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ABSTRACT. Let I' < SLo(Z) be a non-elementary finitely gener-
ated subgroup and I'(¢q) be its congruence subgroup of level ¢ for
each ¢ € N. We obtain an asymptotic formula for the matrix
coefficients of L?(I'(q)\ SLa(R)) with a uniform exponential error
term for all square-free ¢ with no small prime divisors. As an ap-
plication we establish a uniform resonance-free half plane for the
resolvent of the Laplacian on I'(¢)\H? over ¢ as above. Our ap-
proach is to extend Dolgopyat’s dynamical proof of exponential
mixing of the geodesic flow uniformly over congruence covers, by
establishing uniform spectral bounds for congruence transfer oper-
ators associated to the geodesic flow. One of the key ingredients is
the expander theory due to Bourgain-Gamburd-Sarnak.

1. INTRODUCTION

1.1. Uniform exponential mixing. Let G = SLy(R) and I" be a non-
elementary finitely generated subgroup of SLa(Z). We will assume that T’
contains the negative identity —e but no other torsion elements. In other
words, I' is the pre-image of a torsion-free subgroup of PSLy(Z) under the
canonical projection SLo(Z) — PSLy(Z). For each ¢ > 1, consider the
congruence subgroup of I' of level g:

I'(g) :=={y €Tl :v=emod g}

et/? 0
ay = < 0 et/2> :

As is well known, the right translation action of a; on I'\G corresponds to
the geodesic flow when we identify I'\G with the unit tangent bundle of a
hyperbolic surface T\H?. We fix a Haar measure dg on G. By abuse of

For t € R, let
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notation, we denote by dg the induced G-invariant measure on I'(¢)\G. For
real-valued functions 11,42 € L%(I'(¢)\G), we consider the matrix coefficient

(arh1, Ya)rgnG = / V1(gar)a(g)dg.
INCINE
The main aim of this paper is to prove an asymptotic formula (as ¢ — 00)
with exponential error term for the matrix coefficients (a1, ¥2)r(4)\¢ where
the error term is uniform for all square free ¢ without small prime divisors.

Denote by A(T") the limit set of T', that is, the set of all accumulation
points of I-orbits in the boundary d(H?) and by 0 < 6 = dr < 1 the
Hausdorff dimension of A(T).

The notation C* denotes the space of C*-functions with compact sup-
ports:

Theorem 1.1. Let I' < SLa(Z) be a convex cocompact subgroup, i.e., I' has
no parabolic elements. Then there exist n > 0,C > 3 and qo > 1 such that
for any square free q with (q,q0) = 1 and any ¥1, s € CL{T(q)\G), we have

(11 e agpy, o) rgne =

1 —
quBR(wl)quR* () + O(||v1||en [[¥allen - ¢€ - e

as t — +oo; here quMS,quR, and mER* denote respectively the Bowen-

Margulis-Sullivan measure, the unstable Burger-Roblin measure, and the sta-
ble Burger-Roblin measure on I'(q)\G which are chosen compatibly with the
choice of dg (see Section 6 for precise definitions).

The implied constant can be chosen uniformly for all C*-functions 11, 1o
whose supports project to a fized compact subset of T\G.

If I' < SL»(Z) is finitely generated with § > 3, then a version of Theorem
1.1 is known by [8] and [12] with a different interpretation of the main term
(also see [22], [43], [27]). Therefore the main contribution of Theorem 1.1 lies
in the groups I' with § < %; such groups are known to be convex cocompact.

Remark 1.2. (1) Selberg’s celebrated 13—6 theorem corresponds exactly
to this result in the case I' = SLy(Z) with the explicit constants
C =3 and n(I') = £ — €. One can therefore regard Theorem 1.1
as yet another generalization of Selberg’s theorem to subgroups of
infinite covolume.

(2) The optimal ¢¢ would be ¢®, which is the growth rate of [I" : T'(q)]
in the above error term expressed in C'-norms.

(3) One would expect the results described in this paper to hold without
the assumption that ¢ is square free; the missing piece is the ¢2
flattening lemma (Lemma 4.7), which is available in the literature
only in the case of square free q.
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(4) Theorem 1.1 has an immediate application to counting, equidistir-
bution and affine sieve; for instance, Theorems 1.7, 1.12, 1.14, 1.16
and 1.17 in [27] are now valid for I' < SLy(Z) with § < %, with the
L?-sobolev norms of functions replaced by C'-norms; the proofs are
verbatim repetition since Theorem 1.1 was the only missing piece in
the approach of that paper.

The main term in (1.1) can be related to a Laplace eigenfunction on
I'(¢)\H2. Denote by A the negative of the Laplacian on H? and {v,, : € H?}
the Patterson density for I'. Then ¢o(z) := |vz| is an eigenfunction of A in
C>(T(q)\H?) with eigenvalue §(1 — §) [31], and ¢, € L*(I'(¢)\H?) if and
only if op > 1/2. If we identity H? = SLy(R)/SO(2), and ¢ € C.(T'(¢)\G)
is SO(2)-invariant, then

mBR(y) = / () bo(x)dz = mBR ().
T(\G

1.2. Uniform resonance free region. When § > %, Bourgain, Gam-
burd and Sarnak [8] established a uniform spectral gap for the smallest two
Laplace eigenvalues on L?(I'(q)\H?) for all square-free ¢ € N with no small
prime divisors; for some ¢ > 0, there are no eigenvalues between 6(1 — §),
which is known to be the smallest one, and 6(1 — J) + €.

When 6 < %, the L2-spectrum of A is known to be purely continuous [23],
and the relevant spectral quantities are the resonances. The resolvent of the
Laplacian

Rr(g)(s) == (A = s(1 = )71 : C(I(q)\H?) — C*(T(q)\H?)

is holomorphic in the half plane R(s) > % and has meromorphic continuation
to the complex plane C with poles of finite rank [16] (see also [25]). These
poles are called resonances. Patterson showed that s = § is a resonance of
rank 1 and that no other resonances occur in the half-plane Rs > 4 [32].
Naud proved that for some €(q) > 0, the half-plane Rs > § — €(q) is a
resonance-fee region except at s = ¢ [28]. Bourgain, Gamburd and Sarnak
showed that for some € > 0, {Rs > J — ¢ - min{1,1/(log(1 + |Js|)}} is a
resonance free region except for s = ¢, for all square-free ¢ with no small
prime divisors [8]. We will deduce a uniform resonance-free half plane from
Theorem 1.1 (see Section 6):

Theorem 1.3. Suppose that § < % There exist € > 0 and qp > 1 such that
for all square free ¢ € N with (q,qp) = 1,

{Rs >d—¢€}

is a resonance free region for the resolvent Rp(q) except for a simple pole at

s=29.
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Let P, denote the set of all primitive closed geodesics in T*(T'(¢)\H?2) and
let £(C) denote the length of C' € P,. The Selberg zeta function given by

Zy(s) = T[ T (1 e +91©)

k=0 CeP,

is known to be an entire function when I'(g) is convex cocompact by [21].
Since the resonances of the resolvent of the Laplacian give non-trivial
zeros of Z,(s) by [30], Theorem 1.3 follows from the following:

Theorem 1.4. There exist € > 0 and qo > 1 such that for all square free
q € N with (¢,q0) = 1, the Selberg zeta function Zy(s) is non-vanishing on
the set {R(s) > 0 — €} except for a simple zero at s = 6.

1.3. On the proof of Main theorems. Theorem 1.1 is deduced from
the following uniform exponential mixing of the Bowen-Margulis-Sullivan
measure quMS:

Theorem 1.5. There exist n > 0,C > 3, and qo > 0 such that, for all
square free ¢ € N coprime to qo, and for any 11,1 € CH(T'(¢)\G), we have

(1.2) / r(gar)ba(g) dmPS(g) =
T(g\G

1 —
SBSTG)  w) + Ol allen 7

as t — 400, with the implied constant depending only on T.

Theorem 1.5 also holds when I' has a parabolic element by [27]. For a
fixed g, Theorem 1.5 was obtained by Stoyanov [39].

We begin by discussing the proof of Theorem 1.5. The first step is to
use Markov sections constructed by Ratner [36] and Bowen [6] to build a
symbolic model for the a;-action on the space I'\G. The Markov section gives
a subshift (X, o) of finite type in an alphabet {i1,..., i}, together with the
associated space (X1, 0) of one sided sequences. Denote by 7: ¥ — R the
first return time for the flow a;. The corresponding suspension ¥™ has a
natural flow G;, a finite measure y and an embedding

C : (ET,,U,, gt) — (F\G7 mBMS7 at)

which is an isomorphism of measure theoretic dynamical systems: this is
our symbolic model. This framework will be the topic of Section 2.

From the one sided shift we construct, for each a,b € R, the transfer
operator Ly, : C(X1) — C(X71) by

(Laph)(x) = Y e OTe=iWp(y).
o(y)=x

Pollicott’s observation, later used and refined by many other authors ([17],
[39], [1]), was that the Laplace transform of the correlation function for
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the system (X7, u, G;) can be expressed in terms of transfer operators using
the Ruelle-Perron-Frobenius theorem, and that the exponential mixing of
(X7, 1, G¢) and hence that of (I\G, mBMS, ;) follows if we prove a uniform
spectral bound on L, for Holder observables to be valid on |a| < ag for
some ag > 0.

We write SLa(q) for the finite group SLa(Z/qZ). Following this approach,
we define congruence transfer operators M, , on the space C'(X7, (CSLQ(q))
of vector-valued functions for each ¢ satisfying SLa(q) = I'(¢)\I' (which is
the case whenever ¢ does not have small prime divisors): for x € ¥ and
v € SLa(q),

(MapgH)(x,y) = D e OO0 H(y yeH(y)))
o(y)—a

where ¢ : ¥ — T' is a cocyle which records the way the a;-flow moves ele-
ments from one fundamental domain to another. The natural extension of
Pollicott’s idea tells us that uniform exponential mixing of (I'(¢)\G, quMS, a)
will follow if we can establish certain spectral bounds for Mg, uniformly
for all |a| < ap, b € R and all ¢ large. This reduction will be carried out in
Section 5.

The proof of spectral bounds for transfer operators traditionally falls into
two parts. In Section 3 we shall consider the case where |b| is large. The
key ideas here are due to Dolgopyat, who gave an ingenious, albeit highly
involved, proof of the relevant bounds for £, under additional assumptions.
We will follow a treatment due to Stoyanov, who carries out the bounds on
L for axiom A flows. The bounds follow from an iterative scheme involving
Dolgopyat operators, whose construction relies on the highly oscillatory na-
ture of the functions e®” when |b| is large. This oscillation is also sufficient to
establish bounds on the congruence transfer operators Mgy, 4; see Theorem
3.1. Because the oscillation relies only on local non-integrability properties,
the bounds we obtain are uniform in ¢. It is crucial for this argument that
the cocycle c is locally constant on an appropriate length scale, so that it
doesn’t interfere with the oscillatory argument.

We are left, in Section 4, with the proof of the bounds on M 4 for |a| < ag
and |b| small. The bounds for L, in this region follow immediately from
the complex Ruelle-Perron-Frobenius theorem and a compactness argument.
Since we require bounds on M, , uniformly in ¢, however, this compactness
argument is not available to us; instead we follow the approach and use the
expansion machinery of Bourgain-Gamburd-Sarnak [8].

The expansion approach relies on the idea that I'(¢)\G ~ SLa(q) x I'\G.
Very roughly, the hyperbolic nature of geodesic flow allow us to separate
variables and to consider functions that are ”independent” of the I'\G com-
ponent. We are left considering functions on SLs(q); for such functions, the
right action of the cocycle c, together with the expansion machinery and the
(?-flattening lemma produce the required decay. One essential estimate in
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this argument is proved by means of Sullivan’s shadow lemma and the de-
scription of the relevant measures in terms of the Patterson-Sullivan density.
The memoryless nature of the Markov model for our flow is crucial here, as
it allows us to relate these estimates to certain convolutions.

Theorem 1.1 is deduced from Theorem 1.5 by comparing the transverse
intersections for the expansion of a horocyclic piece, based on the quasi-
product structures of the Haar and the BMS measures.

In joint work with Magee [24], we extend a main theorem of [28] uniformly
over g as well, which has an application to sieve for orbits of a semigroup as
used in the work of Bourgain and Kontorovich on Zaremba’s conjecture [10].
We expect that our methods in this paper generalize to convex cocompact
thin subgroups I' of SO(n,1) and moreover to a general rank one group,
which we hope to address in a subsequent paper.

Remark: After submission of this paper new arguments have been devel-
oped that allow Theorem 1.1 (and hence Theorems 1.3 and 1.4) to be proved
without the assumption that g be square free. The key point is to replace
the (2-flattening lemma with the expansion results of Bourgain and Varju
[14] in the proofs of Propositions 4.18 and 4.20. The new arguments are
described in a recent preprint [11] for the setting of [24], and should require
only minor modification to apply in our setting.

Acknowledgements: We are grateful to the referee for helpful remarks on
the paper, especially for providing an alternative succinct argument in the
deduction of Theorem 1.3 from Theorem 1.1.

2. CONGRUENCE TRANSFER OPERATORS

In the whole paper, let G = SLa(R) and let I' < G be a non-elementary,
convex cocompact subgroup containing the negative identity. We assume
that —e is the only torsion element of I'. If p : SLa(R) — PSLa(R) is the
canonical projection, then p(I") is a convex cocompact torsion-free subgroup
of PSL2(R) and we have I'\ SLa(R) = p(I')\ PSLa(R). Since our results
concern the quotient space I'\G, we will henceforth abuse notation so that
sometimes G = PSLy(R) and our I' is considered as a torsion-free subgroup
of PSLy(R).

We recall that the limit set A(T') is a minimal non-empty closed T'-
invariant subset of the boundary 0H?, and its Hausdorff dimension § = ép
is equal to the critical exponent of T" (see [31]).

We denote by {p, = pubS : x € H?} the Patterson-Sullivan density for T';
that is, each p, is a finite measure on A(T") satisfying

(1) Velbz = Hyz for all v € T
(2) % (6) = o) for all 2,y € H? and & € O(H?).

Here B¢ (y,x) denotes the Busemann function: Be¢(y,x) = limy_o0 d(&,y) —
d(&;, x) where & is a geodesic ray tending to £ as t — oco. Since I' is convex
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cocompact, p, is simply the 6-dimensional Hausdorff measure on A(T") with
respect to a spherical metric viewed from z (up to a scaling). See [31] and
[41] for references.

Fixing o € H?, the map u ~ (u,u™,s = 8,- (0,u)) is a homeomorphism
between T!(H?) and (O(H?) x 9(H?) — {(,€) : ¢ € 9(H?)}) x R. Using
this homeomorphism, and the identification of PSLy(R) with T!(H?), the
Bowen-Margulis-Sullivan measure mBMS = ThIEMS on PSLs(R) is defined as
follows:

dmBMS () = ®Bu+ (0u) 0B, (o) dufs(uﬂdufs(u_)d&

This definition is independent of the choice of o € H?, but does depend on
I.

We denote by mPMS the measure on I'\G induced by mPMS; it is called the
Bowen-Margulis-Sullivan measure on I'\G, or the BMS measure for short.

Let A = {a; = diag(e?/?,e7%/?) : t € R}. The right translation action
of A on I'\G corresponds to the geodesic flow on T'(I'\H?). It is easy to
check that the BMS measure is A-invariant. We choose the left G- and right
SO2(R)-invariant metric d on G such that d(e, a;) = t.

Let NT and N~ be the expanding and contracting horocyclic subgroups
for a;:
(2.1)

N+:{nj::(i ?):SGR} and N_:{ns_::<1 i):seR}.

For € > 0, we will denote by N the intersection of the e ball around the
identity, B.(e), with N*.

We fix a base point o € H? in the convex hull of the limit set A(T), and
write 2 for the support of the BMS measure. The geodesic flow a; : 2 — Q
is known to be mixing for the BMS measure mPMS by Rudolph [37] (see
also [2]). Since I is convex cocompact, €2 is compact and there is a uniform
positive lower bound for the injectivity radii for points on I'\G, which we
will simply call the injectivity radius of I'.

2.1. Markov sections. We refer to [18] for basic facts about Markov sec-
tions. Let a > 0 be a small number. Consider a finite set z1,..., 2z in Q
and choose small compact neighborhoods U; and S; of z; in ziNc‘f N € and
ziN; N Q respectively of diameter at most /2. We write int“(U;) for the
interior of U; in the set z; NJ N Q and define int*(S;) similarly. We will as-
sume that U; (respectively S;) are proper, that is to say, that U; = int“(U;)
(respectively S; = int®(S;)). For x € U; and y € S;, we write [z,y] for the
unique local intersection of zN~ and yN*A. We write the rectangles as

Ri = [Ulvsl] = {[ZE,y] NS Uzay S SI}

and denote their interiors by

int(R;) = [int™(U;), int*(S;)].
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Note that U; = [U;,2z;] C R;. The family R = {Ry,... Ry} is called a
complete family of size o > 0 if

(1) Q= U’fRia[O,a]

(2) the diameter of each R; is at most a, and

(3) for any i # j, at least one of the sets R; N Rjajq) or RjN Riajp o is

empty.
Set R =[[; R;. Let 7 : R — R denote the first return time and P : R — R

the first return map:

7(z) :=inf{t >0:2a; € R} and P(z) = za,(y).

Definition 2.1 (Markov section). A complete family R := {R;... Ry} of
size « is called a Markov section for the flow a; if the following the Markov
property is satisfied:

P([int" Us, z]) D [Int" U;, P(x)] and P([z,Int® S;])) C [P(x),Int*S;]
whenever z € int(R;) N P~ (int(R;)).
We consider the k x k matrix

1y, — { Lifint(R)N P~ lint(R,,) # 0
Im =13 ¢ otherwise,

which we will refer to as the transition matrix. The transition matrix
Tr is called topologically mixing if there exists a positive integer N such
that all the entries of Tr"V are positive. Ratner [36] and Bowen [5] es-
tablished the existence of Markov sections of arbitrarily small size; using
an argument of Bowen and Ruelle [3] we may further assume that the
associtaed tranition matrix is topologically mixing. We now fix such an
R ={Ry =[U1,51],..., Ry = [Uk, Sk]} of size o, where o > 0 satisfies

a < Wloo - Injectivity radius of I'\G
and for all |s| < 4a,
(2.2) dle,nt) < |s| < 2d(e,n),

Note that £ > 2 as a consequence of the non-elementary property of I'.
Write

U=]]v: and int(R)=]]int(R:).
The projection map along stable leaves

s : R — U, taking [z,y] — =

will be very important for us at several stages of the argument. We will
write & for the map

6:=nngoP:U—U.
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Definition 2.2. We define the cores of R and U by
R={z e R:P"z cint(R) for all m € Z}, and
U={uelU:6™ucint(U) for all m € Zsg}.

Note that R is P-invariant, and that U is 6-invariant. The cores are
residual sets (that is, their complements are countable unions of nowhere
dense closed sets).

2.2. Symbolic dynamics. We choose ¥ to be the space of bi-infinite se-
quences € {1,...,k}” such that Try,z,,, = 1 for all . Such sequences will
be said to be admissible. We denote by X7 the space of one sided admissible
sequences

St ={(@)iz0 : Trg;z,,, = 1 for all i > 0}.

We will write o : ¥ — X for the shift map (ox); = x;41. By abuse of
notation we will also allow the shift map to act on XT.

Definition 2.3. For 6 € (0,1), we can give a metric dyp on X (resp. on X7)
by choosing
do(z,2) = gint{lil:z; 7z} }

For a finite admissible sequence i = (ig, ..., %m), we obtain a cylinder of
length m:
(2.3) Cli) ={uecU,:6'u) e int(U;;) for all 0 < j < mj}.

Note that cylinders of length 0 are precisely U;’s and that cylinders are
open subsets of U. By a closed cylinder, we mean the closure of some
(open) cylinder. We also take this opportunity to introduce embeddings of
the symbolic space into the analytic space.

Definition 2.4 (The map ¢ : ¥ — R) For x € R, we obtain a sequence
w = w(r) € ¥ by requiring Pz € R,, for all k € Z. The set 3=
{w(z) : z € R} is a residual set in . Using the fact that any distinct pair of
geodesics in H? diverge from one another (either in positive time or negative
time), one can show that the map x — w(x) is injective. We now define a
continuous function ¢ : ¥ — R by choosing ¢ (w(x)) = 2 on 3 and extending
continuously to all of X.

The restriction ¢ : S — R is known to be bijective and to intertwine o
and P.

Definition 2.5 (The map ¢ : 3+ — U). For u € U, we obtain a sequence
W'(u) € It by requiring Prz ¢ R, for all k € Z>o. We obtain an em-
bedding (™ : ¥ — U by sending w’(u) — u’ where possible and extending
continuously. We write 2 := (¢*)~}(U). The restriction ¢t : £+ — U is
known to be bijective and to intertwine o and 6.
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For 6 sufficiently close to 1, the embeddings ¢, (" are Lipschitz. We fix
such a 6 once and for all. The space Cy(X) (resp. Cp(EXT)) of dp-Lipschitz
functions on ¥ (resp. on ¥1) is a Banach space with the usual Lipschitz

o |f(z) — f(y)]
_ flz) = fly
||f’|d9—SUP|f|+iigw-

Writing 7 := 70 ¢ € Cy(X), we form the suspension
Y=Y xR/(x,t + Tx) ~ (0x,1).

We write 37 for the set (2 x R/ ~) C ¥7. The suspension embeds into the
group quotient via the map

¢ ILIEN NG, (z,s) = ((v)as

and has an obvious flow G, : (z,s) — (z,t + s). The restriction (7 : &7 —
I'\G intertwines G; and ay.

2.3. Pressure and Gibbs measures.

Definition 2.6. For a real valued function f € Cyp(X), called the potential
function, we define the pressure to be the supremum

Pry(f) :=sup (/ fdu+ entropyu(a))
w \Jz

over all o-invariant Borel probability measures p on X; here entropy,(o)
denotes the measure theoretic entropy of o with respect to u.

For a given real valued function f € Cy(X), there is a unique o-invariant
probability measure on X that achieves the supremum above, called the
equilibrium state for f. We will denote it v¢. It satisfies Z/f(i) =1

To any o-invariant measure p on Y, we can associate a Gg-invariant mea-
sure u” on X7; simply take the local product of u and the Lebesgue measure
on R. Our interest in these equilibrium states is justified in light of the

following fact.

Notation 2.7. We will write v for the —(7 o ¢)-equilibrium state on X.
We remark that the pressure Pr,(—d(7 o ()) is known to be zero.

Theorem 2.8. Up to a normalization, the measure mPMS on T\ G coincides
with the pushforward (Jv".

Proof. Sullivan [42] proved that mPMS is the unique measure of maximal
entropy for the a; action on I'\G. On the other hand (Jv" is also a measure
of maximal entropy on (I'\G, a;) by [18]. The result follows. O

In particular, this theorem implies that (X7, G;,v7) and (T'\G, a;, mPMS)
are measurably isomorphic as dynamical systems via (7. One simple conse-
quence is the following corollary.
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Corollary 2.9. The measures (7 ovis™!),ub® and (g0 (v are mutually
absolutely continuous on each U; with bounded Radon-Nikodym derivative.
Here vis denotes the visual map from a lift U; to O(H?), and 7 is the pro-
jection G — I'\G.

By abuse of notation, we use the notation v for the measure (7g o ¢).v
on U.

2.4. Transfer operators. The identification of X7 and I'\G above allows
the use of symbolic dynamics in the study of the BMS measure. In particular
we will use the theory of transfer operators.

Definition 2.10. For f € Cp(X"), we obtain a transfer operator L :
C(XT) = C(X7) by taking

Leh)(u):= Y e/In).
(u)=u

o(u!

A straightforward calculation shows that £; preserves Cg(X). The follow-
ing is a consequence of the Ruelle-Perron-Frobenius theorem together with
the well-known theory of Gibbs measures (see [30], [40]):

Theorem 2.11. For each real valued function f € Cy(XT), there exist a
positive function he Cy(X1), a probability measure U on X, and ¢ > 0, ¢ >
0 such that

° Ef(il,) = ePre(Np;

o the dual operator satisfies [,3219 = ePre(Hp;

e for alln € N,

e Pre D L) (@) — D) h(@)] < e(1 = )19 lLip(ay);

with h normalized so that (h) = 1;
e the measure hiv is o-invariant and is the projection of the f-equilibrium
state to ¥ T.
The constants c,e and the Lipschitz norm of h can be bounded in terms of
the Lipschitz norm of f; see [40]

Remark Using the identification of X1 and U by ¢T, we can regard the
transfer operators defined above as operators on C ([7 ). We can also regard
the metric dy as a metric on U. We will do both of these freely without
further comment.

We also define the normalized transfer operators. For a € R with |a| suf-
ficiently small, consider the transfer operator £_ (5.4, on the space Cg, (U).
Let \, := el7e(=(0+a)7) he the largest eigenvalue, 7, the probability measure
such that Ei( 5 +a)7ﬁa = AoV, and let h, be the associated positive eigenfunc-

tion, normalized so that [ hadv, = 1. Tt is known that Ao = 1, and that A,
and h, are Lipschitz in a for |a| small. It is also known that for |a| small,
each h, is Lipschitz in the d-metric [40].
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Notation 2.12. For functions f : U—Rand h: 2" — R, we will write

n—1 n—1
fulw) =" f(6'u)  and hp(w) =) h(o'w).
1=0 =0

It follows from the fourth part of Theorem 2.11 that there exist ¢1,co > 0
such that for all z € X1 and for all n € N,

(2.4) cre”OFAITm@N" < b (Clag, -, xp]) < cge” OFTI™@) NN,

moreover ci,cz can be taken uniformly uniformly for |a| < ag for a fixed
ap > 0. In particular, 7, is a Gibbs measure for the potential function
—(0+a)T.

We consider

(2.5) 9 = —(6 + a)T + log hg — log hg 0 o — log Aa,
and let Lgp := L f(a) Liprs 1€,
A 1 . ,
h = (=d6+a—ib)T(u") ha - D) (0

be the associated transfer operator. Note that Lg, preserves the spaces
Cd((}' ). We remark that the pressure Pr,(f(%)) is zero; so the leading eigen-
value of Lqg is 1, with an eigenfunction h,/hg. Since f ) is cohomologous
to —d7, the corresponding equilibrium states coincide.

2.5. Congruence transfer operators and the cocycle c. Let D be the
intersection of the Dirichlet domain for (T',0) in H? and the convex hull of
A(T). For each R; C T'\G, we choose a lift R; = [U},S;] to G so that the
projection of Rj to H? intersects D non-trivially. We write R := UR;.

Definition 2.13 (Definition of the cocycle ¢ : R — I'). For z € R with
(unique) lift & € R, we define the cocycle ¢ by requiring that

(2.6) i’CLT(I) S C(l‘)R
For n € Nand x € U C R, we write
cn() := c(x)c(6(x)) ... c(6" ).

Lemma 2.14. (1) Ifx,2’ € RjNP7LR,, then c(z) = c(z').

(2) If x,2' are both contained in some cylinder of length n > 1, then

cn(z) = cp(2)).

Proof. Let x1,29 € R; NP~ Ry, If 1,479 € R; with z; = T\I'Z;, then for
Ui = c(xi)_liiaT(xi) € Rj, we have

d(c(x1)g1, c(x2)71)

IAIA A IA
/\&/\

R

v

2

8

2

S
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which is less than the injectivity radius of I'. Thus c(z1) = c(x3) as desired.
The second statement is now straightforward from the definition of ¢,,. [

Let I'(¢) be a normal subgroup of I' of finite index and denote by Fj, the
finite group I'(¢)\I'. We would like a compatible family of Markov sections
for the dynamical systems (I'(¢)\G, a;, mPMS). The lifts R; give a natural
choice; for [ € {1,...k} and v € F,, we take

R} =T(q)yR C T'(9)\G.
The collection
Ri:={R] :1€{l...k} and v € Fy}

is a Markov section of size a for (I'(q)\G, at) as expected. The first return
time 74 and first return map P, associated to R? are given rather simply in
terms of the cocycle ¢ and the corresponding data for R.

Remark Let 7, : I'(¢)\G — I'\G be the natural covering map. If € R?W
and my(%) € Ry NP 'R, then

7q(2) = 7(my(Z))

and P,(x) is the lift of P(r(z)) to RY

m,yc(Z)"
Embedded inside each partition element Rl 4 We have a piece of an unstable
leaf. Let U; be the lift of U contained in R;. Then the subsets

U, =T(@)0r € D(a)\G and O, == U, Ny (0)

are contained in R . We then write Ut :=1] Ulq7 for the union and &, :

U4 — U7 for the natural extension of 6. Just as the partition R gives rise
to a symbolic model of the geodesic flow on I'\G, so R? provides a model
for T'(¢)\G. In particular we can identify U? with U x F, in a natural way;
simply send (u,7) to the image i where @ is the lift of u to R. Note then

that 6, acts as the map
Gq(u,v) = (6u, yc(u)).

For f, € C (Uq), we may consider the following transfer operators Ly, g :
C([jq) — C(ﬁq) given by
(L, qh)(u,y) = Z ef‘I(“/"Y/)h(u’,fy’)
oq(vy)=(u,y)
= efa @) D!y (c(u)) Y.
o(u)=u

It will very often be helpful to think of a function h € C(U9) as a vector
valued function U — CFe. In the case where f,(w, ) = f(w) doesn’t depend
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on the group element, we can then recover the congruence transfer operator
My, : C(U,CH) — C(U,CFa) given by

(MpgH)w) = > S HW )e();

6(u')=u

where c(u) acts on H(u') € CFe by the right regular action. We will often
write (M ¢ ,H)(u,~y) to mean the v component of (M ,H)(u) . Most of this
paper is going to be devoted to a study of these congruence transfer oper-
ators. Thq key example for us will be the normalized congruence transfer

~ A

operator Map g := Mg 04 C(U, Cfe) — C(U,CFa):

y 1 — a—ib)T(u
(Mab,qH)(u) = A ho(U) Z € (Fro=iblr( )(hOH)(u/)C(U/)
@ o(u)=u

We then have that for any n € N,
“mn (a) ibTn ) (u’ -
m Hy) = 3 B g (e ().
6 (uw)=u

The key point will be to establish spectral properties of these congruence
transfer operators. To do this we must first establish norms and banach

spaces appropriate to the task. We will write | - | for the usual Hermitian
norm on CFe. For Lipschitz functions H : U — C¥¢, we define the norms
1 | H (u) — H(u')|
@7)  [Hlp = sup [H(w)] + sup and
welr max(l, ‘b‘) uFu’ d(u, ’U,/)

1/2
(2.9 el = ( [ H@Pa)
We will sometimes also write || - [|pip@) = || - [[1,1 for the Lipschitz norm

and denote by C’Lip(d)(U, CFa) the space of Lipschitz functions for the norm

[ Lip(a)-
Consider the space of functions

(2.9) W(U,CF) = {H ¢ CLip(d)(U,CFq) : Z H(u,~) =0 for all u € U}.
YEF,

We will write L3 (F,) for the space of complex valued functions on Fj that
are orthogonal to constants. We can then think of W(U,CF) as the space
of Lipschitz functions from U to L3(E,).

We’re now in a position to state the main technical result of our argument.
Suppose that I" is a (non-elementary) convex cocompact subgroup of SLy(7Z).
We recall the congruence subgroups I'(¢) of I'. Since I' is Zariski dense in
SLs, it follows from the strong approximation theorem that there exists
go > 1 such that for all ¢ € N with (¢, qo) = 1, we have

(2.10) I'(g)\I' = G(Z/qZ) = SLa(q).
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Theorem 2.15. There exist € > 0,a9 > 0,C > 0,q > 1 such that for all
la| < ap, b € R, and for all square free ¢ € N with (q, qoq})) = 1, we have

M Hll2 < C(1—€)
for allm € N and all H e W(U,CF4).

The next two sections will be focused on the proof of this Theorem. In
Section 3 we prefer to work with the analytic space U and the associated
function spaces C (U ), while in Section 4 the symbolic space S is preferred.
For the most part we can unify these viewpoints through the identification
¢: St — U; in particular for those parts of the argument where we consider
the transfer operators acting on the L?(v) spaces there is no problem, as the
measure theory does not see the precise geometry of the spaces Sand U. The
one potential difficulty is where we want to use the d-Lipschitz properties
of he and f(®) which a priori do not follow from the usual statement of the
RPF theorem 2.11. This is clarified by [34], which ensures we can proceed
as required.

3. DOLGOPYAT OPERATORS AND VECTOR VALUED FUNCTIONS

In this section we aim to prove that Theorem 2.15 holds whenever |b| is
sufficiently large:

Theorem 3.1. There exist € > 0,a9 > 0,b9 > 0,C' > 0 such that for all
la| < ag, |b] > b, and for any normal subgroup T'(q) of T of finite index, we
have .

MG Hl2 < C(1—e)™[[HI[1p

for allm € N and oll H € C’Lip(d)(U,CFq) for Fy =T(g)\I'.

The strategy here is due to Dolgopyat [17], and uses the construction of
so-called Dolgopyat operators. This construction was generalized to axiom
A flows by Stoyanov [39], and we will follow his argument. The remaining
task is to relate these operators to our vector valued functions. The main
reasons we succeed are that (1) the cocycle c : U — T is locally constant
(Lemma 2.14) and (2) its action on L?(F}) is unitary. Both properties are
elementary but they are the critical reasons why our approach works.

Following Stoyanov, we begin by defining a new metric on U: foru,u’ € U,
set

(3.1) D(u, ') = inf{diam(C) : C is a cylinder containing u and u'}
where diam(C) means the diameter of C in the metric d. Note that for all

u, v’ €U,
d(u,u") < D(u,u’).

Definition 3.2. For E > 0, we write Kp(U) for the set of all positive
functions h € C(U) satisfying
|h(u) — h(u')] < Eh(u)D(u,u’)
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for all u,u’ € U both contained in U; for some i.

Theorem 3.1 follows from the following technical result as in the works of
Dolgopyat and Stoyanov.

Theorem 3.3. There exist positive constants N € N, E > 1,¢,aq,by such
that for all a,b with |a| < ag, |b| > by there exist a finite set J(b) and a
family of operators
Niq: C(U) = CU) for J € J(b)

with the properties that:

(1) the operators Ny, preserve KE‘I,‘(U);

(2) we have [ |Nyqh?dv < (1 —¢) [ |h[*dv for all h € KE|b|(U),'

(3) ifh e KE|b|(U) and H € C(U,CF) satisfy

|H (u)| < h(u) and |H(u) — H(u')| < E|b|h(u)D(u, )
for all u,u’' € U, then there exists J € J(b) such that

o MY H| < Njqh;

e for allu,u/ €U,
M H (w) — MG, H ()| < E|b|(Nah) (w) D(u, o).

The operators N, are called Dolgopyat operators. Before moving on we
indicate how to deduce Theorem 3.1 from Theorem 3.3.

Proof that Theorem 3.3 implies Theorem 3.1. Choose N € N, €, |a| < ag, |b| >
bo, E, and H as in Theorem 3.3 and set hg to be the constant function || H||; 5.
Theorem 3.3 allows us to inductively construct sequences J; € J(b), and
h; € Kgpp(U) such that

(1) huyr = Ny, o,

(2) \Mabq (u)] < hy(u) pointwise, and

(3) MY Hll2 < [[lill2 < (1= €)f

Now choose ¢ > 0 such that (1 — )V = (1 - e). There is a uniform upper
bound, say Ry > 1, on the L?(v) operator norm of Map,q, valid for all b and
all |a| < ag. For any m = [N + r, with » < N, we have

) 1/2
WG e = ([ 10 05 0P

1/2
(/ |Mab qH|2dl/>

Ry(1 = )'||H]|1p
Ry(1 =€)V H||1p
R (1= )" N[ H||1p-
This proves the claim. O

ab,q

ININ A
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3.1. Notation and constants. We fix notations and constants that will
be needed later on. From hyperbolicity properties of the map &, we obtain
constants ¢g € (0,1),k1 > k > 1, such that for all n € N,

(3.2) cor"d(u,u') < d(6™u,6™u') < eyt rid(u,u)

for all u, v’ € U; both contained in some cylinder of length n. Note that this
implies a similar estimate for D:

(3.3) cok"D(u,u') < D(6™u, ™) < cg KD (u, )

for all u,u’ € U; both contained in some cylinder of length n. Fix 0 <
ap < 0.1. The functions 7 and hg, and hence f@ are not d-Lipschitz
globally, but they are essentially d-Lipschitz in the following sense; there
exists 0 < Ty < oo such that

(3.4) Ty 2 max {11/ lloc } 4117l

lal<ag
and

|f @ (w) = f )] + |7 (u) — 7()]

d(u,u’)
for all |a| < af, and all u, v both contained in the same cylinder of length 1.
The following lemma follows from the Markov property.

(3.5) Ty >

Lemma 3.4. Suppose that Clig,...,iN] is a non-empty cylinder. The map
™ : Cligy...,in| — C[in, ...,iN] is a bi-Lipschitz homeomorphsim. More-
over any Sectwn v of 6" whose image contains Clig,...,iN] restricts to a
bi-Lipschitz homeomorphsm Cliy, ... in] — Clig,...,in].

The proof is omitted for brevity. We choose a small 7y > 0 and z; € U,
such that 2ry < ming(diam(U;)) and zN,- N Q C int"(U;) for each i (here
again € denotes the support of the BMS measure). We fix C; > 0 and
p1 > 0 to satisfy the following lemma:

Lemma 3.5. [39, Lemma 3.2] There exist C; > 0 and p1 > 0 such that, for
any cylinder C[i| of length m, we have

corory " < diam(C[i]) < Cypt".
We also fix pp € N and p € (0, 1) to satisfy the following proposition:

Proposition 3.6. [39, Proposition 3.3] There exist po € N and p € (0,1)
such that, for any n, any cylinder C[i] of length n and any sub-cylinders
C[i'], C[#"] of length (n+ 1) and (n + po) respectively, we have

diam(C[i"]) < pdiam(C[i]) < diam(C[#]).
Choose also p; > 1 such that
(3.6) 1/4<1/2—2pP 71,
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Fact 3.7. It follows from a property of an equilibrium state and the fact that
Pry(—d7) = 0 that there is a constant 0 < ¢; < 1 such that for any m € N,

cle_‘s””(y) <v(C[i]) < 01_16_6“”(?’)
for any cylinder Cli] of length m and any y € C[i].

Now we need to recall some consequences of non-joint-integrability of the
NT, N~ foliations.

Lemma 3.8 (Main Lemma of [39]). There exist n; € N,dp € (0,1), a non-
empty subset Uy C Uy which is a finite union of cylinders of length ny > 1,
and zp € Uy such that, setting U = o™ (Uy), U is dense in U and that for
any N > nq,
(1) there exist Lipschitz sections vy, vy : U — U such that o™ (v;(z)) = =
forallx € U, and v;(U) is a finite union of open cylinders of length
N;
(2) Ul(U) N UQ(U) =0;
(3) for all s € R such that zon € Uy, all 0 < |t| < 8o with znt,, €
Uy N Q, we have

1
¥|(7‘N ovg 06" — TN oV O &"1)(2071;:5)—

do

(TN 0ovg 06™ — Ty 0wy 06™)(zonl)| > 5

(see (2.1) for other notation).

The next step is to establish certain a priori bounds on the transfer op-
erators. Fix notation as in the previous subsection and choose

T ik
(3.7) Ay > 260_1660("0*” max {1, 01} .
/{ J—

Lemma 3.9. For all a € R with |a| < af, as in (3.4) and all |b] > 1, the
following hold:

o ifh e KB(U) for some B > 0, then
Liyh(u) = Lish() | _ [ B, T
Lzoh(u’)

] D(u, )

KM k—1

for all m > 0 and for all u,u’ € U; for some i;
e if the functions 0 < h € C(U),H € C(U,C) and the constant
B > 0 are such that

|H(v) — H(v')] < Bh(v’)D(v, v/)

whenever v,v" € U; for some i, then for any m € N and any |b| > 1,
“m “ym B Am Am
‘Mab,qH(u) - ab,qH(ul)‘ < Ap ﬁimﬁa()h(u/) + |b|(£aO‘H‘(u,)) D(u7 ul)

whenever u,u’ € U; for some i.
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Proof. The first part is essentially proved in [39]. We concentrate on the
second claim. Let u,u’ € U; for some ¢ and let m > 0 be an integer. Given

v € U with 6™v = u, let Clig, - - . ,im] be the cylinder of length m containing
v. Note that i,, =7 and that 6" Clig, ..., imn] = U; by the Markov property.
Moreover we know that 6™ : Clig,...,iy,] — U; is a homeomorphism, so

there exists v/ = v'(v) with 6"v = u/. We therefore have

. . 1
~9.0 A9 /
d(6’v',67v) < P d(u,u)
and so
m—1
£ ) = F20N] < |1@(&70) = (7))
=0
mol ( ) D(U ’LL/)
< . 1 Lip(a) P
7=0
To ;
< D
= CO(K/ _ 1) (u7 U )

A similar estimate holds for |7, (v'(v)) — 7 (v)| by a similar calculation. In
particular

(3.8) ! @) < o Ageln '),

o 7m) ()= (F +brm) (' () _ 1

< OO (O 4 ibr ) (0) = (F9) + ibr) (0 ()

(3.9) < |b| Ao D (u,u').

Remark This type of estimate will be used repeatedly for the rest of the
paper, often with little comment.
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Recall that ¢, (v'(v)) = ¢pn(v) by Lemma 2.14. Using the fact that the
diameter of U; is bounded above by 1, we now compute

M H (u) = M H ()]
< Z ‘ (f —’lem v)H() 6(f,(,'f)—ibTm)(v’(v))H(UI(U))

gZ W OH @) - B ()

+Jiu‘ V=ibtm) () _ (5 =ibmm) ' O) | | (o ()]
gz H OB () Do, v/ (v))

n Jmiu mw ‘ () ibTom) ()= (fi -ibrm ) (0 (v) _ 1‘ HO ()]
<ZO;10;DM ) Y SO ()

+ 6] Ao D (u, ') dev(:; H(v'(v))]

by (3.8) and (3.9). By definitions and (3.3) this then yields

|Mab ,q ( ) — N le),qH(u/”

AoBD(u,u)
K-/m

Ao < B Laoh(u') + ]b|ﬁao|H\(u’)> D(u,u)

as expected. O

Laoh(u') + |b| Ao D (u,u') Lao| H| (u)

IA

3.2. Construction of Dolgopyat operators. We now recall the construc-
tion of Dolgopyat operators. Their definitions rely on a number of con-
stants, which we now fix. The meanings of these constants will become
clear throughout the rest of the section. Choose

2A0T
(3.10) E > max{ 070 44,1 },
k—1"
E 512" E 2007 A
(3.11) N > ng such that kN > max{, 0 le ) ﬁ% - }5
4co CO(S(],O Co

(3.12) € < min{cg(“_l) 7o 50}-

16Tk 71“ "2

1 62ppo7p1+261 0362
3.13
(313) p < min (4 Y256
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where Ag is given in (3.7), and other constants are as in subsection 3.1.
Moreover set

by = 1.
For the rest of this subsection, we fix |b| > bg. Let

{Cp = Ci(b)}

be the family of maximal closed cylinders contained in Uy (see Lemma 3.8)
with diam(Cy,) < €1/]b]. As a consequence of (3.12) and Lemma 3.5 we
have:

Lemma 3.10. FEach of the cylinders Cy, has length at least nq + 1.
Corollary 3.11. Let vy, vz be the sections for 6N constructed by Lemma
3.8. If u,u' € Cpy NU, then cn(vi(6™w)) = ey (vi(6™)) fori=1,2.

Proof. Choose u,u’ € C,, N U. They are both contained in some cylinder of
length ny+1. Thus 6™ u, 6™’ are both contained in some cylinder of length
1. But then v;(6™u),v;(6™u’) are both contained in the same cylinder of
length NV by Lemma 3.8. The result then follows by Lemma 2.14. [l

Notation 3.12. We set cgm) = cy(vi(6™u)) € T for any u € Cy,; this is
well defined by Corollary 3.11.

Let {D; := Dj(b) : j = 1,...,p} be the collection of sub cylinders of the
C, of length(Cyp,) + pop1. We will say that Dj, Dj are adjacent if they are
both contained in the same C,,. We set

=(5) = {1,2} x {L,....p(0)},

Dj = Djﬂlj’7 Z; = O'nl(ﬁj), Zj =7Z;NU

and

Xij=vi(Z;), Xij=XignU

for each i € {1,2} and j € {1,...,p}. For J C E(b), we define 8y : C(U) —
R by
Br=1—p Y wi
(i.5)ed
where w;; is the indicator function of Xj; ;. We recall a number of conse-
quences of the constructions above:

(1) Each cylinder Cy, is contained in some U,, and has diameter at least
pe1/|b|; apply Lemma 3.10 and Proposition 3.6.

(2) ppop1+1% < diam(D;) < pp1|%1|; this follows from the definition of
D; and Proposition 3.6.

(3) The sections v; are d-Lipschitz on each U;, with Lipschitz constant
no larger than %ﬁ; this follows from (3.2).
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(4) The sets X” are pairwise disjoint cylinders with diameters
cgqppop1+1 K1 €1pP1 H?l .
K| cgrN D]’
apply the previous two comments and (3.2).
(5) The function [y is D-Lipschitz on U with Lipschitz constant

(3.14) < diam(X; ;) <

Nb
(3.15) i L
cgerproritlgm

this follows from the previous comment and the definition (3.1) of
the metric D. X
(6) If u,u’ € 6™ (Cy,) NU for some m, then
61/@7111
c2|b|N
see the definition of Cy, and (3.2).
(7) If o/, u” € 6™ (Cy,) NU, then
(3.17) [bl - [(7v (v2(u)) — v (w1 (u))) = (mv (v2(u”)) — v (02 (")) | < 53
this follows from the definition of C,,, the choice (3.12) of €, and
(3.2).
Our next lemma, a simple special case of [39, Lemma 5.9] encapsulates the

essential output of non-integrability for our argument. It is deduced from
Lemma 3.8.

(3.16) D(v;(u),v;(u)) <

for all i € {1,2}

Lemma 3.13. For any C.,, there exist Dy, Djn C Cp, such that
(3.18) [b|-| (7av (v2(w)) = T (v2(u'))) = (7 (wa(u")) — Tne(va (")) | > o2
for all v € Zj/ and u” € Zj//.

Proof. Fix m and choose v, vy, j', j” such that vy € Dy C Cp,, and v €
Dji C Gy, with d(vfy, vf]) > 1 diam(Cy,). For any v’ € Dy and v" € Dju, we
have
d(v',v") > d(vp, vy) — diam(Dj) — diam(Djr) > % (2 —2pm7 1) > ap
by (3.6). Now we recall zp as in Lemma 3.8 and choose s1, s2 € (—a, a) such
that o' = zon{, and v” = zon{,. Thus |s; — so| > £ by (2.2). On the other
hand
%0 > diam(Cy,) > d(v',0") > L]s1 — 59

by (3.12) and (2.2); the result follows by Lemma 3.8 part 3. O

We are finally in a position to give the definition of our Dolgopyat oper-
ators. For [b| > by, |a|] < af, and for each J C Z(b), we define an operator

A~ A~

Nja:CU) = C(U) by
Nia(h) = LY (Bsh).
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3.3. Vector valued transfer operators and Dolgopyat operators. We
will now check that appropriate operators N, satisfy the conditions of
Theorem 3.3. First choose the subsets J € = that will be of interest.

Definition 3.14. A subset J C Z(b) will be called dense if for every C,,,
there exists (¢,j) € J with D; C Cy,. We write J(b) for the collection of all
dense subsets of Z(b).

The following proves parts 1 and 2 of Theorem 3.3.

Lemma 3.15. There exist ag € (0,a() and € > 0 such that for any |a| < ag
and |b] > bo, the family of operators {Njq :J C J(b)} satisfies:

(1) Nyoh € Kgp(U) whenever h € Ky (U);

(2) [y Wiah|?dv < (1—¢) [, |h?dv for all h € Kpy(U);

(3) if H e Cp(U,CFs) and h e KE|b|(U) are such that |H| < h and
|H(v) = H(V)| < E[b|h(v")D(v, v"),
then

Mg H (v) = MG, H ()| < EJb|(Nzah) (v')D (v, v)

where N is given as in (3.11).

Proof. The second part is Lemma 5.8 of [39]; although that paper uses
a differently normalized transfer operator, the error is at most a factor
SUP|g|<a %, which can be absorbed into the decay term for ag suffi-
ciently small. The other parts are contained in the same paper for complex
valued functions; we include the argument for completeness. Suppose that
h € KE“,‘(U), and that u,u’ € U. We compute

By (u) = hBs ()] < |h(u) = h(u)] + h()] 8 (w) — B ().

Thus, recalling (3.15);
puit
Copp0p1+1 )

IN

[P(u) = h(u)| + ()| (u) — B (u')] [bI1D (u, u)h(w')(E +

IN

6| D (u, v )h(u')(E + D
by (3.13). It follows that
hB; € Kpigypl/-m(0)
We may now apply Lemma 3.9 above to give
(Nah(u) = Nyah(W)] = |£30(hB5)(u) — Lo(hBr)(u))]

IN

IN

E|b| T
Ap (2/4/\’ + 1> D(u,u" )Ny h(u')

K —

E[b|D(u, u")Njah(u)

A
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as required. The final part also follows as a direct calculation using Lemma
3.9
O

Our final task for this section is to prove the following key proposition,
which completes the proof of Theorem 3.3 by addressing part 3.

Proposition 3.16. There exists ag > 0 with the following property. For
any h, H as in Theorem 3.3, any |a| < ag, and any |b| > by there exists

J € J(b) such that for all v e U,
|Mab ,q ( )| < ./V’Jyah(’U)
where N is given as in (3.11).
We proceed via a series of lemmas.

Lemma 3.17. For |b| > by, functions h, H as in Theorem 3.3, we have, for
any (i, ) € Z(b),
) )
};L((Z(( )))) <2 forallu,u € Zj;
(2) either\H(vz( )| < %h( i(w)) forallu € Zj or |H(vi(u))| > %h( i(w))
for allu € ZJ.

l\')\)—t

Proof. For h € KEW([A]) and u,u’ € Z with D; C Cp,, we simply calculate
h(vi(W)) < h(vi(w)) + E[b|D(vi(w'), vi(w))h(vi(u))
< (i) (1+ Elpl diam (X))
2h(vi(u))

by (3.14) and (3.11). The other bound follows by symmetry. The second part
of the observation follows by similar calculations, which we shall omit. [

IN

Definition 3.18. Let a € (0,a() and choose |b| > by, h, H as in Theorem
3.3. For each fixed C,,, = C},(b), recall that

™ = ex(i(6™ (w))) for all u € Cpn,

(3

Define the functions
e(f§;‘>+ibTN)(U1(u))H(vl( )t (M) 4 o (F\+ibTa ) (v2 (u ))H(UQ(U))cgm)’

1) —
XV H, R (u) = .
(1 — )N @D p(uy () + efN @2 p (1))

and
‘e<f§v‘”+ibm)<v1<u>> H (v (u)c{™ + eUN b)) H(UQ(U))C@’

XPH, h](u) := @
eIN @1 @) (v (w)) + (1 _u)efN W20y (vg(u))

We claim the following:
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Lemma 3.19. For every Cp,, there exist i € {1,2} and j € {1...p} such
that Dj C Cp, and XD [H, h)(u) < 1 for all u € Z;.

Proof. Fix m and choose j', " as in Lemma 3.13. Consider Zj/ and Zju. If
there exist t € {j’,7”} and i € {1,2} such that the first alternative of Lemma
3.17 (2) holds for Z;, then xO[H, h)(u) < 1 for all u € Z;. So from now on
in this proof we assume the converse, i.e., for each i, |H (v;(u))| > Th(vi(u))
for all u € Zj/ U Zju.

Consider now u' € Zj/ and v’ € Zj//. Then the properties of h and H
imply

[H(vi(u) = H(ui(u"))|  _ Eb[h(vi(u)) D(vi(u'), vi(u"))
mind{ | H (v; (w))[, [H (vi(u")) [} = min{[H (vi(w'))], [H (vi(u"))]}
< 4BPD(wi(), ui(u"))
€100p
128
where we have assumed |H (v;(u'))| < |H (v;(u"))] without loss of generality.

In particular this is less than % We write ¢y = 510—6”. The sine of the angle
0; between H(v;(u')) and H(v;(u")) is therefore at most sin 6; < =2, so

< by (3.16),

(3.19) 0, < 62751

We need to use this to show that at least one of the angles
e(eibTN(vl(u’)H(vl (U/))Cgm), eibTN(v2(u/)H(U2(Ul))Cgm))
or A 4
e(ezbﬂv(vl(u )H(Ul(u//))cgm)’ 6szN(vQ(u )H(UQ( ))C(2m))
is greater than ce€q /4. Supposing that the first term is less than cqe; /4, we
will show that the second term is bigger than coe; /4. Write

p(w) := b (v (v2(w)) — 7 (v1(w)))
and note that
61 < Jop(u') — p(u”)] < g
for all v’ € Z; and all u” € Zju by (3.17) and Lemma 3.13.
We compute

9( ibr (v (u ) (Ul( )) (m) szN('Ug(u ))H(UQ( //))Cgm))

= (e H (v (u"))c]™ ,< 2(u))cs™)
> 0™ H (v (u))e{™, e H (v (u”)) ™)

—0(e™ D H (v (u"))ei™ , H (va(u"))c5™)
> [p(u') — p(u”)] — 0(e™ ) H (vy (u")e™, H(va(u))cS™)
> eaer — caer/2 — 0(e 7 H (v (u))cl™ , H (va(u))cy™)
> co€1/4
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by (3.19) and the assumption. Write
v= e(f(a)"'ibTN(”l(“H))H(vl( ))cgm) and
w = eUNHIm@2) B (g ()™

so that |v+w| is the numerator of (Y [H, h](u"). Without loss of generality,
we assume that |v| < |w|. We now claim that YW[H, h](v”) < 1 for all
w" € Zjn. This now follows from rather simple trigonometry. Since the
angle 0 between v and w is at least co€1/4, we have
2 2
1+2cos0<2+cos0<3—cl—6 <31—p)2<(1—p?+201-p).
Thus
o] + 2Jo] cos < (1 — )?o] +2(1 — ).
Now
o] +2w| cos 6 < (1 — p)[o] +2(1 — )],
and so (1 — p)|v| + |w| > [v 4w, and xW[H,h] < 1 on Zu as expected. O
Proof of Proposition 3.16. Choose h, H, |b| > by as in the hypotheses of The-
orem 3.3 and choose ag € (0, ap) to satisfy Lemma 3.15. We choose a subset
J € J(b) as follows. First include in .J all (1, j) € Z such that x(V[H,h] < 1
on Zj. Then for any j € {1...p}, include (2,7) in J if (1,7) is not already
in J and x®[H,h] <1 on Z;. By Lemma 3.19, this subset .J is dense (in
the sense of Definition 3.14), so that J € J(b). We will show that for all
uel
|Mabq ( )| SNJ,ah@L).
Let u € U. Suppose first that u ¢ Z; for any (i,) € J; then B7(v) = 1
whenever 6V (v) = u, and the bound follows. Suppose instead that u €
Z; C Cy, with (1,7) € J. Then (2,5) ¢ J and so Bj(vl( )) > 1—pand
By(va(u)) = 1. We therefore have (U [H,h] < 1 on Z

O

(MG H (1)) < > “IH(v)|

N v=u,v#v1 (u),v2(u)
i ’e(fl(\7)+ibTN(v1(u))H(vl (U))Cgm) + e(fl(\;l)+ibTN)(vQ(u))H('UQ(’U/))Cém)

(a)
< > “h(v)]
&N v=u,v#£v1 (u),v2(u)
(1= N Doy () + eV DR ()
< Nj7ah(u>.
The case u € Zj with (2,7) € J is similar. This finishes the proof. (]

Together with Lemma 3.15, this completes the proof of Theorem 3.3.
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4. THE EXPANSION MACHINERY

4.1. Some reductions. In this section we assume that I' is a convex co-
compact subgroup in SLg(Z) and that go is as in (2.10). Let by > 0 be
as in Theorem 3.1. The main aim of this Section is to prove the following
theorem.

Theorem 4.1. There exist € € (0,1),ap > 0,C > 1,¢{ > 1 such that for all
la| < ao, [b] < by, and all square free ¢ > 1 with (g, qoqy) = 1, we have

M o Hll2 < C(1 = €)"q°||H]|Lip(a)
for allm € N and all H € W(U,C32@); see (2.9) for notation.

Since the Lip(d) norm and the || ||, norm are equivalent for all |b| < by,
this theorem and Theorem 3.1 imply Theorem 2.15.

The key ingredient of the proof of Theorem 4.1 is the expander technology,
introduced in this context by Bourgain, Gamburd, and Sarnak [8], from
which we draw heavily throughout this section. The idea of the expansion
machinery is that random walks on the Cayley graphs of SLy(g) have good
spectral properties. We don’t have a random walk in the usual sense, but
the randomness inherent in the Gibbs measure provides the same effect.

We recall the sequence spaces X1, 3, the shift map o and the embedding
¢: 2t — U.

Notation 4.2. For any function H € C(U,C8%9), we will denote H =
Ho(: %t — €820, Similarly 7 will denote 7o C.

We recall the constant § € (0,1) chosen sufficiently close to one (see
subsection 2.2) and the metric dyp on ¥ (resp. on X1). Write

||l := sup [H(w)]

wext
and ~ ~
. - H(w) — H(W
Lipg ()= sup [T = 1)
wHw' €St ‘9(w’ w )

which is the minimal Lipschitz constant of H. We also write
1 H|dy == |[H[|oo + Lipg, (H).
We fix the following constant for later convenience

Li + sup,,q Li (@)
(4.1) Ny = ipg, (7) 11P\_|;1 ipg, (f ).

Rather than proving Theorem 4.1 directly, we will instead start by describ-
ing some reductions to a simpler form. For ¢'|q, we define Eg, C L3(SLa(q))

to be the space of functions invariant under the left action of I'(¢"). We may

then write
1

E;Z, = E;Z, n (@q’#q”lq’Eg”)
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We think of Eg, as the space of new functions at the level ¢’. We can then

define Eg, as the subspace of functions H in W(U, C32@)) with H (u,-) € Ej
for all u. We recall the orthogonal decomposition

L§(SLa(q)) = @rq e B
and the induced direct sum decomposition
W(U,C¥2 D) = @, EL,.
Write
eqq WU, CS2@) Eg,

for the projection operator, and note that e, , is norm decreasing for both
the || - ||Lip(ay norm and the [| - [|2 norm.

Remark The projection operators commute with the congruence transfer
operators: we have

~

€q,q © Mab,g = Mab,g © €qq
for any ¢'|q.

The first reduction is that we only need to consider functions in EJ.

Theorem 4.3. There exist € € (0,1),a0 > 0,C > 1,q1 > 1 such that for all
la] < ag, |b| < by and ¢ > q1 square free with (q,q0) = 1, we have

(4.2) MG Hllo < C(1 = €)"q" || H|Lip(a)
for allm € N and all H € EY.

Proof that Theorem 4.3 implies Theorem 4.1. Set gf, to be the product of all
primes less than or equal to ¢;. We will first explain how to deduce Theorem
4.1 from Theorem 4.3. Fix €, ag, by, C,q1,qo as in Theorem 4.3. Fix also ¢
square free such that (g, gog)) = 1. For ¢’|q, we consider the projection maps

!
Projy o : Eg, — Eg,

by choosing (proj, ,F')(v) = F(7), where 7 is any pre-image of 7 under the

natural projection map SLa(¢q) — SLa(¢'). By abuse of notation we will also

. #SLa(q) . We

write proj, , for the induced maps Eg, — E’g,/ . Write 8¢ == Trgr2 s

note that

H(Pl"qu,qu)||Lip(d) =V Qq,q'HHHLip(d),
that

[|(projg.q H)ll2 = /#@q.q || H||2,
and that

~

Mab,q’ o pI’qu7q/ = projq,q’ o Mab,q~
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Now consider H € W(U,(CSLQ(‘I)). We calculate, for |a| < min(ag,aj) and
|b‘ S bO7

MG HIE = > Hleqa M HIIR
1#£4'|q
= > IMG (e H)I
1#£4'|q
= > Mg llproj, (M (cqq H))IIB
1#£4'|q
= > d g |IMB L (proj, o (eqq H))IJS.
1#£4'|q

Applying Theorem 4.3, we obtain
[IMEHIE < C2(1=e)*™(¢)* Y Bggllproigq (eoqH)Fipw):

1#£4¢'|q
C
< 02(1 _E)Zm Z (q/)2 Heq,q’HHiip(d)
1#4'|a,9'>q1
11\2 m\2m 2C"+1 2
< (C7)(1—€)q H |Lip(a)
as expected. O

The most convenient formulation to prove will be the following:
Theorem 4.4. There exist k > 0,a9 > 0,q1 > 0 such that

/\l ~ —l ~
||Ma7111(,qu||2 <q HHHHde

for all la| < ap,|b| < bo,l €N, all g > q1 square free and coprime to qo, and
all H € EY; here n, denotes the integer part of loggq.

Proof that Theorem 4.4 implies Theorem 4.3. Choose ag > 0 small enough
that |log \q| < € <min(k/2,1) for all |a| < ag. Set

C := max« log sup  [[Mapgll2 | ,0p -
‘a‘lgaO:beR

Then for all 0 < r < ng, we have H./\;lab,qu < ¢C.
For any m € N, we write m = Iny + r, with 0 < r < n4. Thus Theorem
4.4 yields

1M Hl < (IMagllh - IV H L2
< ¢“¢7"||Hlg,
< ¢%e || H]lg,
< ¢ e | H |la,

as desired. O
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4.2. The (*-flattening lemma. The rest of this section is devoted to a
proof of Theorem 4.4. The key ingredient is a version of the ¢?-flattening
lemma 4.7 of Bourgain-Gamburd-Sarnak [8, Lemma 7.2]. For the rest of
this section we will assume that

q is square free and coprime to gp (as in (2.10)).

Definition 4.5. For a complex valued measure p on SLa(q) and ¢'|q, we de-
fine |||my (11)|||oo to be the maximum weight of |1 over all cosets of subgroups
of SLy(q’) that have proper projection in each divisor of ¢'.

Notation 4.6. For a function ¢ and a measure u on SLa(q), we denote the
convolution by

prdlg) = . pMdlgr ).

v€SL2(q)

Lemma 4.7 ([7], [8]). Given k > 0 there exist ' > 0 and C > 0 such that
if 1 satisfies ||p||1 < B and

llmg ()l < "B for all ¢'|q,q > ¢"/*°  for some B >0,

then for each q and ¢ € Fy,
[lie% 8ll2 < Cq™ Bl |2-

4.3. Measure estimates on cylinders. Before we can apply the expan-
sion machinery we must first establish certain a priori measure estimates on
cylinders; that will be the topic of this subsection. We define:

Notation 4.8. e Forx = (v1,%2,...) € X7 and a sequence iy, ..., iy
of symbols, we denote the concatenation by

(bnyevyit, @) = (ipy .oy i1, T1,22,...);
e For a function f on X7 and x € ¥, we set
ful) = F(@) + Fo(@) + ..+ Fo" (@)):
o Forx = (x;) € X, put c(x) = c(¢(x)), and
cal@) = c(((2))e(¢(ow)) ... c(¢(0™ 1)) € T

Lemma 4.9. For sequences x,y € St with z; = y; fori=0...k for some
k> 1, we have ci(z) = ck(y).

Proof. This is a straightforward consequence of Lemma 2.14. O

We may therefore write c(z) = c(xp,x1), and more generally, for n > 2,
cn () is the product c(zg,z1) - - - c(Tp—1, Ty).

Notation 4.10. In the rest of the section, the notation Zil "y
the sum taken over all sequences (i1, - ,47) such that any concatenation
following the sum sign is admissible.

means
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Lemma 4.11. There exist 0 < ag < 1 and ¢ > 1 such that for all |a| < ay,
x € X7 and for alln € N,

S e W in o ie) <
Iny eyl

Proof. This follows easily from (2.4). O

We recall that for z,5 € H? and r > 0, the shadow O, (z,y) is defined
to be the set of all points & € J(H?) such that the geodesic ray from z to
¢ intersects the ball B,(y) non-trivially. We need the following: recall the
Patterson-Sullivan density {ul> : 2 € H?} for I,

Lemma 4.12 (Sullivan’s shadow lemma [41]). Let x € H2. There exists
ro = ro(x) > 1 such that for all r > rq, there exists ¢ > 1 such that for all
yel,

Cflef6d(x,'ym) < NxPS(Or($77x)) < Cef&l(:p,'yx)'

Lemma 4.13. There exists ¢ > 1 such that for any x € o, v €T, any
m € N, and any fized ip41, we have

Z i (imin@) < (f | =Omini(r).

U15eestmyCont 1 (bmp 1im e 81,T) =Y

Proof. Recalling the definition (2.5) of f ©) in terms of 7, we calculate

3 oI (i 2)

01 5eeestmyCmt 1 (Sm 1,8m - 81,8) =7

sup (ho) (it )
< - Z e 0Tm(tm;-.s11,%
lnf(hO) il,...7im7cm+1(im+17im7,,_7i17x):ry
ho) B . .
< Ssup(n) §UP( 3 o= Tm41 (i1 it 2)
inf(ho) i1 seeyimsContt (Bt 1 sy, @)=
< a Z V(Clim+1s@m, - --,11]) (see Fact 3.7)

91 yeeesbm,Cmt1 (im+1:im7--~7i1az):7

/o §sup(r) sup(ho)
where ¢} = c1e Wf(ho) *

Recall that D denotes the intersection of the Dirichlet domain for (I, 0)
with the convex core of I', and the lifts U; of U; chosen to intersect D.

Recall also the projection map 7 from G to I'\G. It is a consequence of the
definition of ¢ (2.6) that

(4.3)
U C[ierl»im, s 7i1] cr ({ﬂ € Uim+1 : d(ﬂa7m+1(ﬂ)7’}/0) < Rl})
Trmyeey81:CmA1 (Bmt1,ee0501,2) =7

where R; denotes thrice the size of the Markov section plus twice the diam-
eter of D plus the constant ry(0) defined in Lemma 4.12.
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Case 1: If d(a,~va) < (m + 1) inf(7) — R, then
{ue 0im+1 FUGL, (7)) € Br,(yu)} =0,
and the claim follows.
Case 2: We now assume that d(a,ya) > (m + 1)inf(7) — Ry. Then
d(o,v0) > (m + 1)inf(7) — 2R;. A straightforward argument in hyperbolic
geometry yields

{a e Uimﬂ vd(uan,,  (@),70) < Ri} C {ue€ Uz’m+1 :vis(@) € Og, (4,v0)}
C {ue Uimﬂ s vis(@) € Ogg, (0,70)}.

Applying Corollary 2.9 and Lemma 4.12, we obtain

§ : e—érm(im,...,il,x)

21, slm,Cm1 ('im-!—l:imv--wilvx):')’

SC& Z Z/(C[Z.m+17im7"‘7i1])

7;17"'77;m7Cm+1(im+17im7"'7i17x):'y
<dv ({m] L@ € Ui, and vis(@) € Oz, (o, ’yo)})

< C/2M§S (02R1 (Ov 70))
< Céeféinf(T)m

as required. ([

4.4. Decay estimates for convolutions. We will now use the cylinder
estimates and the expansion machinery to provide technical estimates on
the L? norm of certain convolutions. This is the last preparatory step before
we begin the proof of Theorem 4.4 in earnest.

We observe that the set

S :={*c(x),+c(z) €T : 2 xt}
is a finite symmetric subset of I'.
Lemma 4.14. The set S generates I

Proof. By our assumption, the projection p(I') is a torsion-free convex co-
compact subgroups of PSLy(R), and hence it is a classical Schottky group by
[13]. Therefore the Dirichlet domain D for (p(I'), 0) is the common exterior
of a finitely many disks D;, i = 1,--- ,2¢, which meets O(H?) perpendicularly
and whose closures are pairwise disjoint. It is now clear from the definition
of the cocycle that {c(z)} contains all ¥ € p(T') such that D N ~(D) is
non-empty, and hence contains a generating set for p(T").

O

Notation 4.15. For m € N, we write B,,(e) C I" for the ball of radius m
around the identity e in the word metric defined by S.
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Notation 4.16. We write n, for the integer part of logq. There exists
do > 3 such that for any m, < % log ¢, the ball B,,,(e) injects to SLa(q’)

whenever ¢|q, ¢ > ¢'/1°. For each ¢ we fix a choice
Nq Ngq
2dy " dg
and denote ry = ngy — my, so that
(do — 1)nq (do — 1/2)nq
— < < .
do K do
Notation 4.17. For each element i of the alphabet defining >, we choose
an element w(i) € X1 such that the concatenation (i,w(4)) is admissible.

For v € SLy(q), we write ., for the dirac measure at 7. Given real numbers

a,b, an element x € f)+, and an admissible sequence (z’nq, e ,imq+1), we
define a complex valued measure . A on SLa(q) by
Z,(ings img+1)

(4.4) p* Z U8 b7y ) (ing it ) §

MI,(inq,-n,imq+1) T -
P1yenyimg

Cmg+1(Img+1,--581,7) *

That is, for v € SLa(q), the value MZ’IEZ. . )(fy) is given by the sum
\Ing,

S —

3 P +ibTng ) (ing vt )

over all indices (i1, . ..,%m,) satisfying c(im 41, im,) - - - c(iz, i1)c(i1, 20) = 7.
Our first goal in this subsection is to prove the following proposition,
which is essential to prove bounds on the supremum norm || Mg o H |-

Proposition 4.18. Let
a,b
pi= N%(inw.“ dimg+1)
and
B = B}

ingeeesimgtl * cefr(g)(inqv""i’”qﬂ’w)eng,

with ¢ > 1 the constant from Lemma 4.11, w = w(im,+1), and ng as in (4.1).
There exist constants k > 0,a9 > 0,q1 > 1,C > 1 such that for any z € f]*,
for any square-free ¢ > qi, |a| < ao, |b| < by, and for all ¢ € EY,

lp*olla < BCq"||¢]]2.

The constants C, k may be chosen independent of q,x,a,b, and in,, ..., lm,+1-

Proof. The idea is to apply the ¢? flattening lemma 4.7. For ease of notation,
we will fix n = ng and r = 7, throughout this proof. We will assume that
ap is small enough so that we may apply Lemma 4.11.

Claim 1: We have the following bound

(4.5) lpllr < B.
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We first observe that
PO (G i x) = F (i, in2) 4+ FD (i, i, @)
and

|f7§a)(in) cee ,il,ﬂ?) - f;a)(in) cee ,im+1,W(im+1))|

r—1
< ’f(a)(in—jv s 7im+17w(im+1)) - f(a)(in—]ﬁ cee ,i1,$)|
=0
r—1 '
<> 0" Lipg, (f) < .
j=

Using the triangle inequality, we deduce
PO i, i, )
< F D iy imar, W(ims1)) + 1 (s i, @) = £ (i, i1, @ (i)
< FD iy eyt Wimg1)) + Ta-

We therefore have
HMHI < Z €f7<t®(in7---7i1,a:)

i1,--sm

< Z I (i1 @ (im 1)) P (st ) 0
i1yeeeyim

< B.

Claim 2: For some x; > 0,
(4.6) lpllso < g™ B.
Using the bound on m < n/dp, it suffices to bound

> U ibrn) (it )
01yt Cmg 1 (fm 1,-0501,2) =7
<B 3 I3 (i it )
1 5eesBm Comt 1 (B 1500,81,2) =
< Bem(lalsupT+log Xal) Z oI (it )

P1eenstm s Cmt 1 (S 1500581,2) =Y
< B ¢mlalsuprHllog Aal) o =0minf(r) (o0 Lemma 4.13)
< Bq¢ "™
as long as we choose ag so small that

max em(lirllsclal+log xal) < pbaine(r)
la|<ao -

)
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and k1 > 0 is chosen such that (recalling m =< log q/dy)

qnl < eé&m inf(7)

and g > q1 > (¢)1/3%1,
Claim 3: We have

(4.7) g (1)llloe < B(q')™"

for all ¢|q with ¢’ > ¢'/1° for some & > 0.

Choose such a ¢/, and let I'g < T" be a subgroup such that the projection
7p(To) is a proper subgroup of SLy(p) for each divisor p|¢’. Asin [8] (see also
Lemma 5.5 of [24] for more details), we know that #(al'g N By,(e)) grows
sub-exponentially in m, and in particular we have

#(alo N B(e)) = O(q"™/?),

with k1 as in Claim (2). Claim (3) now follows from Claim (2).
By Claims (1) and (3), we have now verified the conditions of the flatten-
ing lemma (Lemma 4.7). We therefore apply it to obtain

luxolls < BCqg™[|¢l2
for g large. O

The following bound, which will be useful in a number of places, follows
from direct calculation.
Lemma 4.19. There is ¢ > 0 such that, for any z,y € ¥ with dg(z,y) < 1,
any admissible sequence (in,,...,i1,2), and any |a|] < 1,|b| < by, we have
1 — U b7 it )= (4" i) (it ) | < 5. do(z, 7).

Remark It is in this type of bound that large values of |b| cause problems.
This characterizes the difference between Dolgopyat’s approach and that of
Bourgain-Gamburd-Sarnak.

Before moving on we will establish another proposition; this one will
furnish Lipschitz bounds on Mgy, ,H. For real numbers a, b, for z,y € X7
with dg(z,y) < 0, and a sequence ip,,. .., %n,+1, we define

(4.8)

Cmq+1(imq+l ~~~~~ il,JZ)'

- ¥ (e(fé‘;>+z'bmq><inq,...,z'l,x>_6(f,2?,)+z'bmq>(inq,...,z-l,w)5

ilv---vimq

Proposition 4.20. As usual, we write n,m,r for ng,mqy,rq. Let

(4.9) W=t

T,Y,imA15--0n
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and
B, = B‘/Ivierlr“:in

= 056779ef'f<‘a)(inv"‘vim+17w(i’m+1))
with ¢ > 1 the constant from Lemma 4.11. There exist constants k > 0, ag >
0,q1 > 1,C > 1 such that for any x,y € X with do(z,y) < 1 and any
square-free g > 1, |a| < ao, |b| < bo

W' ¢lla < B'C'q "[|¢]l2do(x,y)

for all ¢ € E}. The constants C, x may be chosen independent of q,x,a,b,
and ipn, ... tmt1-

Proof. Claim 1: A calculation similar to that for (4.5) yields
Il < Bldg(z,y).
Claim 2: There exists k > 0 with ||¢/||cc < B’¢™". For any v € SLa(q), we
estimate
11]() = 3y o b)) _ (P 4 ibTn ) (it 1)
i1 yevesim :Comn 1 (B 1oy 1, 8) =7

< Z efr(f) (inyeyit ) (a) @

1 — U HibTa) (i sersit )= (8" +ibT0) (i it )
T15eestm i Cm1 (b 15e081,2) =

(a) /. .
< édg(z,y) Z efn (nin?) by Lemma 4.19

U1yeeim i Com 1 (Bt 1yeey01,2) =7

The same argument as used in claim 2 of Proposition 4.18 now yields
W'lloe < B'q™"

as expected.
Claim 3: An argument similar to the one leading to claim 3 in the proof
of Proposition 4.18 gives that

7 (1 )|||oo < B'do(z,y)(q") " for ¢'|¢.q' > q

The proposition now follows from the 2 flattening lemma as in the proof of
Proposition 4.18

1/10

0

4.5. Supremum bounds and Lipschitz bounds. The purpose of all the
estimates in the last two subsections is to provide bounds on the congruence
transfer operators. We’ll need to bound both the supremum norms and
the Lipschitz constants. Start with the supremum norm. We observe that
( Y Zb,qﬁ )(z,g) has a good approximation by an appropriate sum of the
convolutions, and use this fact, together with the convolution estimates in
propositions 4.18 and 4.20 to estimate the supremum and Lipschitz norms

of (M2, H).
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For any ¢, for H € Eg, and a sequence ip,, . .., im,+1, define the function
¢ on SLa(q) by
(4.10)
¢(g> = (bH,(inq,...,iqu)(g)
(4.11) = H(ip,,... ,z'mq_H,w(imq+1)),gc;1_1(inq, e imgt1 W(img41))-
Note that

6| < ||H|| and ¢ € EY.

Lemma 4.21. There exist C > 1 and ag > 0 such that the following holds
for any q,a| < ag, |b| < bo,z € £, and any H € EY:

ng 7 ab .
(Mag qH)( )= Z ’U’x,(inq,-~~ fimg+1) * ¢H,(inq,--- 7imq+1)(‘)

qu+17---7inq
S é Lipdg (INJ)GT

Proof. Fix ¢,x, and H and write n = ng,r = r¢,m = mgq. Choose |a| < aq,
the constant from Lemma 4.11. For a sequence iy, ..., imn+1, set

(4'12) ¢(g) = ¢ﬁ,(in,...,im+1)(g)'

Choose |a| < ag, the constant from Lemma 4.11. We observe, as a conse-
quence of the definitions and of Lemma 4.9, that

Z 'um S(tny e yim1) ¢(in7'“7im+1)(g)

im+17 7n
(a) 4 i ; oy . ) —1/. )
= Z eUn " Hbm) Gonsessins®) B (G, i1, W(ims1)), 9C0 (i -+ 5 01, ).

We may therefore compute

( y gb,qﬁ)($7 ) - Z :ux,(in,w JAm+1) * ¢H,(in,~~- 7im+1)(.>

ImA41yeeerln

< Z oSN (it )

U15eesin

(Al i1s), ) = H (s it @ (i), )|

(a) /. . ~
S Z efn (lnr--a'blvx) Lipdg(H)HT_l
i1yeenyin
< cLipde(ﬁ)HT
where ¢ > 1 is the constant from Lemma 4.11. O

The next lemma provides bounds on the supremum norm for /\;lzg qlfl
using the description in terms of convolutions we just proved together with
the convolution estimate, Proposition 4.18.
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Lemma 4.22. There exist constants ag > 0, ¢ > 0, k' > 0 such that the
following holds for any |a| < ag, |b] < by, ¢ > q1 and H € Eq

R o
MG Hlloo < 507" (||H|yoo +Llpd9(H)9nq/2>‘

Proof. We choose ag > 0 small and ¢; large as on Lemma 4.11 and Propo-
sition 4.18. Consider ¢ > q1, |a| < ao, |b] < by, and a function He Eg. We
write n for ng and r for r4. We recall the function ¢ on SLa(g) as in (4.11).
Summing over all admissible sequences zm+1, ...,in and applying Lemma
4.21 and Proposition 4.18 we obtain, for x € Z+

‘Mabq ( )|
< Z 'ux Sy yimt1) *¢H,(Z‘n7"',im+1)(') +C~’Lipd9(ﬁ)0r
’Lm+17 -2
< O Z © i O (i iy |+ € Lipg, (O
'Lm+17 Lin
~ (a) /- . . ~ ~
< ¢ "cCe™||H||o Z eIt (inseimy 1,0 (imt 1)) + C'Lipg, (H)0"

7:m+17~~-7in

< *Cq "e"||H||o + C Lipy, (H)0"

by Lemma 4.11. We may therefore choose k' > 0 and ¢ > 1 so that
¢ " > 2c2CeM g " and 2071 "a/2C < ¢~ for all ¢ > ¢1 and hence obtain

1 /- L
14 g Hlloe < 567 (11 H oo + Lipg, (H)0"/2)
so long as q > q1. O

We'd like to iterate this argument, but before we can do that we need
to estimate Lipy, (Mab q H). The proof of the next lemma is similar to the
proof of the last one, though slightly longer.

Lemma 4.23. There exist C > 0,q1 > 0,k > 0,a9 > 0 such that for all
la| < ag,|b] < bo,q > q1, and H € E, we have

. n ]- —r! r7 . r7\ nn
(413)  Tipg, (Mg ) < 5™ (Il + Ling, (H)0"0/2)

ab,q 2
Proof. Again, we choose ag > 0 small and ¢; large as on Lemma 4.11 and
propositions 4.18, 4.20. Consider ¢ > qi, la| < ao, \b[ < bg, and a function
H € E{. We write n for n, and r for ry. For z,y € X% with z; = y; for all
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i <1 (that is, with dy(z,y) < 8" < 1) we have

)Mﬁb,qﬁ (z,9) — My H(y,9)

< ¥ oA (inseesin )

11ye9ln

|ﬁ((7’n7 .. 'ailvx)agcgl(inw . 'ailvx)) - H((va s 7i1ay)’gc'r:1(ina s ,ilay))|

(P 4ibTo) (i) _ (FA7HibTn) (insevvsit )
+ “ZZR e e
H((iny -+ 0159), 9S7 L ins - -+ 101, )
= W4V
The first term W is bounded as
(4.14) W < cLipg, (H)0"dg(z,y)

by Lemma 4.11. We estimate the other term as

Vo< | Y (e(f#)+z'bfn><z‘n,...,z'1,x>_e( é“)+¢bfn><in,...,i1,y>>
il)"')iﬂ/
H((ins im0 41)), 965 Gins - 11,2)|

4ot Lipdg ([:[) Z ‘@(fr(ﬁ)+ian)(in7-~-7i17l‘) — e(fr(za)‘i‘ib’fn)(im"wil7y)’
2’17~--»’L’n

= L+ K.
Next address K:

K = 60" 'Lipy,(H) > ’e(fr(f)+ian)(in,---,i1,w)_e(ffza)Jrian)(im---,h,y)‘
0

74'17~""L'n
< 0" 'Lipy, (H) Y I8 inseein,®) |1 U 4ibr) i it ) = (£ 4807 (i @)
- 0
U15eeyin
~ (a) /. .
< () Lipg () 3 i)
ilv---vin
by Lemma 4.19. A final application of Lemma 4.11 then gives
(4.15) K < cé0" ' Lipy, (H)dg(,y).

The bound on L uses the % flattening lemma once again. We observe
that

la,b
— : .k 7 ( .
L Mx??/vllwnylm ¢H(ln,...,lm+1)

in7"'7im+l

for 1/, ¢ as in (4.9), (4.11) respectively. Proposition 4.20 then gives



UNIFORM EXPONENTIAL MIXING 40

1 % ¢l < C'q By .yl Hllsodo(2,y),
and summation over iy, ..., %41 yields
(4.16) L < C"¢ " dp(,y)||H||s

for an appropriately chosen constant C” (more precisely, C” = c?¢C’e" will
do). Putting together the equations (4.14), (4.15), (4.16), we see that

(4.17) Lipg, (M2, H) < Cq™* (Hﬁuoo + Lip,, (ﬁ)en/2) .

for an appropriate constant C'. Now choose k" = //2 and ¢ large enough
that C"¢~"" < 3 for all ¢ > g;. Then

—_

(4.18)  Lipg, (Mo H) < 507" (|IHll + Ling, (H)6"2) .
[l

Proof of Theorem 4.4 Combining Lemmas 4.22 and 4.23, we obtain that
for some k' > 0,

M o H oo + 6"/ Lipg, (M ) < ¢~ (||H||oo + 6™/* Lipg, (H))
where n = n,. Iterating, we obtain that for any [ € N,

|M5  H]loo + 0™/2 Lipg, (ML H)
< ¢ " (||H||o + 6" Lip,, (H)).
It follows that

MG G H |2 < IMG g Hloo < a7 || HIla,

as desired.

5. UNIFORM MIXING OF THE BMS MEASURE AND THE HAAR MEASURE

We assume that I' < SLy(Z) is convex cocompact. For each g € N, we
denote by quMS the measure on I'(¢)\G induced by mPMS and normalized
so that its total mass is # SLa(q).

5.1. Uniform exponential mixing. Our aim in this subsection is to prove
Theorem 1.5 using Theorem 2.15 on spectral bounds for the transfer oper-
ators. Although this argument is similar to that contained [17] and [1],
we shall include it in order to understand the dependence of the implied
constants on the level ¢q. First we establish some more notation. We fix
q such that T'(¢)\I' = SLa(q). We recall the equivalence relation (u,t) ~
(ou,t — 7(u)) on ¥ x R and the suspension space

YT=YxR/~.
Definition Similarly, we write

(5.1) U%™ := U x SLa(q) X R /(u, v, t 4+ 7(u)) ~ (6(u),ve(u),t).
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For a function ¢ : U97 — C, we say ¢ € By if ||¢ 5, < oo where

181150 := [|8]|co+

3 |¢(u771 S) — ¢(ul>’7>sl)|
sup{ d(u,u') + |s — ¢|

We also say ¢ € By if ||¢]|p, < oo where
18]l = l|6lloc + sup{Varg () (t = ¢(u,7,t)) : u € U,y € SLa(g)}.

_ For a bounded measurable function ¢ : U%™ — C, we define the function
¢¢ on U x SLa(q) by

cu # ',y € SLa(q), s € [0,7(u)), s €[0,7(u))}.

. 7(w)
D¢ (u, ) ::/0 d(u, v, t)e Stdt;

we will sometimes regard this as a vector valued function on U. The following
lemma can be easily checked.

Ijemma A5.1. If € By with 3 cr¥(u,v,s) =0 for all (u,s) € U™, then
e € W(U, CS2(9) when considered as a vector valued function.

For functions ¢ € By and 9 € By, we define the correlation function:

(5.2) P (1 Z / / (u,y,s+t)(u,, s)dsdv(u).

ESLQ

In order to establish an exponentlal decay for pg(t) for a suitable class
of functions ¢, 1, we consider its Laplace transform and relate it with the
transfer operators. We decompose py () as

7(u)
pon®) = % / / Bu,3,5 + £ (1,7, 5)dsd(u)

~ESLa( max (0,7 (u)

max(0,7(u)—
S / / o7, s + (u, 7, s)dsdv(u)

¥€SL2(q)
= P (t) + P (t)-

The reason for this decomposition is that the Laplace transform of py (%)
can be expressed neatly in terms of transfer operators (see Lemma 5.2 be-
low). More importantly, the Laplace transform of py, has better decay
properties than the Laplace transform of pg ,; this is needed when we apply
the inverse Laplace transform at the end of the argument. Moreover, since
P (t) = pey(t) for all t > sup 7, the exponential decay of pg(t) follows
from that of pg ().
So, consider the Laplace transform p of p: for £ € C,

Ppa(E) = /0 e pgy(t)dt.
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For the rest of the section, we shall use the notation
& =a—1b.
The first task is to write p(€) in terms of the transfer operators:

Lemma 5.2. For ¢ € By and ¢ € By and R(§) > 0, we have

Po(§) = D Ak /éa(u)'M’éb,qiﬁs(U)dV(U)
k=1 u

where A, is the lead eigenvalue of L_(5,q)y as in Section 2. The right hand
side should be understood as an inner product between two vectors in CS2(2),

Proof. We calculate

P (& Z / /S / e St (u, v, s + t)ip(u, v, a)dtdsdy (u)

~v€SL2(q)
7(u)
d(u, v, t)(u, 7y, s)dtdsdr(u)
Z( LL L
e gzﬁ(u v, t)(u, 7y, s)dtdsdv(u) =
WESZL:(q kz:l// ~/7'k(u
(47 (u)—s )¢((}k(u),’yc (u), ) (u, 7y, s)dtdsdv(u)
DRy k
_ Yy / €000 (6 (), e ()b _e (7))
veSL2(q k=1

S | detu) 88 -whavta)
k=1

using the fact that ﬁgo(y) =v. O
A ~ 2 SL |a| sup(7T)

Lemma 5.3. If ¢ € By, then ||¢¢|l2 < ||pe]loo < # 21525(1%” Il

Proof. This follows from integration by parts in the flow direction. O

# SLa(g)el?! S“p“>(3sup(7>+L1pd(r))H¢\\BO

Lemma 5.4. Ifvy € By, then HlﬂgHLb < (L5

Proof. The trivial bound var(g -(,))%(u, 7, ) < ||¢]|5, sup(7) provides

2/ FESTA@ P sup(r)|41s,

(5.3) 1900 < max(1,b|)
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On the other hand consider any u, v’ € U, v € SLa(q), and suppose, without
loss of generality, that 7(u") > 7(u). Then

(u')

7(u)
§/0 W (u, 7y, t) — (W, v, t)|e! dt +/ (', 7y, 1) el dt

(w)
< d(u,u/)el!™™ (sup(7)][¢)]], + Lipg(7)|[4]]oc) -
Together with (5.3), this proves the claim. O

We will now use the spectral bounds (Theorem 2.15) to prove a rate of
decay for the correlation functions.

Proposition 5.5. Let ag,qo,q) be as in Theorem 2.15. There exist C >
0,m7 > 0 such that for all square free q with (q,qoq,) = 1, we have

1566 (8)] < Cq°ll@ I, [l |5ee™™
for all ¢ € By and ¢ € By satisfying Z'yESLz(q) Y(u,vy,s) =0.

Proof. We will establish that the Laplace transform pg . extends to an ap-
propriate half plane and then apply the inversion formula. Lemma 5.2 gives

g = 3 K be(uw) - MF, g (u)dv(u
posl€) = 30, [ deta) Wty el

for R(£) > 0. We claim an analytic continuation of pg (&) to R(§) > —ao
for some ay > 0. Each term of the above infinite sum is analytic, so it
suffices to check that the sum is absolutely convergent. For |a| < min(1, ap),
Theorem 2.15, together with Lemma 5.1, gives that for some € > 0,

[ delw) Kt -l < ASME -ela o]
< AaCq e lelhplleells

C' —ek
< _—
B amaX(17‘b‘)QHwHBOH¢|’Bl7

where C’ is given by Lemmas 5.3 and 5.4; this is clearly summable so long

as we choose ag small enough that

max \, < e/?.
lal<ao

This computation also gives that for some absolute constant C7 > 0,

C1q®’

W‘W”Be”@b”&

1Pp.0(§)| <

for all £ with [R(§)| < ag. Now pg(t) is Lipschitz, so we may apply the
inverse Laplace transform formula [44, Chapter II, Theorem 7.3] and obtain
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for all ¢t > 0,

_40 .,
_ %0y . 2 T ag i1\ .—ibt
(5.4) pop(t) =€ 2" lim P (—% —ib)e™ " db.

T—o00 —%)—z

—%0 7 y
Since [ at  bow(—% —ib)ldb < ' [ b < oo, the limit in the

right hand side of (5.4) is O(¢®") with the implied constant independent of
t, yielding the result for a uniform constant C' > 0 with pg  in place of pg .
Since those two functions agree on ¢ > sup(7), and since py y is bounded as
¢|1¥l|B,||#l|5,, the result follows. O

We can convert a function ¢ on I'(¢)\G to give a function ¢; on U7 as
follows: for ¢ >0, u € U;,0 < s < 7(u) and v € I'(g)\I', we set @ to be the
lift of u to U, and

(55 l1,9) = [ 001 Tavss)a()

where v, is the probability measure on S’, conditioned from the measure v
at u. For a general s > 0, we define

(5.6) du(u, 7, 5) 1= ou(6" (u), yex (), 5 = 7i(u)
where k € N is such that 0 < s — 7(u) < 7(6%(u)). By the equivalence

relation (5.1), this defines ¢ on all of U x SLa(g) x Rxq.

Lemma 5.6. There exists C > 0 such that, for any § € S;, we have
|6(v[@, Glazits) — dr(u, 7,5 + 1)) < Ce™||¢]|en.

Proof. Let u, @, € S; be as above. Choose k € N such that 0 < t + s —
m(u) < 7(0*u), and write v’ = 6Fu € U;. Set @' to be the lift of v to U;.
If y' € S; with lift § € S;, then the definition of the cocycle c tells us that
both (i, §la, () and yci(u)[@’, §'] lie in the stable leaf of yer(uw)R; € G. Tt
follows that for some ¢; > 0,

d(’)/[a’ g]a2t+s’ yck(u) [ala g/]a2t+s—7'k(u)) < 016_(2t+s_7k(U)) < Cle—t7
and so that
([, Glazers) — d(ver (W)@, §'lage s —r ()] < c1lldllcre™.
Integrating this inequality over ¢’ € S; and using (5.6) which gives
[, O 10311yl = 705+
i

this gives the required result. ([

We therefore have the following lemma (cf. [1, Lemma 8.2])
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Lemma 5.7. There are constants n > 0,C > 0 independent of ¥, ¢, q such
that

/F( )\G(¢oa2t) ) dmg’MS _ '%;E/’;_))(ﬂ < C-#SLa(q) - [16]lo1 || sce ™™
q

for all ¢,v € CHT(q)\G).

Proof of Theorem 1.5 . We assume that mPM3(I'\G) = 1 without loss of
generality, so that the total mass of quMS is equal to # SLa(q). Fix ¢ with
(¢,90qp) = 1 and compactly supported functions ¥, ¢ € CH(T'(q)\G).

We write

=1 + 9"
where ¢ is (left) I' invariant, and " satisfies } . .\ ¥ (v2) = 0 for all
z € I'(¢)\G. Exponential mixing of ¢/ (with constant independent of q)
follows from the bounds established in section 3 together with the complex
RPF theorem, as was carried out in the work of Dolgopyat and Stoyanov
[39]. So we can and shall assume that 1) = ¢, so that 3°_ cpn\r¥(72) =
0 for all x € T'(¢)\G.

We consider the functions ¢y, 1o as defined in (5.5); note that 1)y satisfies
> ver Yo(u,v,s) = 0 and that |[¢h]|g, < [|¢|[c1. We also need to bound
l|oe||B,. It’s clear that sup|¢:] < [|¢]|ci. On the other hand, we know
that, for fixed u, and s such that (u,s) is not of the form (u/,0), ¢¢(u, s) is
differentiable in the flow direction with derivative bounded by [|¢||c:1. On
the other hand there are at most 36~ +1 values of s such that (u, s) ~ (v, 0).
Each of these may be a discontinuity, but each jump is at most 2||¢||c1. We
can therefore bound the variation as

sup T

var( - (u)) (s = ¢t(u,7,5)) < (T(u) +2 ( + 1)) l|#]|cn-

inf 7
In other words
|6¢l|B, < [|]]cn-

Now calculate; for any ¢ > 0

/ o (gaaze) b (g)dmPMS
C(g\G

<

. t
Peutn@ s CSLa@)Glcallvlcoe ™

< C'q” ([Wollso ||l I, + lIgllc ]l co) e

" o
< C"q7 |8l [l |coe™

for some C’,C" 1 > 0, by Lemma 5.7 and Proposition 5.5. O
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5.2. Exponential decay of the matrix coefficients. Let I' be a geomet-
rically finite subgroup of PSLa(R). We begin by recalling the definitions
of measures mPR, mBR+ and mHaa  Similar to the definition of the BMS
measure

dThBMS(u) = ewu*(o’“)e‘wu*(O’“)dﬂops(u"‘)duops(u_)ds

BR Haar

BR PR — 2R and mMear on

given in section 2, the measures m°" = mp

PSLa(R) are defined as follows:

deR(,u) — eﬂu+ (O,U) eéﬂu* (O’u) dmo(u+)duops(u_)ds’
7 BR* (u) = Byt (0u) B, —(ou) dmo(u_)duops (u™)ds;

dint122 () = ePur (00 Bu= (01 g (uF)dmg(u™)ds
where m, is the unique probability measure on d(H?) which is invariant
under the stabilizer of o.

These measures are all left I-invariant and induce measures on I'\G,
which we will denote by mBPR, mBR= mHaar regpectively.

Let

N:{nszzc (D:seR} and H:{hs::<(1] f):seR}.

For g € G, denote by g% the forward and backward end points of the
geodesic determined by g and set

a(g, A(D)) = mf{Js] : (gny)* € A(T)} +inf{s| : (ghs)~ € A(D)} + L.

It follows from the continuity of the visual map that for any compact
subset Q C G,

a(Q,A(T)) :=supa(g, A(T")) < oo.

If TV is a normal subgroup of T" of finite index, then A(T') = A(I’), and
hence a(Q,A(T)) = a(Q, A(T")). Therefore the following theorem implies
that Theorem 1.1 can be deduced from Theorem 1.5; note that even though
we need the following theorem only for I' convex cocompact in this paper, we
record it for a general geometrically finite group I' of G for future reference.
Let m: G — I'\G be the canonical projection.

Theorem 5.8. Let Q C G be a compact subset. Suppose that there exist
constants cr > 0 and np > 0 such that for any ¥,® € CY(T'\G) supported
on 7(Q),

mBMS ()., BMS _
/I‘\G \Ij(gat>q)(g)deMS - méﬁ)S(F\G) @) +O(CF'H\P‘ |C’1 ‘ ‘CI)HCl € 771“?5)
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where the implied constant depends only on Q. Then for any ¥, ® € C1(I'\G)
supported on w(Q), as t — +o0,

(5.8) -9 / W(gan)®(g)dmHa
ne

_ mBR)m PR (@)

= gy + Oer [ Zllen][@ffer - e7)

where nf = and the implied constant depends only on Q and a(Q, A(T)).

8+217

The rest of this section is devoted to the proof of this theorem. The
proof involves effectivizing the original argument of Roblin [35], extended in
[38], [29], [27], while making the dependence of the implied constant on the
relevant functions precise.

For ¢ > 0 and a subset S of G, S¢ denotes the set {s € S : d(s,e) < €}.

Let

P:=HA.

Then the sets B, := P.N,, ¢ > 0 form a basis of neighborhoods of ¢ in G.
For g € PSLy(R), we define measures on gN:

djigif (gn) = "o T dmy (gn™);
diigy (gn) = %o+ @IS (gnt),
If x = [¢g] € T'\G, for a compact subset Ny of N such that gNy injects to

I'\G, and for a function ¢ on Ny, we write duLs? (1) and duty () for the
push-forward of the above measures to Ny via the isomorphism gNg with

xNy. The measure dug}i}’ (gn) is simply the Haar measure on N, and hence

we write dn = du]ﬁ\P(gn)

The quasi-product structure of mBMS is a key ingredient in the arguments

below: for ¥ € C.(G) supported on gB, for all € > 0 small,
8wy = [ wlgpm)dilSelgm)dv,re(on
P. gpNe

where dvgp(gp) = 655(91))—(O’gp)d,ufs(gp_)ds for s = B,,- (0, gp).

In the rest of this section, we fix a compact subset Q of GG, and assume
that the hypotheses of Theorem 5.8 are satisfied for functions supported in
7(Q). Let 2¢p > 0 be the injectivity radius of 7(Q). Fix z = [¢g] € 7(Q) and
functions ¥, ® € C*(I'\G) which are supported in 2B, /o.

Proposition 5.9. Fiz y € xP, and put ¢ := ®|yn, € CY(yNe,). Then for
t>1,

N;}%<¢) BMS ¢
/N Y(ynay)g(yn)dp,y (yn) = VS| " (W) +O(er|[¥llerl@llcre™)
Y

€0

where 1 = nr/(4 + nr) and the implied constant depends only on Q and
a(Q, A(T)).
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Proof. Set Ry := a(y,A(T")) + 2. For a sufficiently small € € (0,1), if we
set to := log(Roe™ '), yo = yay,, then v(yoP.) > 0. Hence we may choose a
smooth positive function p. supported on yo P, such that v(p.) = 1 and that
| pellcr < €73, Define a C'-function ®' supported on yoP.N,, as follows:

75t075ﬁn;_ (np,pn)

T (yopn) == D(Yonpa—i)pe(Yop)

where n, € N is the unique element such that p 1np € nP. We have
mBMS (P Iy PS(¢). Now by the hypothesis of Theorem 5.8, we have

i) =
[ wlmao(m)datum) = (1+ 0(0) ar-1, 1,y
yNegy

S
= (1+0(e)) (ﬁgﬁq mPMS (W) + O(cre_?’e_”(t_to))>

PS
. ,Uny((z)) BMS
- ’mBMS‘

(U) 4+ O(e + cpRje " 3™

where the implied constant depends only on the C'-norms of ¥ and ¢ and
Q. By taking € = e~"/(4+1) and by setting 11 := 1/(4 + 1), we obtain

PS N () s t
[ wumaatum)dulii(um) = TESEEm™S(®) + OCer R )
YiNe

Since Ry is bounded above by a(Q, A(I')), this proves the claim. O

Proposition 5.10. Keeping the same notation as in Proposition 5.9, we
have

PS
_ o (D) _

et ‘”t/N U (ynag)p(yn)dn = |ning‘mBR(‘I’)+0(CrH‘I’HclHqﬁ\lcle mt/2)

yNe,

where the implied constant depends only on Q and a(Q,A(T")).

Proof. We deduce this proposition from Proposition 5.9 by comparing the
two integrals on the left hand sides via transversal intersections.
Define ¢+ € C'(yN) by

(5.9)  ¢(yn) = sup ¢(ynn') and @ (yn) = inf G(ynn).
n’€N. n/ENe

Fix Ry = a(Q,A(T")) + 1. For each p € P, let N, := {n € N :

(pn)T = n for some |s| < Ri}; then pb>y (zpNy) > 0, and the map zp

,LLESN(.%])NP) is a positive smooth function on xP,. Set B{ := Upep, pNp;

we may assume that the map g — zg is injective on B; by replacing €y by

a smaller number if necessary.
Define the finite set

P,(t) :=={p € P, : xpn € supp(¢)a; for some n € N,}.
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Define functions ) and ¥’ supported on x P, and B/ respectively:

P(xp) = / U(xpn)dn and ¥ (xpn) = L)N for pn € B,
mpNeo lu’rpN(xp P)

We then have mBMS(U') = v,p(¢p) = mBR(¥), and we can find
C'-approximations ¥, _ < W' < W, | such that mPMS(W/ ) = mBMS(W) +
O(e), and || |1 = O(e 1H\I/||Cl) The following computation holds for
all small 0 < € < ¢p:

e(l_‘m naz n)dn
| womaootma
=(1+ O(e))e_ét Z w(xp)qﬁzce,teo (xpa_)

PEP:(t)

= (1400 [ W yman6E o )it o)

= (14 0(e)) / N \I/;i(ynat)ﬁ(m FRy)e-t (yn)dpyn (yn)
Yy

- —tyy [ PR (O)R () -1 —mt
=(140(e) +O((eo + R1)e™ ")) s T Ofere [ ¥llerl[@llere™™")

by Proposition 5.9 (we refer [29] and [27] for details in this step).
Therefore taking € = e—mt/ 2’

_ mBR ¢ _
-t [ wiymagotmyn = " 1 Oler | Wlenllglcre )
Y

where the implied constant depends only on ¢y and R;, and hence only on
Q and «a(Q,A(T)).
O

In order to finish the proof of Theorem 5.8, we first observe that by
the partition of unity argument, it suffices to prove the claim for ® and ¥
supported on xB, /, for x € Q. We note that dm™22* (pn) = dpdn where dp
is a left Haar measure on P, and hence

/ U(za;)®(z)dmMa (z) :/ / U (zpna) ®(xpn)dndp.
NG xpEzPey J xpNe,

Hence applying Propositions 5.9 and 5.10 for each y = zp € zF,,, we
deduce that

-0 / U (zay)®(x)dme (z)
G

mBR (W) S (Papne, )
Z/ < s+ Oer ¥ |or | @lopn lore™ ’7”/2)> dp
;rpEmPeO

BR BRa -~
= ™)+ O(er|[ | [Bl|cre ™)
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where the implied constant depends only on Q and a(Q, A(I")) . This finishes
the proof.
6. ZERO-FREE REGION OF THE SELBERG ZETA FUNCTIONS

Let I' < SLy(Z) be as in Theorem 1.1. In [26, 27|, it was shown that
Theorem 1.1 implies the following;:

Theorem 6.1. There exist C' > 0 and eg > 0 such that for all square free
q = 1 with (q,q0) =1,

(1)
Py(T) := #{C : primitive closed geodesic in I'(q)\ PSLa(R) with £(C) < T'}
=1i (eT) + O( C/e(‘s_gO)T)
where li(x f; 9z ond £(C) is the length of C;

log
(2) for any z,w € H?, )
Ny(T; 2,w) := #{y € T(q) : d(z,yw) < T}

= Cy(z, w)e5T + O(qcle(‘s_EO)T)

for some constant Cy(z,w) > 0.

Proof of Theorem 1.3. We use the well-known relation between the Poincaré
series and the leading term for the resolvent of the Laplacian R4(s) = (Aq—
5(1 — s))~t. More precisely there is a decomposition, valid on R(s) > §, of
the resolvent as

(6.1) Ry(s) = f(s)Py(s) + Kq(s)

where P,(s) is the integral operator with kernel

[o.¢]
Py(s,z,w) == Z e~ Uznw)s —s/ e SN, (t; 2, w)dt,
0

v€l(q)

where K, (s) is holomorphic on R(s) > § — 1, and f is a ratio of Gamma
functions holomorphic on R(s) > 0 (see [20, Proposition 2.2] and its proof).
Applying the estimates on Ny(¢; z,w) from Theorem 6.1 (2), we see that the
right hand side of (6.1) has analytic extension to the half plane R(s) > d —¢p
(with €g as in Theorem 6.1. except for a simple pole at s = ¢. (]
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