2_)
Then using Proposition 5.1 in the above inclusions, we get

#(F N VTJ)(B, €, T7 6)) - #(F N VT/Q,b(ea €, Ta 6))
65\,T

S C(V, b:) <D(Na+o(68_CT/2))ﬂi(Ns—‘rO(Ee_CT/Q)) VO]M(@;_) + OT(l)) m

66\,T

= (v, b) (a(zvg)ai(zve) Volar(9)(1+ 0(e)) + OT(1)> i

66"T

= ¢(v, b) (m"(bT((SE)) Volp (©)(1 4+ O(e)) + OT(l)) T/
(5.26)
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Moreover,
#(F N VT/Q,b(€7 e, T, 6))
T2

T (520

< ¢(v,b) <17(N€)17;(N€) Vol (0F) + OT(1)>
Combining (5.26) and (5.27), we obtain the desired inequality.

Application of a closing lemma. For gy € G and T,e > 0, let

1

Wrp(g0.¢,T,0) = {gamg™" : g € B(go,€),am € Tp;,0}.

Note that the sets Vr (g0, e, T,©) and Wr(go, €, T, ©) are similar but the
latter consists only of loxodromic elements and the former does not. We
relate I' N Wr(g0,¢,T,0) to I' N Vry(go,e,T,O) by using the following
closing lemma for regular directions.

Lemma 5.8. [5, Lemma 2.7| There exists so > 0 for which the following
holds. Let € > 0 be sufficiently small and g9 € G. Suppose there exist
91,92 € B(go,e) and v € G such that

G104y = 7g2 (5.28)
for some m, € M and a, € A with

= min a(logd,) > so. 5.29
s = min a(logdy) = s (5.29)

Then there exist g € B(go,e + O(ee™*)), ay € A and m~ € M such that

7= ga'ym'yg_l-
Moreover, ay € ayAp(e) and m~ € myMp(e).

The next Lemma 5.9 is a precise formulation of the property that the sets
F'Wrp(go0,¢, T, ©) and I'NVr (g0, €, T, ©) are approximately the same. The
proof of Lemma 5.9 uses the above Closing Lemma 5.8. The essential reason
why we are able to use this closing lemma is because only a finite volume
part of the tube T is too close to the walls of the Weyl chamber to apply
the closing lemma. Excluding this finite volume, we obtain a comparison
between I' " Wrp(g0,¢, T, ©) and T' N Vrp(g0,¢, T, O).

Lemma 5.9. There exists C > 0 such that for all sufficiently large T, T’
with T > T', we have
rn (VT,b; (90,€ — O(ee= ")), TZ,07) — Vv p(go, &, T, @))
cr'n WT,b(.QO» g, T) 6)
where KZ, b2 are defined by the equation )

g 7e weao(e)(

T, =T(v,K>) and ©7 = ng1,g2€Mo<E) 9109s.

Trp+w) = Tr(v,KZ,07),

g 7e
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Proof. As in Lemma 5.7, since v € inta™, there exists Ty > 0 sufficiently
large such that the linear forms ¢, and o € ®* are all positive on T — T, .
Therefore there exists a constant C' > 0 such that

Cipy(w) < min a(w)
aedt

for all w € a™ in some p-neighborhood of T — Tr,.p-
For T > 0, let T, = Tr(v,KZ,b7). Fix T > T’ > Ty and assume 1" is

g 7e

sufficiently large so that if w € T — Tpv, then

min a(w) > CT' > sg
aedt

where sg is as in Lemma 5.8. Suppose
yern (VT,bE_ (9035 - O(ge_CT’))vTe_’ @a_) - VT/,b(go,€,T, @)) ’

Then v = g1 exp(w)mgs where g1, g2 € B(go,e — O(ee €T"))), w € Tr. —
T1+p, and m € ©7. By Lemma 5.8, we have v = gexp(w’)m’g~! for some

9. B (g0.c — O(ce™C') 4 Oee™™maco )} € Blgo, ).

w' € wAp(ey and m' € mMp(.). It follows that w € Ty and m' € ©, so
v €N Wryp(go,e, T, ©). O

In the next Lemma 5.10, we show that there are just as many primitive
elements in I' N Wr (9o, €, ©) as nonprimitive elements. This is what allows
us to consider only primitive elements in I' as in the joint equidistribution
Theorem 4.5. The proof uses Lemma 5.9 and Proposition 5.6 to get an
estimate for #I prim N Wr (g0, €, ©).

Lemma 5.10. Suppose g9 € G with I'goM € suppm, and Vol (©) > 0.
Then for all sufficiently small € > 0 and sufficiently large T, we have

#I'N (WT,b(QOa &, 6) - WQT/3,b(g(]7 g, 6)) < #Fprim N WT,b(907 &, @)
Proof. Let ', » = {o¥:0¢c Iprim }. We observe that
#Fprim N WT,b(QO) g, T) 9)

= #Fm WT,b(QO)evTve)# U Fprimk mWT,b(QOveaTvg)
k>2

> #FQWT,b(ngvT?@) —# U FmWT/kj)(gmsvr]Al \k/@)
k>2

where ¥/0 := {m € M : m* € ©} and T is the essential tube obtained from
T by replacing K with the convex hull of KU {0} and b is any continuous
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extension of b to the convex hull of KU {0}. It suffices to show that for all
sufficiently large T', we have

# | UT W (90,8, T,V0) | <#T0Warysp(go,6,T,0).  (5.30)
k>2

Since WT/k’l;(go,é—:,’]AT, V0) c VT/k’Z;(go,s,’]AT, V/©) and I‘ﬂWT/k’B(go,e, T, ¥/0)
is empty when T'/k is sufficiently small, using Proposition 5.6 we get

# k:LZJQF NWy (90,6, T, V0) | =0 (T%) : (5.31)
Using Lemma 5.9, Proposition 5.6 and Vol (0) > 0, we have
o20T/3
#I'N WQT/37b(g(),€,T, ©)>0 <T(r—l)/2> . (5.32)
The inequality (5.30) now follows from (5.31) and (5.32). O

Joint Equidistribution. Our next goal is to prove Theorem 4.4. For each
T > 0, we define a Radon measure n7 on © x [M] by the following: for
f e Ce(2) and ¢ € CI(M), let

mfog= Y / f - (m(7)).

V€ prim], A(Y)ET,

We will prove Theorem 4.4 by using the asymptotic in Proposition 5.6. Let
go € G with I'goM € suppm,, © C Mr be a conjugation-invariant Borel
subset with Volp;/(0©) > 0 and Voly/(90) = 0 and let € > 0 be sufficiently
small as in Proposition 5.6.

Lemma 5.11. |5, Lemma 6.3] For all sufficiently large T > 1, we have

nr(B(go,€) ® ©) = by(€) - #(Lprim N Wrp(90, €, T, ©)).

In view of Lemma 5.11, we can now use Lemma 5.9 and Lemma 5.10 to
prove the following lemma comparing nr with Vr,.

Lemma 5.12 (Comparison Lemma). For all sufficiently large T > 1, we
have

br(e) - #I'N (VT’b; (90,6 — O(ee™2CT3)) TZ ©7) — Vorysp(90,€, T, @))

< nr(B(go,e) ® ©) < by(e) - #I' N Vrp(g0,¢, T, 0)

where C', ©7 and Tr_ are as in Lemma 5.9.
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Proof. The upper bound follows directly from Lemma 5.11 and the inclusion
N Wr(go,e,T,0) C ' Vr(go, e, T,0). The lower bound follows by using
Lemma 5.11, Lemma 5.10, and Lemma 5.9:

nr(B(go,€) ® O)

= br(g)#(rprim N WT,b(QO7 &, T’ 6))
Z b?”(‘g)#r N (WT,b(gﬂa g, T7 C—)) - WQT/&()(QU: g, T7 6))
> bp(e)#I' N (Vp - (90,6 — O(eeT/3)), T2,07) — Varys(90, €, T, ©)).

0

Combining Proposition 5.6 and Lemma 5.12, we obtain the following as-

ymptotic for nr(B(go,e) ® ©).
Proposition 5.13. We have

e(SVT

i (Blgo, £)20) = c(v,b) (my (Blgo,2)) Volas (©)(1 + O(e)) + or(1)) >

where c(v,b) is as in (4.2).

Proof. Using the asymptotics from Proposition 5.6 in the inequality in Lemma 5.12
gives

0T

1r(B(90,€)90) < c(v.b) (my(Blg0, ) Volar (O)(1 + O(€)) + or (1)) =75

and

nr(B(go, ) ® ©)
> by(e) - #T' N (VT,,,; (90,6 — O(ee™>“T/3)), T2, 07) = Varysp(g0, 6, T, @))

=c(v,b,)

. _20T
b-(g)my(B(go, e — 02(05; 37))) Volp (©7)(1+ O(e)) + or(1)

br(e —O(ce™ 3))

eévT

T(r=1)/2

o20,T/3

= (v, 8) (mu(Blgo, ) Volas (O)(1 + 0()) + 01(1) sy

} T
= ¢(v.) (my(B(go.)) Vol (O)(1 + O(€)) + 07 (1)) 7775+
0

Proofs of Theorem 4.4 and Theorem 4.5. The left-hand side of the
asymptotic formula of Theorem 4.4 is precisely nr(f ® ¢). Theorem 4.4 now
follows from Proposition 5.13 and a standard partition of unity argument
(|28, Theorem 5.17|, |5, Theorem 6.12]).
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We now deduce Theorem 4.5 from Theorem 4.4. Let f € C.(©2) and
¢ € CI(M). Since ¢y (w) < T +supb for all w € Ty, we have

Jo, f
(T 4 supb) Z G ) = me(f @ ).
€T primml, A1) €T Yu(A(7))

On the other hand, for any € > 0, we have
Je, !
ET e > B Pmo))

['7] € [Fprim} s A(’Y)GTT,b

Joo f
= m Z mw(m(v))

h} € [Fprim]a )\(V)GT(I—E)T,I)
Je, f

(A7)

1
+ T T(A—1)/2 Z

M€l prim], AV ETT =T (1—e)T,p
< e(s\,TT<%T)/20(77(1—5)T(f ® ¢))
=+ eévTT(ll—r)/Q : (1_5)%+infb (77T(f ® 90) - 77(1—5)T(f ® ‘P))
=O(Te ") + 1—a+(i1nfb)/T - g (f © ).

Using the asymptotic for np(f ® ¢) from Theorem 4.4 in both inequalities,
taking T — oo and € — 0 gives the desired asymptotic. ([l

p(m(7))

6. CARTAN PROJECTIONS IN TUBES

In this section, we prove an asymptotic for the number of Cartan projec-
tions of a Zariski dense Anosov subgroup in a given essential tube (Theo-
rem 6.1). Recall the Cartan projection p: G — a™.

Cartan projections in tubes. Let ' < G be a Zariski dense Anosov
subgroup. Fix

an essential tube T = T(v,K) = Rv+ K and be C(K).

Recall that associated to v are the I'-conformal measures v = v, and
Vi = V(). Fix Borel subsets =Z1,Z9 C K such that Z2{M = =, M=y = =9,

and v(0Z1) = 14(925 1) = 0. We will abuse notation and also view Z1,Z;*
as subsets of F = K/M.
Recall the notation:
Trp=Tr(v,K,0) ={tv+ue L:0<t<T+b(u), ueK}
Theorem 6.1 (Cartan projections in tubes). We have as T — oo,
) e5vT
#I' N E1exp(Trp)ZE2 ~ c(v,b) - v(E1) - 1i(E, )m

where c(v,b) is as in (4.2).
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An immediate corollary is:

Corollary 6.2. AsT — oo we have
o T
#{v el pu(v) € Trp} ~c(v,d) - T2

Corollary 6.2 together with Theorem 4.2 now implies the following:

Corollary 6.3. We have as T — oo,

#{yel:puly)eTry} N [M : Mr]
#{[v] € [I]: A(7) € Trp} Im, |

Proof of Theorem 6.1. In [10, Section 9], an asymptotic for the number of
Cartan projections in cones was obtained for certain special kind of norms.
In principle, it is not clear whether their result can be extended to deal with
the Euclidean norm counting in cones. However for counting in tubes, the
fact that the tubes contain only one direction implies that all norms are
essentially the same restricted to tubes. Together with integral computation
in Lemma 5.4, this enables us to use the approach of [10, Section 9] to prove
Theorem 6.1. To be precise, consider the following bounded subset for each
T: let

T.

Rrp = Rr(E1,E2, T, b) = E1 exp(Trp)Zo.
For a given bounded subset B C @, define the counting function Fp :
I'\G — R by

Fp(Tg) = 1p(vg) = #(T'NBg™").
~yel'
We claim that for any ¥ € C.(I'\G), we have
lim <FRT,b7 \I’>
P AT ()2
where ¥ x 1z, () = [5, (k) dk.
The Haar measure dg on G can be written
dg = ((w) dk1d ko dw
where g = k1 exp(w)kz € K exp(a™) K, ((w) =[], cqp+ 2sinh(a(w)); here dk
and dw denote the Haar measures on K and a™ respectively (|22, Proposition
5.28|, c.f. [30, Theorem 8.1| for the normalization).

Using this formula as in the proof of |10, Proposition 9.10] and the de-
composition of Trp as in Lemma 5.4, we have

(Fr,,, %) 1 / / ( bt —2
: — edte =2V 1y 4 Vi
e TT(=1)/2 " &TT(=1)/2 [ U J Ry (u) ( )

. t(rfl)/2€2p(tv+\/2u)76\,t /

ke=y

= c(v,b) - v(E1) - mBR(W % 1z,)

U 1z, (Tkay,7,) d(Fk)) dt du.

Note that
lim 6_2p(tv+\/z“)§“(tv +Vitu) = 1.

t—o00
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By [10, Proposition 8.11], we have

t—00

lim #(r—1)/220(bv+ Vi) —dut / U 1z, (Tkay, , s,) d(Tk)
keE
_ A
[m, |

Then we can apply the Lebesgue dominated convergence theorem, (6.1) and
Lemma 5.4 to conclude that

lim <FRT,b7 \Ij>
T—o0 65 TT(I*T)/2

— 1 vt W2 ) mPR (W« 12, dt d
ngo €5VTT(1 /2 /kerwv /RT(U) \vaye v(E1)m, (¥ 1g,) dt du
/ ) du - p(2)mBR (U % 12,).

K

This proves the claim. Theorem 6.1 is then proved in the same way as
[10, Corollary 9.21].

W K (2 mPR (W « 15,). (6.1)

B 5V|va‘

Proof of Theorem 1.5. Theorem 1.5 is deduced from Corollary 6.2 in the
same way that Theorem 1.4 was deduced from Theorem 4.2.

7. APPLICATIONS TO CORRELATIONS OF SPECTRA AND THE GROWTH
INDICATOR

In this section, we prove Theorem 1.1 as an application of Theorem 4.2
and Corollary 6.2. For this section, let G1, ..., Gy be connected simple real
algebraic groups of rank one. For each i, we use the same notations for Lie
subgroups of G; as introduced in Section 2 but with ¢ as subscript. For each
i, let (X; = G;/K;,d;) denote the associated Riemannian symmetric space.
Let g; € X; be the point stabilized by a K;. We identify each a; with [0, 00)
using the induced norm on a;.

Correlations of length spectra and correlations of displacement
spectra for convex cocompact manifolds. We give an application of
Theorem 4.2 to the correlations of length spectra. We also give an applica-
tion of Theorem 6.1 to the correlations of displacement spectra in the same
setting.

Let p = (p1,---,p4) : I = G1 X --- x G4 be a d-tuple of faithful rep-
resentations of a finitely generated group I' whose images are Zariski dense
convex cocompact subgroups. For each i = 1....,d, each conjugacy class
[pi(7)] € [pi(T)] corresponds to a unique closed geodesic in the convex co-
compact manifold p;(I")\X; whose length £, is equal to the Jordan pro-
jection of p;(y). We denote by [m,, ()] € [M;] the holonomy class associated
to pi(y). Define the spectrum cone L, of p as the smallest closed cone in R?
containing the set

(o) - bpai) 17 €T}
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Theorem 7.1 (Correlations of length spectra and holonomies). For any v =
(vi,...,vq) € int L, there exists 6,(v) > 0 such that for any e1,...,e4 > 0
and for any conjugation-invariant Borel sets ©; C M; with null boundaries,
we have as T — 00,

#{] € [T]:vT <L,y ST +ei, mpy,(y) €64, 1 <i<d}

e5P(V)T d
R CEP [ Volas,(©:) (7.1)
i=1

1=

for some constant ¢ = ¢(v,e1,...,eq) > 0. Moreover, we have
6p(v) < mind,, ryv;. (7.2)
i
If d > 2, we also have
d
5,(v) < é S by (7.3)
=1
Theorem 7.2 (Correlations of displacements). For any v = (v1,...,vq4) €
int £, and for any e1,...,64 >0, as T — o0,
‘ ST
#ly e ol <dilpi(V)ai, ) < o +ei, 1 i< d} ~ demmpym
where ¢ = ¢(v,€1,...,€4) s as in Theorem 7.1 and ¢’ = (v, p) > 0.

Remark 7.3. We say that p1,..., pq are independent from each other if p; o
p; 't pi(T) — pj(T) does not extend to a Lie group isomorphism G; — G}
for all i # j. In the case that pq, ..., pg are not independent from each other,
we observe in the proof of Theorem 7.1 that £, has empty interior and hence
the above theorems are vacuous in that case.

Proofs of Theorems 7.1 and 7.2. The self-joining of T via p = (p1,. .., pa)
is the discrete subgroup

d
T, ={p(y) = (p1(7), -, pa(7) v €T} <[] G- (7.4)
i=1
By Remark 7.3, it suffices to consider the case where p1, ..., pqg are inde-

pendent from each other. Since p;(I") is a Zariski dense subgroup of G; for
each 1 <7 < d, it follows that I', is a Zariski dense in H?Zl G; (cf. [21,
Lemma 4.1]). Since p;(I') is convex cocompact for each i = 1,...,d, ', is
an Anosov subgroup [15, Theorem 4.11|. Identifying a with R?, the Jordan
projection of p(y) € I', is

AP() = Wi vy - Lpa(m))-

Hence £, = Lr, and in particular £, has non-empty interior. We prove
Theorem 7.1 first using the above setup. For v € T, let

m(p(7)) = (Mprr)s -+ Mpy()):
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We are interested in the asymptotic of

d d
#{p(M] € T, : Mp(0)) € [[oiT, oiT + &4, m(p(7)) € [] ©:}-
i=1 =1
Up to re-scaling, we may assume that v = (v1,---,vg) is a unit vector

in int £,. We claim that we can choose a compact subset K C ker), and
b1,be € C(K) such that the truncated tubes Trp(v,K,b;) and Tp(v,K, be)
satisfy

d
P]I‘T(Va K7 bl) - TT(V7 K7 b2) = H[v’iT7 UiT + gi]
i=1

for all sufficiently large T'. Consider the box H?ZI[O, &;]. Let Fy C R? (resp.
F, C R%) denote the union of the faces of the box not containing (resp.
containing) the origin in R?. Then it suffices to choose the truncated tubes
so that (see Fig. 4 for an illustration of the d = 2 case)

ITT(V, K,bl) = [O,T]V—I-Fl; ITT(V, K,bg) = [0,T]V+Fg.
Equivalently, we need to choose K, b; and by so that
{bi(u)v+u:ueK}=F; {ba(u)v +u:u e K} = F.

Noting that R? = Rv @ ker 1)y, it suffices to check that for each i = 1,2, the
following holds:

(1) if w,w' € F; and w # w', then w — w’ ¢ Ry;
(2) Fy and F3 have the same image under the projection Rv & ker ¢, —
ker 1, .

For (1), suppose that w = (w1, ..., wgq),w = (w],...,w})) € F; with w # w'.
If w and w’ are in the same face of the box, then there exists 1 < j < d

such that w; = wj. Then w; —wj =0 and hence w — w’ cannot be parallel

to v € (0,00)%. Suppose w and w’ are in different faces. If w,w’ € F,
then there exist 1 < j,k < d with j # k such that w; = v;e; > w} and
w), = vgeg > wy. Then wj — w; > 0 > wy — w), so w —w' cannot be parallel
to v. If w,w' € Fy, then there exist 1 < j,k < d with j # k such that
wj :0<w; and w, = 0 < wy. Thenwj—wg <0< wp—wpsow—w
cannot be parallel to v. This establishes (1). For (2), note that since v is not
parallel to the faces of the box, any affine line parallel to v that intersects
U F, — Fy N F,, must do so at exactly two points which cannot lie in the
same F; by (1). This establishes (2).

Let 6, = ¢r,. Recall from Section 2 that M,y = M; since G; is rank
one for each i = 1,...,d. Applying Theorem 4.2 to each tube Tr(v,K,b;),
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we have as T — oo

d
#{[7] € [[]: Mp(v)) € Tr(v, K, b;), m(p(7)) € H@z‘}
. eSp(T d
1 Vol (©:)

Ci T(d-1)/2 1

_ R VA 0p(V)b; (u .
where 6,(v) = ¢r,(v) and C; = Ve, ) (AT Ji €208 qy for i = 1, 2. Note
that by construction, by > by and hence Cy > C5. Then taking the difference
gives

d d
#{p(7) € [T, : Mp()) € [[liT,viT + &il, m(p(7)) € [ ] ©:}
=1 i=1
ST 4
~ (O = C) ];[1 Voluy, (6).

The upper bounds (7.2) and (7.3) are direct consequences of [19, Theorem 1.4
and Corollary 1.6] since §, = ¢r,. This completes the proof of Theorem 7.1
with ¢ = C7 — Cs.

Now we prove Theorem 7.2. Foreachi = 1,...,d, we have d;(p;(v)qi, ¢:) =
[(pi(7))]- Let

w(p(y)) = (dilp1(V)ar, 1), - - -, da(pi(7)4qa, qa))-

We are now interested in the asymptotic of

d
#{p(7) €Ty : p(p()) € [T, 0iT + &il}.
=1

slope = M,, slope = M,

Coa(a) 4 slope = vy /vy bont) 4 slope = vy/v;
0T + ey [-=-F-- 7t vl + ey |---7--7 ,
UQT _ 77:/7 7/7// TT(V, K./ b]) ’UQT _ 77:/7 = ) ’]I‘T(V7 K7 bg)
slope = m, VAN slope = m,

Lo Loy

’UlT 1)1T+€1 UlT ’U1T+51

FIGURE 4
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Applying Corollary 6.2 to the truncated tubes T (v, K, b1) and T (v, K, bs)
as above, we obtain

d
Sp(v)T
#{p(7) €Ty pulp() € [T 0T +el} ~ i fmor HVOIM
i=1
This finishes the proof of Theorem 7.2 with ¢/ = —L

Imx, |

Correlation entropy rigidity. In view of Theorem 7.1 on the correlations
of length spectra, we define a correlation entropy function for a general d-
tuple of faithful representations p = (p1,...,pq) : I' = Gy X --- x G4 of a
group I'.

Definition 7.4 (Correlation entropy function). For any d-tuple of discrete

faithful representations p = (p1,...,pq4) : I = G1 x --- X G4 of a group T,

define the correlation entropy function 6, : R? — [—o0, o0] as follows. Given
= (v1,...,v9) € R, define

dp(v) = mel};rr;lgfo dp(V,€1,...,€4)

where 0,(v,€1,...,€4) is given by
1iTn1>iOrC1>f +log #{[7] € [I'] : pi(7) loxodromic, v;T < oy ST + g
foralli=1,...,d}.

In the previous section, we have seen that for a d-tuple p = (p1,...,pq) :
I' > G1 x -+ X Gq of faithful representations of a finitely generated group I
whose images are Zariski dense convex cocompact subgroups, the correlation
entropy 6,(v) is positive on int £, when py, ..., pq are independent from each
other Theorem 7.1. When p1, ..., pg are not independent from each other,
we observed that £, has empty interior and moreover, 6, = —oo on RY — Ly,
so the set {v € R?:4,(v) > 0} has empty interior.

This phenomenon in fact holds without the convex cocompact assumption:

Corollary 7.5 (Correlation entropy rigidity). Suppose p = (p1,...,paq) :
I' - Gy x -+ x Gq s a d-tuple of discrete faithful representations of a
countable group I' with Zariski dense image. If p1,...,pq are independent
from each other, then the interior of the set {v € R : §,(v) > 0} is a non-
empty convex cone. Otherwise, the set {v € R? : §,(v) > 0} has empty
mterior.

Proof. Corollary 7.5 can be deduced from Theorem 7.1 as follows. Using
the same notation as in the previous subsection but without the convex
cocompact assumption on the representations p1, . .., pg, we can still consider
the self-joining I',. Note that if v € R4 —Lr,, then clearly, §,(v,e1,...,6q) =
—oo for all g1,...,e4 > 0.

Suppose p1, ..., pq are independent from each other. Then I', is Zariski
dense and the limit cone Lr, has non-empty interior. Let v = (v1,...,vq) €
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int Lr,. By [1, Proposition 4.3], there exists a Zariski dense Schottky sub-
group I < T',, such that v € int Lv. Moreover, I'" is Anosov (cf. [10, Lemma
7.2]). Then as in the proof of Theorem 7.1, we have

d
0 <r(v) = lim Flog#{[y] € [I']: A(v') € Rv + [ J[0,e1], A < T}
=1

d
< lim 7 log#{[p(7)] € [[,] : AM(p(7)) € Rv + [T0,, IMp() < T3
i=1
Taking the infimum over ¢; — 0, we get 0 < p(v) < d,(v). Hence we
conclude that
int{v € R?: §,(v) > 0} = int Lr,.
If p1,..., pa are not independent from each other, then Lr, is contained
in a strictly lower dimensional subspace of R?. This implies that {v € R? :
p(v) > 0} C Lr, has empty interior. O

8. GROWTH INDICATORS USING JORDAN PROJECTIONS AND TUBES

Let I' < G be a Zariski dense Anosov subgroup. In this section, we prove
Theorem 8.1 which gives equivalent definitions of the growth indicator r,
except possibly on the boundary of £, using Jordan projections or Cartan
projections and cones or tubes. Recall the definitions of wtpubes, htFuloes and
h{o"es in (1.8).

Theorem 8.1. For any Zariski dense Anosov subgroup I' < G,
¢F —_ 77Z)%ubes — h%ubes — h%ones on Cl+ —ar

and
ﬂlr — w%ubes < h%ubes < h%ones on OL. (8.1)

Proof. Recall that ir, iptibes htubes heones are equal to —oo on a™ — £ and
they are degree one homogeneous functions. Then it suffices to consider a

unit vector v € int £. By [33, Theorem 3.1.1|, since ¢p(v) > 0,
Yr(v)= inf limsup plog#{y € I': u(y) € C, |u(y)ll < T}.

open cones C OV T _y~o

By Theorem 1.4 and Theorem 1.5, for any essential tube T of direction v,
we have

Jim plog#t{y €T :p(y) €T, [ln(v)ll < T}
= Jim zlog#{[y] € [[]: A7) € T, [A(n)] < T}
= QJ)F(V) > 0.

This implies that the first two quantities are equal to 1 (v) and httbes(v)
respectively, and that ¢r(v) = P (v) = hiubes(y).

It remains to show that ¢r(v) = h{***(v). We will use the fact that the
definition of h{*»* is independent of the choice of norm || -||. We consider the
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more convenient norm N : a — [0, 00) which is induced by the inner product
for which v and ker ¢, are orthogonal to each other and satisfies N(v) = 1.
This norm N has the property that v is the maximal growth direction in the
sense that ¢p(v) = maxy,)—1 ¥r(w). To see this, suppose w € at such that
N(w) = 1. Then we can write w = tv+ u with t € T, u € kert), such that
t2 4+ N(u)? = 1. Then vr(w) = Yr(tv + u) < P (tv + u) = tihy(v) and the
maximum is achieved when ¢ = 1 and v = 0, proving the claim. Therefore
[5, Corollary 7.8] implies that for any open cone C with v € C,

JimJlog#{] € 1) : N(A()) < T, A(3) € C} = r(v).

Hence it follows that h{™*(v) = ¢r(v).

Recall that v¢r is upper-semicontinuous, and concave. It can be checked
directly using the definitions that the other functions 1/1}“'065, h"e® and h%“bes
are all upper-semicontinuous. We can then deduce from Theorem 8.1 that
Yr(v) < min{yptPes(v), heones(v) htubes(v)} for all v € OL. To see this, let
v € 0L. Choose any vg € int L. Let ¢ denote any of wli“bes, h{>®s, and
h-}ubes. By the concavity of ¢r and Theorem 8.1, we have for all 0 < ¢ < 1,

tpr(vo) + (1 = t)yr(v) < or(tvo + (1 — t)v) = p(tvg + (1 —t)v).

By taking ¢ — 0" and the upper-semicontinuity of o, we get ¢r(v) < p(v),
proving claim. Since 1P < 1p, it follows that ¥4 = ¢p. Finally, since
hptes > h}ubes by definition, this finishes the proof. O
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