ZARISKI-DENSE NON-TEMPERED SUBGROUPS IN
HIGHER RANK OF NEARLY OPTIMAL GROWTH
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ABSTRACT. We construct the first example of a Zariski-dense, discrete,
non-lattice subgroup I'g of a higher rank simple Lie group G, which is
non-tempered in the sense that the quasi-regular representation L? (To\G)
is non-tempered.

More precisely, let n > 3 and let I' be the fundamental group of a
closed hyperbolic n-manifold that contains a properly embedded totally
geodesic hyperplane. We show that there exists a non-empty open sub-
set O of Hom(I",SO(n,2)) such that for any o € O, the subgroup o(T)
is a Zariski-dense and non-tempered Anosov subgroup of SO(n,2). In
addition, the growth indicator of o(I") is nearly optimal: it almost re-
alizes the supremum of growth indicators among all non-lattice discrete
subgroups, a bound imposed by property (7') of SO(n, 2).
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1. INTRODUCTION

Let G be a connected semisimple real algebraic group. Let I' < G be a
discrete subgroup of G. Denote by dz a G-invariant measure on the homoge-
neous space I'\G. Consider the Hilbert space L?(I'\G) = L?(I'\G, dz). The
right translation action of G on I'\G induces a unitary representation of G
on L?(I'\G), called the quasi-regular representation.

A unitary representation (7, H) of G is called tempered if it is weakly con-
tained in the (right) regular representation L?(G), i.e., any diagonal matrix
coefficients of (m,H) can be approximated by a convex linear combination
of diagonal matrix coefficients of L?(G), uniformly on compact subsets of
G. This notion, due to Harish-Chandra, plays a central role in harmonic
analysis on semisimple groups.
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Definition 1.1. We call a discrete subgroup I' tempered in G if its quasi-
regular representation L?(I'\G) is tempered.

Temperedness of I' is equivalent to the statement that all matrix coeffi-
cients of L?(I'\G) are L***-integrable for any ¢ > 0 [10]. If G has Kazhdan’s
property (7"), that is, all simple factors of G have rank at least 2 or are isoge-
nous to Sp(n, 1) or F4(720), then a quantitative form of property (7") implies
the existence of p = pg > 0 such that for any non-lattice discrete subgroup
I' < G, all matrix coefficients of L?(T'\G) are LP-integrable ([9], [31], [25]).

In rank-one groups, the situation is quite different, for example, any lattice
admits a non-elementary infinite index normal subgroup [11], whereas the
Margulis normal subgroup theorem precludes such behavior in higher rank.
Moreover, there are also convex cocompact subgroups of SO(n, 1), n > 2,
whose critical exponents can be made arbitrarily close to the volume entropy
of the hyperbolic n-space H", that is, n—1 [29, Sec. 6] (such examples cannot
occur in higher rank because of ) These high-exponent groups furnish
Zariski-dense, non-tempered subgroups by [30, Thm 1.4] and [8, Thm 4.2].

For higher-rank groups, previously known non-tempered examples were
all lattices of a proper algebraic subgroup of G (|7, Example B|, [3]). It
remained open whether one could find a Zariski-dense, non-lattice, non-
tempered subgroup of a higher rank simple group G. Our main result answers
this in the affirmative:

Theorem 1.2. For each n > 3, there exists a Zariski-dense, non-lattice,
non-tempered subgroup of SO(n,2).

Remark 1.3. For a geometrically finite discrete subgroup I' < SO(n, 1), the
hyperbolic manifold I'\H" possesses a square-integrable base eigenfunction of
the Laplacian if and only if I is non-tempered ([32], [37], [38]). By contrast,
a recent result of [16] shows that for any non-lattice discrete subgroup T’
of a higher-rank simple algebraic group G, the base eigenfunction on the
corresponding locally symmetric manifold is never square-integrable. Hence
the appearance of a non-tempered subgroup in Theorem [I.2] underscores
another sharp distinction in the behavior of infinite-volume locally symmetric
manifolds between the higher rank and rank-one cases.

Temperedness of I' can be characterized in terms of its growth indicator
Yr. Fix a Cartan decomposition G = K exp(a™)K, where K is a maximal
compact subgroup and a™ is a positive Weyl chamber of a Cartan subalgebra
a. For g € G, there exists a unique element u(g) € a™ such that g €
K exp p(g) K, called the Cartan projection of g.

For a discrete subgroup I' of G, denote by Lr C a* its limit cone, which
is defined as the asymptotic cone of p(I"). The growth indicator ¥¢ r = ¥r :
at — R U {—o0}, introduced by Quint [33], is a higher rank version of the
critical exponent. It is —oo outside the limit cone Lr. For each v € Lr, the
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value 1p(v) encodes the exponential growth rate of I' in the direction v:

: <
11)  or@) = [Jo] - inf limsup 2EFL €L 10 €C IO < T}
veC T 00 T

where the infimum is taken over all open cones C C a™ containing v. This
definition is independent of the choice of a norm || - || on a.

Denote by p = pg the half-sum of all positive roots of (Lie G, a) counted
with multiplicity. The linear form 2p € a* gives the exponential volume
growth rate of G: for any v € a™,

2p(v) = ||vl| - inf limsup og Vol{g € G : p(g) € C, [[p(MII < T}

T—o0 T

where the infimum is taken over all open cones C C a™ containing v. We
have
Yr <2p onat

for any discrete subgroup I' < G and equality holds for lattices I [34]. If G
has Kazhdan’s property (T'), there exists a constant ng > 0 such that for
any non-lattice discrete subgroup I' of G, we have

(1.2) Yr <(2—ng)p onat
([9, Theorem 4.4], [35, Theorem 5.1], see also [27, Theorem 7.1]).

Definition 1.4. A discrete subgroup I' < G has slow growth if
Yyr <p on at.

The slow growth means, informally, that the number of elements of I
in a ball of radius R in G is bounded (up to sub-exponential factors) by a
constant times the square root of the ball’s volume as R — oo. It turns out
that the slow growth property of I' determines the temperedness:

+

Yyr < pona if and only if I is tempered.

This was shown in [I5] for Borel-Anosov subgroups, and in [28|] for general
discrete subgroups.

Theorem [I.5] which is a more elaborate version of Theorem [I.2] provides
the first Zariski-dense, non-lattice subgroups of higher rank simple Lie groups
that do not have slow growth. Moreover, these examples have nearly optimal
growth. For n > 3, the identity component of the special orthogonal group
SO°(n,2) is a simple Lie group of rank two. As discussed in section |4 we
can identify its positive Weyl chamber a™ with

at ={v=(v1,v2,0,---,0, —vg, —v1) € R™2 .01 > 09 > 0}.
The set of simple roots of SO°(n, 2) is given by aq(v) = v1 —v2 and aa(v) =

v9, and p is the following:

p(v) = 5 (1 + (n— 2)02)

for any v = (v1,v2,0,+-+,0, —vy, —v1) € a™.
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Theorem 1.5. Let n > 3 and let I' be the fundamental group of a closed hy-
perbolic n-manifold with a properly embedded totally geodesic hyperplane. For
any e > 0, there exists a non-empty open subset O = O(e) of Hom(I', SO°(n, 2))
such that for any o € O, the following hold:

(1) o(T') is a Zariski-dense, {al}—Anosoﬂ and non-tempered subgroup
of SO°(n, 2) without slow growth;
(2) for allv € a™, we have

2(n—1)

b)) < ( +e) o)

3) there exists a unit vector v, € at such that
(

2(n—1
(1.3 doy(vr) 2 (222D ) ().
Moreover, o(T') has nearly optimal growth in the sense that
(1.4) %—(r) (v5) = Sl/tp Ya(vs) — €

where the supremum is taken over all non-lattice discrete subgroups A <

SO°(n,2).

We have an upper bound on the growth of arbitrary non-lattice discrete
subgroups coming from the effective property (T) of G (|31], see Proposition
4.1)). Inequalities and show that our examples almost saturate
this bound. At least inside SO(n,2), this means that one cannot hope to
improve existing growth-gap theorems (e.g. [27]) by merely imposing Zariski
density. It remains an intriguing question whether such an improvement is
possible in other higher rank groups, for example in SL,(R),n > 3.

Remark 1.6. There are many examples of Zariski-dense discrete subgroups
in higher rank that are tempered, for instance, the image of any Hitchin
representation of a surface group into a real split simple algebraic group of
higher rank (|I5], [12]).

Our construction of a non-tempered Zariski-dense subgroup of SO(n,2)
goes as follows. We begin with a uniform lattice I in SO(n, 1) that decom-
poses as an amalgamated product of two subgroups over a uniform lattice
in SO(n — 1,1). For n > 3, any lattice of SO(n, 1) is non-tempered, when
viewed inside SO(n,2) (Corollary [4.6). The inclusion idp : I' < SO(n, 2)
can be deformed via the bending construction (|2I], [22]), yielding a dis-
crete Zariski-dense subgroup I'y of SO(n,2). The heart of the paper is to
show that I'y is non-tempered. We present two proofs. In the first, we con-
sider the Chabauty topology on the space of closed subgroups of SO(n,2)
and show that the property of being non-tempered is open, by studying the

lsee Def. for the notion of an Anosov subgroup
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convergence of the matrix coefficients of quasi-regular representationeﬂ. As
a consequence, all sufficiently small (discrete) deformations of SO(n,1) re-
main non-tempered, so I'; satisfies Theorem For the second proof, we
track how the growth indicator of I' evolves under the deformation, using the
property that I' is an Anosov subgroup. The limit cone of the deformation
is known to vary continuously in this setting ([22], see also [13]) and a cer-
tain critical exponent of I'; varies continuously as well [6]. Hence, for small
deformations, the growth indicator of I'y can be controlled by the growth
indicator of I' and hence it is not smaller than the half-sum of positive roots

p, proving Theorem
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2. CONVERGENCE OF MATRIX COEFFICIENTS AND CHABAUTY TOPOLOGY

Let G be a locally compact second countable group. Let € = €5 denote
the space of all closed subgroups of G equipped with the Chabauty topology,
that is, a sequence of closed subgroups H,, converges to H as n — oo if for
any element h € H, there exists a sequence h,, € H, with h, — h and the
limit points of any sequence g, € H, belong to H. The space € is a compact
space. When a sequence H; converges to a closed subgroup H, we say that
H is the Chabauty limit of H;. Note that the Chabauty limit of a sequence
of discrete subgroups is not necessarily a discrete subgroup.

For a unimodular closed subgroup H of GG, denote by vy a Haar measure
on H. For s € C.(G) and any locally finite measure v on H we write

U(s) = /H s(h)du(h).

Note that for a non-negative function s € C.(G) with vg(s) # 0, the normal-
ized measure VH(S)_ll/H is independent of the choice of a Haar measure vg.
Let M(G) be the space of all locally finite Borel measures on G, equipped
with the weak*-topology. Throughout the paper, e denotes the identity ele-
ment of a relevant group.

Proposition 2.1. Let 'y, be a sequence of discrete subgroups of G converging
to a closed subgroup H in the Chabauty topology. Then H is unimodular, and

2Fell’s continuity of induction theorem [18, Theorem 4.2] yields a more general state-
ment; we keep our explicit proof because it gives a slightly stronger result for K-finite
matrix coefficients for semisimple real Lie groups.
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for any non-negative function s € C.(G) with s(e) > 0, we have
(2.1) lim vr, (8) tvp, =vg(s) vy in M(G).

Proof. Consider a non-negative function s € C.(G) with s(e) > 0. For
simplicity, set v, = vr,, and v/, := v,,(s)"'v,. Then /,(s) = 1.

First we show that the sequence v/, is relatively compact in M(G). Since
s(e) > 0, it follows from the continuity of s that there exists a symmetric
neighborhood U of e such that

= inf > 0.
K glenU2 s(g) >

Fix any compact subset C' of G. Let
me = max{#F | F C C, 12U NgoU =0 for all g1 # g2 € F}.

Note that
va(CU)

va(U) -
For any n € N, choose a maximal subset

F,cr,nC
such that g1U N goU = 0 for all g; # go € F,,. Then T',, N C C F,U?, so

vn(C) < #F, - v (U?) < ”;C/s(g)dyn(g).

Therefore for all n € N, we have

’ mc
< —.
o) <™

mo <

Since C'is an arbitrary compact subset of G, it follows that the sequence v/,
n € N, forms a relatively compact subset of M(G).

Let v € M(G) be a weak-* limit of the sequence v/,. By construction, v
is a locally finite measure supported on H and v(s) = 1. It remains to show
that v is a Haar measure on H. Let ¢ € C.(G) and h € H. Let 7, € I';, be
a sequence with lim,, o0 7, = h. Then, since v/, is a Haar measure of I',,, we

'/ o(hg)dv(g ‘ '/ )dv (g /sO(g)dV;(g)‘
+‘/go(7ng)du;(g) —/ (hg)du,,( ‘ ‘/ (hg)duy,( /cp(hg)dV(g)"

The first and the third term converge to zero since v/, weakly converges to
v. The middle term goes to zero because ¢(7y,-) converges uniformly to ¢(-).
Hence, the right hand side converges to 0 as n — o0, so v is indeed left
H-invariant. Similarly, we can show that v is also a right H-invariant. This
proves that H is unimodular. Since v(s) = 1, we have v = vy (s)"lvy and
thus the desired convergence follows from v}, — v. ]
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Remark 2.2. The normalization of measures by the integral of s is necessary
in the above proposition. For example, if G = SLa(FF,((¢))) and

1 t
Ly = {(0 fg )> | F(£) = ant”™ + anat" ' 4 4 agat™ € Fp[ﬂ} )
then, as n — oo, I';, converges to the trivial subgroup {e} in the Chabauty
topology, but the sequence vr, of counting measures on I',, fails to converge
on the account of mass near identity blowing up to infinity.

On the other hand, we can skip the normalization if the group G has the
no small subgroup property. We say that a locally compact group G has
no small subgroup if there exists a neighborhood of e in G which does not
contain any non-trivial subgroup of G; this notion was first introduced in [26].
It is a well-known fact that a real Lie group G has no small subgroup; this can
be easily seen, using the fact that the exponential map is a diffeomorphism
of a neighborhood of 0 in g onto a neighborhood of the e in G.

Proposition 2.3. Suppose that G has the no small subgroup property (e.g.,
real Lie group). Let T',, be a sequence of discrete subgroups of G which con-
verges to a discrete subgroup I' in the Chabauty topology. Then as n — oo

lim 6= 6, inM(G)
vl vyel’
where 6, denotes the Dirac measure at {v}.

Proof. Let vy := 0y and v := )
show that

0. Let ¢ € C.(G). We need to

vel'n yel

lim [ pdy, = / wdv.

n—o0

Let ¢ > 0 be arbitrary. Fix a compact subset C C G and ¢ € C.(G)
supported on C. Enlarging C if needed, we may assume that I' N 9C = (.
By the hypothesis that G has no small subgroup property, there is an open
neighborhood U C G of the identity e which contains no non-trivial subgroup
of G. We choose an open symmetric neighborhood U; C G of e such that

(1) Ut cU;

(2) yUP C C for all y e T N C;

(3) the collection vU7,v € ' N C, are pairwise disjoint;

(4) for ally e CNT and u € Uy,

) = o)l £ ey

Consider the following compact subset
Cp:=C\ U ~U;.
~yel'NC

Note that ' N Cy; = (). Since the sequence T';, converges to I' in the
Chabauty topology, we have I',, N Cy = ) for all n large enough. For each
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fixed v € I' N C, there exists ng = np(y) > 1 such that
L,NyU; #Band T,,NCy =0 for all n > nyg.
Since I' N C' is finite, we have ng := max{ng(7y) :y € I'NC} < 0.
On the other hand, we claim that for any v € C NI and n > 1,
#(I NUL) < 1.
Indeed, suppose there exists some element v, € I'), N yU;. Then
Y (T NyUL) = Tn N (7, 901) € T N U

By the no-small-subgroups property of G, we have either I';; N Ul2 = {e} or
there is some element 7/, € I, N (U \ U?); otherwise I', N U7 would be a
non-trivial subgroup. In the second case, we would have

Y € (UL \UT) C AU \ U1 C C\ UL
Using property (3), we get 7,7, € C1, contradicting the fact that T',,NCy = ().
Therefore we must have ', N U? = {e}. This implies that T';, NYU; = {y,},
proving the claim.
Therefore for all v € I'NC and n > ng, we have a unique element ~, € I'y,
such that T',, NyU; = {7}, and 7, — v as n — oco. Since

/@dun = Z ©(vn) for all n > ny,

~yel'NC
we get from (4) that for all n > ny,
] [t [otn|< ¥ 1o0)—stnl <
~yeI'nC
This finishes the proof. ([

Let G be unimodular and dg a Haar measure on G. For a closed unimod-
ular subgroup H of G, there exists a unique G-invariant measure dg\g on

H\G such that for all ¢ € C.(GQ),

/G g = /H . /H b(hg)dvi (h)dgn(Hg).

We then have a unitary representation of G on the Hilbert space
LAH\G) = {f: H\G = R : /H\G P < oo}

by right translations: g.f(Hg') := f(Hg'g) for g,¢’ € G and f € L?>(H\G).

Proposition 2.4. Let I'), be a sequence of discrete subgroups of G which
converges to a closed unimodular subgroup H in the Chabauty topology. Let
K < G be a compact subgroup of G.

For any vectors v,w € L>(H\G), there exist sequences vy, w, € L*(T,)\G),
n € N such that
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(1) forall g € G,

HILIEO<Un79-wn>L2(Fn\G) = <U79-w>L2(H\G),

and the convergence is uniform on compact subsets of G;
(2) we have

Jim o200 = [0ll2ne & lim flwall2en6) = lwll2@ne):s
(3) we have that for alln € N,
dim(K.v,) < dim(K.v) & dim(K.wy) < dim(K.w).

Proof. Since C.(H\G) is dense in L?(H\G), the matrix coefficient g
<v,g.w>Lz(H\G) can be approximated by the matrix coeflicients for contin-
uous compactly supported functions, uniformly on compact subsets of G.
This approximation can be done without increasing the dimensions of the
spaces spanned by the K-orbits of v and w. In fact, let u,, be a sequence
of compactly supported right K-invariant functions on H\G converging to
the constant function 1 uniformly on compact subsets of H\G. Since the
multiplication by wu,, is K-equivariant, we have dim(K.(up,v)) < dim(K.v),
similarly for w. The matrix coefficients g — (umv, g.umw) L2\ @) converge
to g = (v, g.w) 12\ ) uniformly on G. Thus we have shown that v, w can be
replaced by compactly supported functions, spanning K-invariant subspaces
of equal or smaller dimension. We need one more step to replace them by
continuous functions.

Let ¢, € C.(G) be a sequence of non-negative continuous functions with
S q@m(g)dg = 1 and support contained in some neighborhood U,, of e such

that U,, — {e} as m — oco. Define ¢,, € C.(G) by

bm(g) = /K&m(klgk)dk for g € G,

where dk is the probability Haar measure on K. Clearly, ¢,, is non-negative,
continuous and [ ¢, (g)dg = 1. The support of ¢, is contained in U, :=
{kUnk~' : k € K}. Note that U,, — {e} as m — oo; otherwise, we have,
by passing to a subsequence, kpngmk,,! — g for some k,, € K converging
tokzoeK,gmeffmandg;ﬁe. Since g,, — e as m — oo, this is a
contradiction.

Consider the convolution v * ¢y,:

vk pm(Hg) = /Gv(ng)cbm(xl)dx for Hg € H\G

and similarly for w * ¢,,. The functions v * ¢, and w * ¢, are continuous
compactly supported functions on H\G.

Since the sequence ¢, is an approximate identity, the matrix coefficient
g = (U G, g-W * Gin) 120\ 7y converges to g — (v, g.w) r2(g\ ), uniformly
on compact sets. Furthermore, because ¢,, is K-conjugation invariant, the
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map v — v * ¢, commutes with the action of K: k.(v* ¢p,) = (k.v) * ¢, for
all k£ € K. It follows that

dim(K.(v * ¢p,)) < dim(K.v),

and similarly for w. Therefore, we may assume without loss of generality
that v, w € C.(H\G).
First, let 09 € C(G) be the lift of v to G, i.e., for all g € G, Uy(g) := v(Hyg).
We note that
dim(K.v) = dim(K.7)

Now, we choose a right K-invariant non-negative function ¢ € C.(G) such
that [, ¢(hg)dvy(h) =1 for every g € H suppv U H supp w.

Define v € C.(G) by 9(g) := ¢(g)to(g) for all g € G. Then for each g € G,
we have

| wthgdvithy = vlo)
Moreover
dim(K.0) < dim(K.0g) = dim(K.v).
Choose a non-negative function s € C.(G) such that s(e) > 0 and

/ s(h)dv (h) = 1.
H
Set a =3, 8(7), and define v, € C2°(I'x,\G) as follows: for all g € G,
va(g) =0, 2 > (vg).
vel'n

Then
dim(K.vp,) < dim(K.0) < dim(K.v).

Let w € C.(G) and w,, € C(I';,\G) be functions constructed in the same
way for the vector w.
We claim that for all g € G,

<Unag-wn>L2(Fn\G) - <U7g-w>L2(H\G’)7

uniformly on compact subsets of G. Indeed,

(2.2)  (vn, gwn) 20,0\ Zaﬁl/r » > d(yx) Y w(yzg) | da

’Yern 'Y/ ern

= o) a;t w(y'x x.
= [ | ax' X atag) | d

7€l
Proposition yields the weak-* convergence of measures

-1
Q. E Oy — dvy.
RSB
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It follows that

im o ! w(y zg) = w(hxg)dvyg
i ot 3 w(y'ag) = [ (hag)dva(h)

n—oo
v'els

and the convergence is uniform for all ¢ and x in a given compact subset
of G. Indeed, for z,g € C, C compact, the family of functions w(-zg)
is equicontinuous and supported in a single compact set, so the integrals
converge uniformly for any weak-* convergent sequence of measures. Since
¥ is compactly supported, we get

lim (vp, 9.Wn) L2(r,\@) :/Gf)(x)/rﬂ)(hxg)dVH(h)dx,

n—oo

and the convergence is uniform for all g in a given compact subset of G.
Since

/C;f)(x)/rﬂ)(hxg)dw{(h)dg:/Gﬁ(a:)w(Ha:g)dx
— [ D Hrg) g (Ha) = (0,9:0) 20m )
H\G

this finishes the proof of (1) and (3). The claim (2) follows since the above
argument applies when v = w and g = e and hence gives (v, vy,) L2Tn\G) —
(v,v) 2(m\@) and similarly for w;,, and w.

Remark 2.5. This proposition implies that if I';, converges to H in the
Chabauty topology, then L*(H\G) is weakly contained in @;~, L*(I';\G)
for all ng > 1

3. TEMPEREDNESS IS A CLOSED CONDITION IN Hom(T', G)

Let G be a connected semisimple real algebraic group. Let P be a minimal
parabolic subgroup of G with a fixed Langlands decomposition P = M AN
where A is a maximal real split torus of G, M is the maximal compact
subgroup of P, which commutes with A, and N is the unipotent radical of
P. We denote by g and a the Lie algebras of G and A respectively. We
fix a positive Weyl chamber a™ C a so that Lie N consists of positive root
subspaces. Let ¥t = £ (g, a) denote the set of all positive roots for (g,a™).
For each v € ¥, let m(«) be its multiplicity. We also write IT C X7 for the
set of all simple roots. We denote by

(3.1) p= % Z m(a)a
aeXt

the half sum of the positive roots for (g,a™), counted with multiplicity.

3Since submitting this paper, we have learned that this conclusion already follows from
[18, Theorem 4.2].
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We fix a maximal compact subgroup K of GG so that the Cartan decompo-
sition G = K (expa’)K holds, that is, for any g € G, there exists a unique
element p(g) € a® such that g € Kexp u(g)K.

Let dg be a Haar measure on G. The right translation action of G on
itself induces the regular representation L?(G) = L?(G, dg).

Following Harish-Chandra, we call a unitary representation (7, H) of G
tempered if T is weakly contained in the regular representation L?(G).

For any p > 0, a unitary representation (r,H) of G is said to be almost
LP-integrable if all of its matrix coefficients are LP™*-integrable for any £ > 0.

Denote by Z = Z¢g the Harish-Chandra function of G. It is a bi-K-
invariant function satisfying that for any ¢ > 0, there exist ¢,c. > 0 such
that

ce PV < E(expv) < cge_(l_a)p(”) for all v € a™.
We will use the following characterization of a tempered representation of G
given by Cowling, Haggerup and Howe:

Theorem 3.1. [10] For a unitary representation (w,H) of G, the following
are equivalent:

(1) 7 is tempered;

(2) 7 is almost L?-integrable;

(3) for any K-finite unit vectors vy,vy € H and any g € G,

[(m(g)v1, v2)| < (dim(m(K)v1) - dim(r(K)va))'/* Ec(g).

Definition 3.2. We say that a unimodular subgroup H is a tempered sub-
group of G (or G-tempered) if the quasi-regular representation L?(H\G) is
a tempered representation of G.

Lemma 3.3. [3, Proposition 3.1 Let H be a unimodular closed subgroup of
G. If H is G-tempered, then any unimodular closed subgroup H' < H is also
G-tempered.

We show that temperedness is a closed condition both for the Chabauty
topology and the algebraic topology (Theorems and .

Theorem 3.4. The Chabauty limit of a sequence of tempered discrete sub-
groups of G is unimodular and tempered.

Proof. Suppose that I'y, is a sequence of tempered discrete subgroups con-
verging to a closed subgroup H in the Chabauty topology. We have H
unimodular by Proposition We claim that L?(H\G) is tempered. Sup-
pose not. By Theorem there exist K-finite unit vectors v,w € L*(H\G)
and g € G such that

(3.2) (v, g.0) 2| > Elg) dim (K.v) 2 dim(K.w)'/2.

By Proposition there exist vectors vy, w, € L*(T',\G) such that |v,| —
lvll, lwn|| = ||w|| as n — oo, dim(K.v,) < dim(K.v), dim(K.wy,) < dim(K.w),
and (v, g.w) r2(m\q) = iMn—00(Vn, §-Wn) £2(r,\)- We can normalize vy, wy,
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to be unit vectors without affecting the above properties. We deduce that
for all n large enough,

|<Umg-wn>L2(Fn\G)| > E(g) dim<K-Un>1/2 dim<K-wn>1/2'
This is a contradiction since L?(I",\G) is tempered.

Alternatively, one can use [I8, Theorem 4.2] that L?(H\G) is weakly
contained in the direct sum @52, L*(T,\G). If T',, were all tempered, we
would deduce that L?(H\G) is weakly contained in @.°, L?(G), hence in
L?*(G), which then implies that H is tempered. (|

Definition 3.5. We say that a sequence of discrete subgroups I'; of G con-
verges to a discrete subgroup I' algebraically if there exists a sequence of
isomorphisms

such that for all v € T, x;(vy) converges to v as i — oo. In other words,
Xi converges to the natural inclusion idp in Hom(I', G), where the space
Hom(T", G) is endowed with the topology of pointwise convergence. In this
case, I' is called the algebraic limit of I';

Remark 3.6. We refer the readers to [4] for a comparison of algebraic and
Chabauty convergence; in particular, each notion faily to imply the other in
general.

Theorem 3.7. The algebraic limit of a sequence of tempered discrete sub-
groups of G is tempered.

Proof. Let T'; be a sequence of tempered discrete subgroups of G which
converges to a discrete subgroup I' algebraically. By passing to a subsequence
if necessary, we may assume that I'; converges to a closed subgroup H in the
Chabauty topology. Since I' is the algebraic limit of I';, we have

I'< H.

By Theorem [3.4] H is unimodular and tempered. Since any closed uni-
modular subgroup of a tempered subgroup is tempered by Lemma [3.3] T" is
tempered as desired. O

The following is an equivalent formulation of Theorem [3.7}

Theorem 3.8. If a discrete subgroup I' is a non-tempered subgroup of G,
there exists an open neighborhood O of idr in Hom(T', G) such that for any
o€ O, o(I') is non-tempered.

4. GROWTH INDICATOR OF A LATTICE OF SO(n,1) AS A SUBGROUP OF
SO(n,2)

Let G = S0O°(n,2) for n > 2. Consider the quadratic form

n

2
Q@1 -+, Tns2) = T1Tnyo + TaTpi1 + Z T3
i=3
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We realize G as the identity component of the following special orthogonal
group
SO(Q) = {g € SL,12(R) : Q(gX) = Q(X) for all X € R"*?},
Consider the diagonal subgroup
A = {diag(e',e2,1--- ,1,e 2, e ") : t,t5 € R},

which is a maximal real split torus of G. We denote by g the Lie algebra of
G and set

a = {v = diag(v1, v2,0,- -+ ,0, —vg, —v1) : v1,v3 € R} = log A.

For simplicity, we write v = (v1,v2,0,---,0, —v9, —v1) for an element of a.
Choose a positive Weyl chamber
(41) a+ = {U = (U17v2707 o )07 —v2, _/Ul) 1V 2> v 2> 0}

Since G is invariant under the Cartan involution g — g~ 7,
K={geG:gg" =e} =GNSO(n+2)

is a maximal compact subgroup of G and we have the Cartan decomposition
G = K(expat)K. We denote by u: G — at the Cartan projection of G.
We then have two simple (restricted) roots a; and as for (g, a) given by

aj(v) =v; —vy and ag(v) =vy forallv e a.

By explicit computation of g, we can see that the set of all positive roots
of g is given by

¥7(g,a) = {o, a2, 01 + ag, a1 + 202}
The direct sum of root subspaces is given by

0 z Y z 0
00 Y, 0 —z

{ -y Yy :x,zeR,Yl,YgeRn_z}
0 —x
0 0

where the subspaces corresponding to z € R, Y7 € R 2, Y, € R" 2, and
z € R are root subspaces for aj, a1 + as, as and a3 + 2a9 respectively.
Hence the multiplicities are given by

m(a1) = m(ag + 2a2) =1
and
m(ag + ag) = m(a) =n — 2.

Since (a1 + a2)(v) = v1 and (a1 + 2a2)(v) = v1 + vz, the half sum of all
positive roots counted with multiplicity is

(12 )= 3 m(a)a(v) = %(nvl +(n—2)w) forveat
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Bound on growth indicator for general non-lattice subgroups. Re-
call the definition of the growth indicator of a discrete subgroup of G from
. For any discrete subgroup I' of GG, the growth indicator vr is concave
and upper-semicontinuous [34, 1.1 Théoréme]. Since dima™ = 2, it follows
that r is continuous on the limit cone Lr.

The quantitative Kazhdan’s property (7) of the group G obtained in [31]
yields the following explicit upper bound:

Proposition 4.1. For any non-lattice discrete subgroup I' of G, we have
Yr(v) < (n—1)vy + (n—2)ve  forallveat.
Proof. By [27, Theorem 7.1], we have
Yr(v) < (2p — O)(v) for all v € a™

where O is the half sum of all roots in a maximal strongly orthogonal system
of ¥ (g,a). Since {a1, a1 + 2as} is a maximal strongly orthogonal system,
we have
O(v) =v; forallveat.
Therefore
(2p = O)(v) = (n— o1 + (n — 2)vy,

proving the claim. ([

Growth indicator for discrete subgroups of GG that are lattices of
H. Let H = S0°(n,1). The restriction of the quadratic form @ to the
hyperplane V := {z; = z,42} yields a quadratic form Qp = Q|y in (n + 1)
variables. We identify

H=580°(n,1)={geG:g(V)=V}=S0°Qo).

Since H is invariant under the Cartan involution g — ¢g~7, the intersection
K N H is a maximal compact subgroup of H. Denoting by h the Lie algebra
of H, we have

h MNa= {dlag(O, v2, 07 o 707 _U270) 12 € R}
Note that the Cartan projection p(H) is equal to a®™ N ker ay:
:U“(H) = {’U = (Ulaoa"' 70a_vl) U1 2 0}

To see that, apply the Weyl element switching the first two rows (and
hence the last two rows) to hNa, resulting in {(v2,0,...,0, —v2) : va € R} =
ker arg.

Proposition 4.2. Let I' < G be a discrete subgroup such that I is a lattice
of H. Then

(n_l)vl fO’l"’U:(Ul,O,"' 707_U1)7 UIZO

(4.3)  ¢r(v) = {_oo forv ¢ u(H)
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In other words,

(4.4) Yyr < —=p ona
with the equality on p(H).
Proof. Since T is a lattice of H, the limit cone of I' satisfies
Lr = pu(H) = at Nker ag.

Hence for v ¢ u(H), r(v) = —oo. Let || - || denote the norm on a induced
from the Riemannian metric on G/K. Since H/(H N K) C G/K is an
isometric embedding, we have that for all h € H, ||u(h)| is equal to the
Riemannian distance dg/(gnk)(ho,0) in H/(HNK). Since ¢r is independent
of the choice of a norm, we may assume that for all h € H, ||u(h)|| is equal to
the hyperbolic distance dyn (ho, 0) by identifying H/(H N K) ~ H", which is
equivalent to ||(v1,0,---,0,—v1)|| = |v1|. Since I' < H is a lattice, we have

#{y el 1 dgn(y0,0) < T} ~ Ce" VT a5 T — 0
(cf. [14], [I7]). Hence for v = (v1,0,--- ,0, —v1) with v; > 0,

b log#{y e : [u(I <T}

Yr(v) = ||v|| limsu T (n—1)v;.
T—o0
Since p(v1,0,---,0,—v1) = Fv1 by (3.1)), the claim follows. O

Remark 4.3. Note that the upper bound (4.4]) already follows from Propo-
sition once we know that Lr C a,,. The above proposition shows that
that upper bound is optimal for the case at hand.

Remark 4.4. We remark that Proposition [£.2] holds in a more general set-
ting: let G be a connected semisimple real algebraic subgroup with Cartan
decomposition G = KATK and H < G a connected reductive real algebraic
subgroup such that H = (KNH)(ATNH)(KNH). Let T be a lattice of H.
Then ¢r(v) = 2pg (v) if v € log(H N AT) and —oo otherwise, where 2pp is
the sum of all positive roots of (Lie(H),log(H N A™)).

We recall the following criterion on the temperedness of L?(I'\G).

Theorem 4.5. ([15], [28, Theorem 5.1|) For any discrete subgroup I' of a
connected semisimple real algebraic group G, we have

Yr < p if and only if ' is a tempered subgroup of G.

Moreover, if yr < (14 n)p, then L2(T\G) is almost LP for p < %

That L?(T'\G) is almost LP means that every matrix coefficient of the
quasi-regular representation L?(I'\G) is LPT¢-integrable for any ¢ > 0. By
Theorem a discrete subgroup T is G-tempered if and only if L?(T'\G) is
almost L~.

Since ¥p = @p on p(H) by Proposition we obtain the following
examples of non-tempered subgroups of G:
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Corollary 4.6. Let T be a lattice of H = SO°(n, 1), considered as a subgroup
of G =S0°n,2). Then

I' is G-tempered if and only if n = 2.
Moreover, for each n > 2,

L*(T\G) is almost L".

5. DEFORMATIONS AND NON-TEMPERED ZARISKI-DENSE EXAMPLES

Let G = S0°(n,2) and H = SO°(n,1) = Isom™ (H"). Let I be a torsion-
free uniform lattice of H such that M = I'\H" is a closed hyperbolic n-
manifold with a properly embedded totally geodesic hyperplane S.

Remark 5.1. For any n > 2, such a I exists, for instance, consider a quadratic
form Qo(z1,+ ,Tnt1) = Dorq T2 — \/gxiﬂ for a square-free integer d. Let
I' < SO(Qo) NSLy,,+1(Z+/d) be a torsion -free subgroup of finite index. Then
I is a uniform lattice of SO(Qo) [5]. Considering SL,, as a subgroup of SL,, 41
embedded as the lower diagonal block subgroup, the intersection A = I'NSL,,
is a uniform lattice of SO(Qo) N SL,, ~ SO(n —1,1). Now M =T'\H" is a
closed hyperbolic n-manifold with a properly embedded geodesic hyperplane
S =A\H""1

We may assume that ’'NSO(n—1,1) = A is a uniform lattice of SO(n—1, 1)
by replacing I' by a conjugate if necessary.

We briefly recall the bending construction of Johnson-Millson [21]. Their
bending was constructed with the ambient group SL,i2(R). We use a
modification by Kassel [22, Sec. 6] where the bending was done inside
G = S0°(n,2). There exists a one-parameter subgroup a; € G which cen-
tralizes SO(n — 1,1). If S is separating, i.e., M — S is the disjoint union of
two connected components M7 and Ms, then I' = I'y %o I'o. Consider the
homomorphism o; : I' = G given by

y for vy € I'y
oi(y) =

agya—y  for v € T'y.
Since a; commutes with A, o; is well-defined. If S does not separate M,
then I' is an HNN extension of A, and we have a homomorphism o; defined
similarly (cf. [22, Sec 6.3]).

The following Zariski density and discreteness results were obtained in [22]

and [20] respectively:

Proposition 5.2. For all sufficiently small t # 0, o4(I") is discrete and
Zariski-dense in G = SO°(n, 2).

We now give a proof of Theorem

Theorem 5.3. Let n > 3. For all sufficiently smallt # 0, the subgroup o(T")
is a non-tempered, Zariski-dense and discrete subgroup of G = SO°(n,2).
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Proof. The subgroup I is a non-tempered subgroup of G for n > 3 by Corol-
lary Hence the claim follows from Theorem [3.8]and Proposition 5.2l O

6. ANOSOV REPRESENTATIONS AND NON-TEMPEREDNESS

In this section, we prove a stronger result than Theorem using the
theory of Anosov representations. We keep the notations for G = SO°(n, 2),
H =8S0°(n, 1), a, a1, as etc from Section [4] Let I be a torsion-free uniform
lattice of H such that the closed hyperbolic manifold T'\H" has a properly
embedded totally geodesic hyperplane as in Section

Definition 6.1. For a non-empty subset § C II = {1, a2}, a finitely gen-
erated subgroup I'g of G is called #-Anosov if there exists C' > 0 such that
for all v € I'y and « € 6, we have

a(u(y)) = C7 'y -C

where || denotes the word length of 4 with respect to a fixed finite generating
subset of I'g. A II-Anosov subgroup is called Borel-Anosov.

Lemma 6.2. The subgroup T is an {aq}-Anosov subgroup of G.

Proof. Note that 81 := —ay restricted to h N a is a simple root of (h,hNa)
with respect to the choice of a positive Weyl chamber (h Na)t = {v =
(0,v2,0,--+,0,—v2,0) : v > 0}. Since I' is a uniform lattice of H, it is
in particular a convex cocompact subgroup of H, and hence a {31 }-Anosov
subgroup of H [19]. Therefore there exists C' > 1 such that for all y € T,

Bi(pu () > C 1ty = C

where pp denotes the Cartan projection map of H. Since

Biopum = aiopulm,
it follows that aq (u(7)) > C~ty|—C for all v € T'. This proves the claim. [J

Theorem 6.3. Let n > 3, and G = SO°(n,2). There exists a non-empty
open subset O of Hom(T', G) such that for any o € O, we have

(1) o is injective and discrete;
(2) o(T") is a Zariski-dense {aq }-Anosov subgroup of G;
(3) o(T") is not G-tempered.

By [I, Proposition 8.2], the set of Zariski-dense representations of I" forms
an open subset of Hom(T", G), which we know is non-empty by Proposition
6.2l Moreover, all Anosov representations are discrete with finite kernel and
the set of all {av; }-Anosov representations forms an open subset in Hom(I", G)
by (J19], [23]). Since I' is assumed to be torsion-free, Theorem follows
from Theorem and non-temperedness of I'.

In the rest of this section, we will give a different proof of Theorem (3)
using the continuity of limit cones under a small deformation of I' and the
Anosov property of I'.
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For any discrete subgroup I'g of G and any linear form i € a* such that
1 >0 on Lr, — {0}, denote by

5¢,F0

the abscissa of convergence of the series s — Z'yeFo e This is well-

defined and 0 < &, 1, < co. Since p > 0 on a™ — {0}, d, 1, is well-defined for
any discrete subgroup I'g < G. Theorem can be reformulated as follows:

Proposition 6.4. For any discrete subgroup I'g of a connected semisimple
real algebraic group Gy, we have

0p,r0 < 1if and only if I'g is Go-tempered.
Proof. By [24, Theorem 2.5, we have
Yr, < 6P,F0 P

and 9r,(v) = 0,1, - p(v) for some non-zero v € at. Therefore the claim

follows from Theorem [.5] O
Set
o, =keraz and al =a" Nkeray.

Let po, : @ = a,, denote the unique projection invariant under the Weyl
element fixing a,, pointwise, which is simply the reflection about a,,. The
space of linear forms ay, can be identified with the set of all linear forms
in a* which are invariant under p,,. The following follows by combining [6),
Proposition 8.1] and [36, Corollary 5.5.3], both of whose proofs are based on
thermodynamic formalism.

Theorem 6.5. For any 1 € a,, which is positive on af — {0}, the critical
exponent dy, »ry varies analytically on any sufficiently small analytic neigh-
borhood of an {aq }-Anosov representation of Hom(I', G).

Since I' is a convex cocompact subgroup of H, the following is a special
case of Kassel’s theorem [22] Proposition 5.1] (see also [13, Theorem 1.1| for
a recent generalization):

Proposition 6.6. For any n > 0, we have an open neighborhood O of idp
in Hom(T', G) such that for any o € O, the limit cone of o(I') is contained
in Cy = {v € at : [l — an, || <nllv[[}.

Remark 6.7. For the bending deformations o; discussed in section [5, we
always have a non-trivial element of 7 (of infinite order) such that o;(7y) =,
and hence u(o¢(y)) € u(H)—{0}. Therefore we have the following property:
for all sufficiently small ¢ # 0, the limit cone of o4(I") contains the ray u(H).
Since o4(I") is Zariski-dense, its limit cone is convex and has non-empty
interior [2]. Therefore Proposition implies that that the limit cone of
o¢(T") is the convex cone given by

(61) ‘Cat(l—‘) = {’U = (013/02707 e airUQ)*/Ul) S Cl+ :0 S (%) S Catvl}
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where c,, > 0 tends to 0 as ¢t — 0.

Recall from Proposition [£.2] that

2(n—1)

-

The following proposition gives an alternative proof of Theorem (3):

5p,F =

Proposition 6.8. For any sufficiently small € > 0, there exists an open
neighborhood O = O(¢e) of idr in Hom(I', G) such that for any o € O,
2(n—1)
5p,a(F) - T <e.

In particular, for n > 3, we have Yr £ p; and hence o(I") is non-tempered
in G for all o0 € O(%2)

Proof. Let p’ be the restriction of p to a,,. We may consider p’ as a linear
form on a by precomposing with p,,. Note that p’ is non-negative on ajl.
Let ¢ > 0. We can find n > 0 so that for any v € C, = {v € a® :
[ = aa, || <nllvll},
—ep(v) < (p— ) (o) < 2p(v).

We can take a small neighborhood O of idr so that for any o € O, the limit
cone of o(I') is contained in the cone C,, by Proposition . In particular,
p(o(y)) € C, for all v € I' except for some finite subset F,. Then for any
o € O, we have that for all s > 0,

T o) 5 Y s o),
yel'-Fo yel'-F,
It follows that
5(1_5)%0@) > 5p/70(p) and hence 5p70(p) > (1 - 6)591’0@).
Similarly, we have
Z e~ (I+e)sp(u(e()) < Z e~ 57 (ule(M))
yel'-Fo yel'-F,
(5(14_5)1)70(1—\) < (5’,/,0(1“) and hence (Sp,o(p) < (1 + 6)5p17g(1—\).
Therefore
(6.2) (1— 6)5p170(r) < 5/)70({‘) < (1+ 5)5p170-(r).

By replacing O by a smaller neighborhood of idr if necessary, we may
assume that

(6.3) 10y .0y —0pr| <e foralloeO

by Theorem [6.5]
Hence using that 1 < d,r = 2(n — 1)/n < 2, we deduce from (6.2)) and

(6.3) that
10p,0(r) — 6pr| <Be foralloeO .

Since 0, = 2(n — 1)/n, the claim follows. O
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We can also obtain the following estimates for the growth indicator ¢, r:

Corollary 6.9. For any sufficiently small € > 0, there exists an open neigh-
borhood O = O(e) of idr in Hom(T', G) such that for any o € O,

Yoy (v) < (2(nn—1) + 6) p(v) forallvea®
and
(6.4) Yoy (ve) > (

Moreover, v, converges to a unit vector in aq, as o — idr.

2(n—1)

— E) p(vs)  for some unit vector v, € at.
n

Proof. Recall that ¥y < 6, 5r)p and Yoy (vs) = 0, 4()p(vs) for some
non-zero vector v, on the limit cone L,y [24, Theorem 2.5]. Hence the
inequalities follow from Proposition The last claim follows from Propo-

sition [6.61 O
Finally, since v, is of the form (vy1, oV 1,0, -+ , —C4V0.1, —Vs,1) for some

Vg1 > 0 with ¢, — 0, the inequality (6.4) and Proposition imply the
inequality ((1.4) in Theorem Hence, together with Theorem Propo-
sition [6.8] and Corollary this completes the proof of Theorem
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