ORBITS OF DISCRETE SUBGROUPS ON A SYMMETRIC
SPACE AND THE FURSTENBERG BOUNDARY
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Dedicated to Hillel Furstenberg with respect and admiration

ABSTRACT. Let X be a symmetric space of noncompact type and I a lattice in
the isometry group of X. We study the distribution of orbits of I" acting on the
symmetric space X and its geometric boundary X (co) generalizing the main
equidistribution result of Margulis’ thesis to higher rank symmetric spaces.
More precisely, for any y € X and b € X (00), we investigate the distribution
of the set {(yvy,by™!) : v € T} in X x X(c0). It is proved, in particular,
that the orbits of I' in the Furstenberg boundary are equidistributed, and that
the orbits of I in X are equidistributed in “sectors” defined with respect to a
Cartan decomposition. Our main tools are the strong wavefront lemma and
the equidistribution of solvable flows on homogeneous spaces, which we obtain
using Shah’s result based on Ratner’s measure classification theorem.
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Let D denote the hyperbolic unit disc and I" a torsion free discrete subgroup of
the isometry group of D such that D/T" has finite area. The geometric boundary
of D is the space of the equivalence classes of geodesic rays in D. It can be
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identified with the unit circle S. Note that the action of I' on D extends to the
geometric boundary of ID.

Let z € D. We denote by Br(z) the ball of radius 7" centered at x. For an
arc ) C S, the sector S,(£2) in D is defined to be the set of points z € I such
that the end point of the geodesic ray from x to z lies in ). Denote by m, the
unique probability measure on S invariant under the isometries that fix the point
x. Then:

A. For any z,y € D, b € S and an arc ) C S,

7 Area(Br(z))
IF:byteq B ~T oo Q) —————~.
#{7 € Y ell, yy e T(x)} T my( ) AI‘G&(D/F)
B. For any x,y € D and an arc ) C S,
Area(Br(z))
I: ()N B T oo Mg () ————.
#{y el yy € S(Q) N Br(2)} ~rosoe ma(€) Arca(D/T)
C. For every z,y € D, b € S and arcs 2,2y C S,
#{y el : yy € S()NBr(x), by ' € D}
Area(Br(z))

~T oo M (§2 Q) - .
7oo M () ($22) Area(D/T)
Statement (A) may be deduced from the work of A. Good [G]. Statement (B)

was shown by P. Nicholls [N] (see also [Sh]). Statement (C), which was proved

by G. Margulis [M] in his thesis for cocompact ', shows that the equidistribution
phenomena in (A) and (B) are indeed independent.

Q, b

FIGURE 1



ORBITS OF DISCRETE SUBGROUPS 3

The main purpose of this paper is to obtain an analog of statement (C) (note
that (C) implies both (A) and (B)) for an arbitrary Riemannian symmetric space
of noncompact type (see Theorems 1.1 and 1.2 below). We also generalize state-
ment (B) to the equidistribution of lattice points in a connected noncompact
semisimple Lie group G with finite center with respect to both K-components in
a Cartan decomposition G = KATK (see Theorem 1.6 below).

Let X be a Riemannian symmetric space of noncompact type and X (oco) the
geometric boundary of X (that is, the space of equivalence classes of geodesic
rays in X). Denote by G the identity component of the isometry group of X
acting on X from the right. Let [" be a lattice in G, i.e., a discrete subgroup with
finite covolume. The action of G on X extends to X (00).

For z € X, we denote by Br(z) the Riemannian ball of radius T" centered at
x, by K, the stabilizer of x in GG, and by v, the probability Haar measure on K.
For x € X and b € X (00), we denote by my,, the unique probability K ,-invariant
measure supported on the orbit bG C X (o0) (note that G acts transitively on
X (00) only when the rank of X is one, and that K, acts transitively on each
G-orbit in X (0)). Fix a closed Weyl chamber W, C X at x. According to the
Cartan decomposition, we have X = W, K,. Let M, denote the stabilizer of W,
in K.

The following is one of our main theorems:

Theorem 1.1. For z,y € X, b € X(00), and any Borel subsets 0y C K, and
Qs C bG with boundaries of measure zero,

Vol(Br)

#{,7 cl: Yy € W$leBT(m)7 b’y_l S QQ} ~T—o0 V$(M$Ql)mb,y(92)'m’

where Vol(Br) denotes the volume of a ball of radius T in X.

We deduce Theorem 1.1 from a stronger result on the level of Lie groups. Fix
the following data:

e (G — a connected noncompact semisimple Lie group with finite center,

e (5, — the product of all noncompact simple factors of G,

e G = KjATK, — a Cartan decomposition of G,

e d — an invariant metric on K;\G,

e K5 — a maximal compact subgroup of G,

e () — a closed subgroup of GG that contains a maximal connected split

solvable subgroup.

Recall that a solvable subgroup S is called split if the eigenvalues of any element
of Ad(S) are real for the adjoint representation Ad : G — GL(Lie(G)). It is
well-known that a maximal connected split solvable subgroup is a subgroup of
the form AN for an Iwasawa decomposition G = KAN. Thus, G = KyQ.
Denote by v; and 1, the probability Haar measure on K; and K, respectively.
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Let M; be the centralizer of A in K; and My = K, N Q. Since any two maximal
compact subgroups of GG are conjugate to each other, there exists g € GG such
that Ky = ¢ 'K;g. Let T be a lattice in G such that I'G,,Q = G.

Theorem 1.2. For any Borel subsets 2y C K1 and €y C Ky with boundaries of
measure zero,

#{’}/ el'n g_1K1A+Ql N QQQ : d(Kl, Klg’y> < T}
Vol(G
~T oo V1 (M1 2112 (2 M3) - ﬁG/TF))’
where Vol(Gr)denotes the volume of a Riemannian ball of radius T in G.

To understand the presence of M; and M, in the above asymptotics, observe
that K1A+Ql = K1A+M191 and QQMQQ = QQQ

Remark 1.3. We mention that the continuous version of Theorem 1.2 does not
seem obvious either. The method of the proof of Theorem 1.2 also yields the
following volume asymptotics:

Vol({h € g ' KGATQ N WL Q : d(Ky, Kigh) < TY)

VOI(GT)
Vol(G/TY’
Remark 1.4. If in Theorem 1.2 we replace K1 ATQ; by QAT K, then the state-

ment of the theorem is false. In fact, we can show that there exist nonempty
open subsets ); C K; and {25 C K, such that

~T— 00 VI(MIQI)V2(Q2M2) :

. 1 _
lim e, Vol({h € g ' AT K1 N QeQ : d(Ky, Kigh) < T}) = 0.

To state yet another generalization of statement (B), we fix a Cartan decom-
position G = KATK and an invariant Riemannian metric d on K\G. Let I' be
any lattice in G. Recall that it was shown in [DRS] and [EM] that for a lattice
I'in G,

VOl(GT)
Vol(G/T')’
where AT = {a € A" : d(K, Ka) < T}. The following theorem is a generalization
of this result:

(15)  #{yeTl:d(K Kgy) <T}=#INg 'KALK) ~r o

Theorem 1.6. For g € G and any Borel subsets {11 C K and Qs C K with

boundaries of measure zero,

Vol(g*QlA}'MQQ)
Vol(G/T)

(O MY (MO) %

#(F N g_191A¥MQQ) ~NT 60
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where M is the centralizer of AT in K, and v is the probability Haar measure on

K.
We now present several corollaries of (the methods of) the above theorems.

1.1. Lattice action on the Furstenberg boundary. For a connected semisim-
ple Lie group G with finite center, the Furstenberg boundary of G is identified
with the quotient space G/P where P is a minimal parabolic subgroup of G (see
[GJT, Ch. IV]). In the rank one case, the Furstenberg boundary G/P coincides
with the geometric boundary X (co) of the symmetric space X of GG. In the higher
rank case, G/ P is isomorphic to the G-orbit in X (c0) of any regular geodesic class
and can be identified with the space of asymptotic classes of Weyl chambers in
X.

It is well-known that the action of a lattice I' on G/P is minimal, i.e., every
[-orbit is dense ([Mo, Lemma 8.5]). A natural question is whether each I'-orbit
in G/ P is equidistributed. Corollary 1.7, which is a special case of Theorem 1.2,
implies an affirmative answer in a much more general setting.

Let d denote an invariant Riemannian metric on the symmetric space X ~
K\G, where K is a maximal compact subgroup of G.

Corollary 1.7. Let Q) be a closed subgroup of G containing a mazximal connected
split solvable subgroup of G and g € G. Denote by v, the unique g~ K g-invariant
probability measure on G/Q. Let b € G/Q and T be a lattice in G such that
I'G.b= G/Q. Then for any Borel subsetQ) C G/Q such that v,(9Q) = 0,
. VOl(GT)
#{y €L b€ Q d(K, Kgy) < T} ~roco 14(9) Vol G/’

It follows from the result of N. Shah [S, Theorem 1.1] and Ratner’s topological
rigidity [R2] that the condition T'G,b = G/Q is equivalent to the density of the
orbit I'b in G/Q.

In the case when () is a parabolic subgroup of GG, a different proof of this result,
which is based on ideas developed in [Ma], is recently given in [GM].

In the last decade or so there have been intensive studies on the equidistribu-
tion properties of lattice points on homogeneous spaces of G using various meth-
ods from analytic number theory, harmonic analysis and ergodic theory ([DRS],
[EM],[EMM], [EMS], [GO], [EO], [Go], [L], [Ma], [No], etc.). Of particular in-
terest is the case when the homogeneous space is a real algebraic variety. While
most of the attention in this direction is focused on the case of affine homoge-
neous varieties, there is not so much work done for the projective homogeneous
varieties, except for recent works [Go] and [Ma]. In [Go], one studies the distribu-
tion of lattice orbits on the real projective homogeneous varieties of G = SL,,(R)

with respect to the norm given by |g|l = /> g7, g9 € SL,(R). In [Ma], one

investigates the distribution of lattice orbits on the boundary of a real hyperbolic
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space. Corollary 1.7 extends both results by proving that an orbit of a lattice in

a connected noncompact semisimple real algebraic group G is equidistributed on

any projective homogeneous variety of G (with respect to a Riemannian metric).
More generally, we state the following conjecture:

Conjecture 1.8. Let G be a connected semisimple Lie group with finite center,
I' a lattice in G, and Y a compact homogeneous space of G. Then every dense
orbit of ' in Y 1s equidistributed, i.e., there exists a smooth measure v on'Y such
that for anyy € Y with Ty =Y and for any Borel set Q C Y with boundary of
measure zero,

#{y €T : yy € Q, d(K, Ky) < T} ~pog () - %

The structure of compact homogeneous spaces of G was studied in [Mor]. We

note that the case of the conjecture when Y = G/I' for a cocompact lattice is
also known (see Theorem 1.9).

1.2. Measure-preserving lattice actions. Let G be a connected semisimple
noncompact Lie group with finite center and I'y, I'; lattices in G. We consider the

action of I'; on G/T'y. Let d be an invariant Riemannian metric on the symmetric
space K\G.

Theorem 1.9. Suppose that for y € G /Ty, the orbit T'1y is dense in G/T'y Then
for any g € G and any Borel subset Q2 C G /Ty with boundary of measure zero,

Vol(Q2) - Vol(Gr)

I'y: Q, d(K, K Ty ~ron ’
el iyweQ dK,Kgy) <T} ~r Vol(G/T';) Vol(G/Ty)

where all volumes are computed with respect to one fixed Haar measure on G.

For example, Theorem 1.9 applies to the case when G is a simple connected
noncompact Lie group, and I'; and I'y are noncommensurable lattices in G. (Re-
call that the lattices are called commensurable if I';y N T’y has finite index in both
I’y and I'y.) It was first observed by Vatsal (see [V]) that I'1I'y is dense in G//Ts.
This is a (simple) consequence of Ratner’s topological rigidity [R2].

Theorem 1.9 was proved in [O] for G = SL,(R) equipped with the norm ||g|| =

\/2_ 9;; and in [GW] for general semisimple Lie groups without compact factors.

1.3. Acknowledgments. The first author wishes to thank for the hospitality
of the Department of Mathematics in California Institute of Technology during
August 2003 when most of this work has been done.
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2. MAIN INGREDIENTS OF THE PROOFS

2.1. The strong wavefront lemma. The following theorem is a basic tool
which enables us to reduce the counting problems for I' as in Theorems 1.2 and
1.6 to the study of continuous flows on the homogeneous space I'\G.

Let G be a connected noncompact semisimple Lie group with finite center,
G = KA'TK a Cartan decomposition, and M the centralizer of A in K.

Theorem 2.1 (The strong wavefront lemma). Let C be any closed subset of
At with a positive distance from the walls of A™. Then for any neighborhoods
Uy,Uy of e in K and V' of e in A, there exists a neighborhood O of e in G such
that for any g = kyaky € KCK,

(1) gO C (k:lUl)(aVM)(ngg),

The strong wavefront lemma has been recently generalized to affine symmetric
spaces in [GOS].

Remark 2.2. One can check that Theorem 2.1 fails if the set C contains a
sequence that converges to a point in a wall of the Weyl chamber A™.

Theorem 2.1 has several geometric implications for the symmetric space K\G:

e Strengthening of the wavefront lemma. Recall that the wavefront lemma

introduced by Eskin and McMullen in [EM] says that for any neighbor-
hood @’ of e in G, there exists a neighborhood O of e in G such that

(2.3) aO C O'aK foralla e At.

To see that our strong wavefront lemma (1) implies the wavefront lemma
for a € A" with at least a fixed positive distance from the walls of A™,
note that O’ contains U;V for some neighborhood U; of e in K and some
neighborhood V' of e in A, and hence

UicVMK = U, VaK C O'aK
By Theorem 2.1 (1), there exists a neighborhood O of e such that
aQ C UjadVMK.

Thus, aO C O'aK.

To illustrate geometric meaning of the strong wavefront lemma (1), we
consider the unit disc D equipped with the standard hyperbolic metric and
the geodesic flow g; on the unit tangent bundle T'(D) that transports a
vector distance ¢ along the geodesic to which it is tangent. Note that with
the identification T'(D) ~ PSLy(R), the geodesic flow g; corresponds to

et’2 0 )
0 et ) Let p € D and let K C T (D)

be the preimage of p under the projection map 7 : T*(D) — D. Note that

the left multiplication by (
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FIGURE 2

K consists of vectors lying over p and pointing in all possible directions,
and ¢¢(K) consists of the unit vectors normal to the sphere S;(p) C D
of radius ¢. The wavefront lemma (see (2.3)) implies that one can find a
neighborhood O € T'(ID) of a vector v based at p such that g,(O) remains
close to ¢;(K') uniformly for every ¢ > 0.

However, this does not compare g;(O) with the vector g;(v), but rather
with the set ¢g;(K). Theorem 2.1 (1) says that we may choose a neighbor-
hood O of v in T!(D) so that g,(O) is close to the vector g,(v) uniformly
on t in both angular and radial components (see Fig. 2).

Uniform openness of the map K x AT x K — G. The product map
K x (interior of AT) x K — G

is a diffeomorphism onto a dense open subset in GG, and in particular, it is
an open map. Theorem 2.1 (2) shows that this map is uniformly open with
respect to the base of neighborhoods Og, where O is a neighborhood of e
in G and ¢g € G, on any subset contained in K x At x K with a positive
distance from the walls of A™.

We illustrate the geometric meaning of this property for the case of the
hyperbolic unit disc D. It follows from Theorem 2.1 (2) that for every
neighborhood O’ of e in G, there exists a neighborhood O of e in G such
that for every a € A1 with at least a fixed positive distance from the walls
of AT,

Oa C KaO'.
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This implies that for every open subset O’ C T'(D), p € O, and any
t > 0, the set m(g:(O’)) contains a ball centered at 7(g:(p)) with a radius
independent of .

o Well-roundness of bisectors. Theorem 2.1 (2) also implies the following
corollary, which is a generalization of the well-known property that the
Riemannian balls are well-rounded (a terminology used in [EM]). Note
that the Riemannian ball {g € G : d(K, Kg) < T} is of the form KA} K,
where AT ={a € A" : d(K,Ka) < T}.

Corollary 2.4. For Borel subsets €11,y C K whose boundary has mea-
sure zero, the family {QA5Qy : T > 0} of bisectors is well-rounded, i.e.,
for every € > 0, there exists a neighborhood O of e in G such that

VOI(O . 3(9114}'92)) S e V01(91A¥Qg)
for all T > 0.

2.2. Uniform distribution of solvable flows. Using the strong wavefront
lemma, Theorem 1.2 is deduced from Theorem 2.5 below, which is also of in-
dependent interest from the viewpoint of ergodic theory.

Let K be a maximal compact subgroup of G with the probability Haar measure
v. Let Qbe a closed subgroup of G containing a maximal connected split solvable
subgroup of G, and let p be a right invariant Haar measure on ). Fix a Cartan
decomposition G = KATK and g € G. For T' > 0 and a subset 2 C K, we define

Qr(g, V) ={q€eQ:qc g 'KATQ, d(K,Kgq) < T}.

If Q=K and g = e, the set Qr(g,) is simply {q € Q : d(K, Kq) < T'}. Recall
that GG,, denotes the product of all noncompact simple factors of G.

Theorem 2.5. Let G be realized as a closed subgroup of a Lie group L. Let A be
a lattice in L. Suppose that for y € A\L, the orbit yG, is dense in A\L. Then
for any Borel subset Q@ C K with boundary of measure zero and f € C.(A\L),

1 v(MQ) f

711—{20 p(Qr(g, K)) /QT(g,Q) flya) dplg) = p(A\L) A\L

where M is the centralizer of A in K, and u is an L-invariant measure on A\ L.

A main ingredient of the proof of Theorem 2.5 is the work of N. Shah [S]
(see Theorem 6.2 below) on the distribution in A\L of translates yUg as g —
oo for a subset U C K. Shah’s result is based on Ratner’s classification of
measures invariant under unipotent flows [R1] and the work of Dani and Margulis
on behavior of unipotent flows [DM]. Implementation of Shah’s theorem in our
setting is based on the fundamental property of the Furstenberg boundary B of
G every regular element in a positive Weyl chamber acts on an open subset of
full measure in B as a contraction.
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Remark 2.6 (on the rate of convergence). The method of the proof of
Theorem 6.2 in [S] does not give any estimate on the rate of convergence. In the
case when L = G and U = K, Theorem 6.2 was proved by Eskin and McMullen
in [EM]. The latter proof is based on the decay of the matrix coefficients of the
quasi-regular representation of G on L?(I'\G) and provides an estimate on the
rate of convergence. Combining the strong wavefront lemma (Theorem 2.1) with
the method from [EM], we can derive an estimate for the rate of convergence
in Theorem 2.5 when L = G provided that one knows the rate of decay of
matrix coefficients of L?(I'\G). In this case, it is also possible to obtain rates of
convergence for the theorems stated in the introduction. We hope to address this
problem in a sequel paper.

2.3. Equidistribution of lattice points in bisectors. For €,y C K, and
g € G, we define

GT(Q, Ql, Qg) = {h cG:he gilQlAJng, d(K, th) < T}

Using the strong wavefront lemma (Theorem 2.1 (2)), Theorem 1.6 is reduced to
showing that the sets Gr(g,2,€) are equidistributed in I'\G in the sense of
Theorem 2.5 for any Borel subsets 21,2, C K with boundaries of measure zero.

3. CARTAN DECOMPOSITION AND THE STRONG WAVEFRONT LEMMA

Let G be a connected noncompact semisimple Lie group with finite center, K
a maximal compact subgroup of G, and G = K exp(p) the Cartan decomposition
determined by K. A split Cartan subgroup A with respect to K is a maximal
connected abelian subgroup of G contained in exp(p). It is well-known that two
split Cartan subgroups with respect to K are conjugate to each other by an
element of K. Fix a split Cartan subgroup A of G (with respect to K) with the
set of positive roots ®* and the positive Weyl chamber

At ={a€ A:a(loga) >0 for all a € ®*}.
Set a = log(A4) and at = log(A"). Let M be the centralizer of A in K. Note

that M is finite if and only if G is real split.
The following lemma is well-known (see, for example, [K, Ch. V]).

Lemma 3.1. (Cartan decomposition) For every g € G, there exist a unique
element u(g) € log(A™) such that g € K exp(u(g))K. Moreover, if kiaks = kjak)
for some a in the interior of A*, then there exists m € M such that ky = kim,
ko = m’lké.

Denote by d an invariant Riemannian metric on the symmetric space K\G.

Lemma 3.2. For every a; and ay in the interior of AT and k € K,
d(Kay, Kag) < d(Kayk, Kay).
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Proof. Let a; = exp(H;) for H; € a*, i =1,2. Then Ka;k = K exp(Ad(k™')H,).
Applying the cosine inequality (see [H, Corollary 1.13.2]) to the geodesic triangle
with vertices Ke, Kak, and Kas, we obtain

d(Kaik, Kay)®* > d(K,Kak)* +d(K, Ka)* — 2d(K, Ka1k)d(K, Kay) cos a
= | H|* + | Ho|* — 2| Hy[[[| H2] cos o,
where « is the angle at the vertex Ke. Since
(Ad(k~Y)Hy, Ho)
[ Hy[ - || Hs|

Ccos =

and by Lemma 3.3 below,
(Ad(k™1)Hy, Hy) < (Hy, Hs),
it follows that
d(Kak, Ka)* > || Hy||* + || Ho||* — 2(H,y, Hy) = ||Hy — Hy||* = d(Kay, Kay)?.
The lemma is proved. U
Lemma 3.3. For any H, and Hy in the interior of a* and for any k € K,
(Hq, Hy) > (Ad(k)Hy, Hy).

Proof. By [H, Proposition VIII1.5.2] and its proof, every G-invariant positive defi-
nite form on K\G is of the form ) . ; B;, where B;’s are the Killing forms of the
simple factors of G and «; > 0. Thus, it is sufficient to consider the case when G
is simple, and the Riemannian metric is given by the Killing form B of G.

Define the function f(k) = (Ad(k)H;, Hy) on K. Let ky € K be a point where
f attains its maximum. For every Z € Lie(K),

d e d
0= dt’t:of(koe )=

_3 <Ad(ko)%’t:0(Ad(€tz)H1), Hg) — B(A(ko) (ad(2) Hy), Hy)

B(Ad(ko) Ad(e'?)H,, Hy)

t=0

= B(Ad(ko)[Z, H1], Hz) = B(Ad(ko)Z, [Ad(ko)H1, Ha)).

This shows that [Ad(ko)H;, Ho] L Lie(K). Since [Ad(ko)H;, Hy] € Lie(K) and
the restriction of B to Lie(K) is negative definite, it follows that [Ad (ko) H;, Ha| =
0. Therefore, Ad(kg)H; € a. Since the Weyl group W acts transitively on the
set of Weyl chambers in A and K contains all representatives of the Weyl group,
there exists an element w € K that normalizes A such that Ad(w™'ko)H; € a'.
Since H, is in the interior of a*, it follows from the uniqueness of the Cartan
decomposition (Lemma 3.1) that Ad(ky)H; = Ad(w)H;. It is easy to see [H,
p. 288] that || Ad(w)H; — Hsl||, w € W, achieves its minimum at w = e. This
implies that (Ad(w)H;, Hs) is maximal for w = e and finishes the proof. O
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Proposition 3.4. Let C be a closed subset contained in AT with a positive dis-
tance from the walls of AT. Then for any neighborhood Uy of e in K, there exists
e > 0 such that for any a € C,

{ke K:d(Kak,Ka) < e} C MU,.

Proof. Denote by II the set of simple roots corresponding to the Weyl chamber
AT, Without loss of generality, we may assume that

C={a€ A" :a(loga) > C for all a € 11}

for some C' > 0. Suppose that in contrary there exist sequences {a;} C C and
{ki} C K such that d(Ka;k;, Ka;) — 0 as ¢ — oo, and no limit points of {k;}
are contained in M. Passing to a subsequence, we may assume that k; — kg as
i — oo for someky € K — M, and for every o € ®, the sequence {a(loga;)} is
either bounded or divergent. Set

d, = {ae€d: a(loga;) » oo asi— oo},

Oy = {aed: {a(loga;)} is bounded}.
Let PT be the standard parabolic subgroup associated to II — &, and P~ the
standard opposite parabolic subgroup for P*. Note that

P~ ={g€G: {a;ga;'} is bounded}.

Denote by U and U~ the unipotent radicals of P* and P~ respectively. Set
7 = PTN P, sothat P* = ZU®. 1t is easy to see that P*NK C Z. Denote by
g, u™, u™, 3 the corresponding Lie algebras and by g., o € ®, the root subspaces
in g. We have

(3.5) UF = @oco, o and 3 = Dacay Ga-

Step 1: We claim that ky € Z.

There is an embedding 7 : G/Cg — SL4(R), where Cg is the center of G, such
that 7(ACq) is contained in the group of diagonal matrices. We have

W(aikiajl)st = W(ai)ss’ff(&i);tl . W(ki)sta S,t = 1, ceey d.

Passing to a subsequence, we may assume that for each (s,t), the sequence
{7(a;)ssm(a;);'} is either bounded or divergent. If the sequence {7 (a;)s ()"}
is divergent, then 7(k;)ss — 0 as i — oo. Thus, 7(kg)s = 0 for every pair (s,t)
such that {m(a;)sm(a;);;"} is divergent. It follows that 7(askoa; ') is bounded.
Since the center of G is finite, this proves that the sequence {a;koa; '} is bounded.
Thus, ko € P~. Since P~ N K C Z, the claim follows.

Step 2: We claim that d(Ka;kea; ', K) — 0 as i — oo.
Write k; = kol; where [; € K and [; — e as © — oo. Then
(3.6) d(Kak;, Ka;) = d(Kajkoa; ', Ka;l;'a; ') — 0 as i — oo.
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Thus, the sequence {a;l; 1oz;l} is bounded, and hence, we may assume that it
converges. Since [ — e asi — oo and g = u~ @ 3 ® ut, we obtain that
7! = uj zu; for some u; € U™, z; € Z, and u} € U* such that u; — e, 2, — e,
and uj — e as i — oo. It follows from (3.5) that a;u; a; ' — e and a;z;a; " — e
as i — oo. Hence, a;l; 'a;' — u* as i — oo for some u* € U*. On the other
hand, by Step 1, passing to a subsequence, we get a;koa; ' 2 as i — oo for
some z € Z. Thus, by (3.6), z7'u™ € K as i — oco. Since P*NK C Z, we
deduce that ut = e. Hence, a;l; la; — e as i — oo, and the claim follows from

(3.6).
Step 3: We claim that aikoajl = dikodjl for some bounded sequence {d;} C C.

Recall that the system of simple roots II is a basis of the dual space of the
Lie algebra of A. Hence, we may write a; = b;c; where b;,c; € AT such that
a(logb;) = 0 for every a € 1IN @, and a(loge;) = 0 for every a € I — .
Then ¢; commutes with Z, and since a(b;) = a(a;) for every a € Il — &, the
sequence {b;} is bounded. Let ¢y € AT be such that a(logcy) = C for every
a € IN®, and aflogey) = 0 for every a € IT — ®,. Then d; = by € C and
a;koa; 1— d;kod; ! as required.

Taking a subsequence, we obtain that d; — dy as ¢ — oo for some dy € C
and dokod, !¢ K. This implies that doko = kdy for some k € K. Since dy lies
in the interior of A*, it follows from the uniqueness properties of the Cartan
decomposition (Lemma 3.1) that ky = k£ € M. This is a contradiction. O

Theorem 3.7 (The strong wavefront lemma). Let C be a closed subset con-
tained in AT with a positive distance from the walls of A™.Then for any neigh-
borhoods U of e in K and V' of e in A, there exists a neighborhood O of e in G
such that

for any g = kiaks € KCK.

Proof. Without loss of generality, we may assume that C = A*(C) for some
C > 0, where

AY(C)={a € A" : a(loga) > C for all a € D}

Replacing V' by a smaller subset if necessary, we may assume that AT (C)V is
contained in the interior of A*(C/2).

Step 1: We claim that there exists an e-neighborhood O of e in G such that
Og C KaVK for all g = kjak, € KAT(C)K.

We take ¢ > 0 to be sufficiently small such that the e-neighborhood of e in
A is contained in V. Let O be the e-neighborhood of e¢ in G. For h € Qa,
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write h = kjbkl, € KATK. Then d(Kbkha ', K) = d(Kbkl, Ka) < e. Since
d(Kb, Ka) < d(Kbki, Ka) by Lemma 3.2, we have

(3.8) d(Kb,Ka) < ¢

and hence, h = Kbk}, € KVaK. This shows that Oa C KaV K. Since O is
K-invariant,

Oklakg C Oak2 C KaVK

This proves the claim.

Step 2: We claim that there exists an e-neighborhood O of e in G such that
(3.9) Og C KAT(kyU) for all g = kjaky, € KAT(C)K.

Let Uy be a neighborhood of e in K such that kUpk™ C U for all k € K.
Choose ¢ > 0 that satisfies Step 1 above, and Proposition 3.4 holds with respect
to 2e, Uy, and AT (C/2). Take O to be the e-neighborhood of e in G. Then for
any h = k\bk, € Oa, we have by (3.8),

d(Kbkl, Kb) < d(Kbky, Ka) + d(Kb, Ka) < 2e.
Since Oa C KAT(C/2)K, by Proposition 3.4, this implies that k), € MUy, and
hence Oa ¢ KATMU,. Thus,

O(klakg) C KA+MU01{?2 C KA+M(I€2U)

Step 3: We claim that there exists a neighborhood O of e in G such that
Og C (kiU)ATK for all g = kjaky, € KAT(C)K.

Recall that by the Iwasawa decomposition, G = KAN, where N is the sub-
group of GG corresponding to the sum of the positive root spaces. Since the Weyl
group acts transitively on the sets of simple roots, there exists an element w € K
that normalizes A such that wA*(C)w* = (AH(C)) .

Let Up be a neighborhood of e in K such that Uy(wU, 'w™!) C U. Let O be the

neighborhood from Step 2 with respect to Uy and O; a neighborhood of ¢ in AN
such that ¢7*Oc C O for all ¢ € A*. Since w € K, wOw™! = O. Conjugating
(3.9) (with respect to Up) by w, we have for any b € wAT(C)w™,

Ob C K(AT)  (wUyw™).
For a € AT(C), a™' € wAT(C)w™"! and hence
(3.10) 0 '0; c Oa~t ¢ K(AY) N wlyw™).
By taking the inverse of (3.10),
(3.11) Or'a C (wUy 'w HATK.
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Since the product map K x AN — G is a diffeomorphism, UyO; ! is a neigh-
borhood of e in G. Therefore, there exists a neighborhood O, of e in G such that
k~1Osk C UpO;! for all k € K. Then by (3.11),

Oskiaky C kUgOp raky C kiUp(wUy ' HATK C kiUATK.

This finishes the proof of Step 3.

By the above three steps, we obtain a neighborhood O; of e in G such that for
all g = kyaky € KAT(CO)K,

019 C KaVK N KAY (kU) N (kU)AT K.
By the uniqueness the Cartan decomposition (Lemma 3.1),
KaVK N KA (kU) N (kyU)ATK = (kU)(aV M) (koU).

Hence, we have shown that for every neighborhood U of e in K and every neigh-
borhood V of e in A, there exists a neighborhood O; of e in G such that
(3.12) 019 C (kU)(aVM)(koU) for all g = kjaky € KAT(C)K.

Let Uy be a neighborhood of e in K such that kU, 'k~ C U for every k € K
and V{ a neighborhood of e in A such that wV; 'w™' C V, where w is the element
of K defined in Step 3. Let Oy be a neighborhood of e in G such that

Osg C (k1Up)(aVoM)(kUy)  for all g = kjaky € KAT(CO)K.
By taking the inverse, we have
gO; ' C (Uytky)(aVy *M)(Uy tky)  for all g = kyaky € KAY(O) K.
Conjugating by w, we get
g(wOw™) C (kU)(aVM)(kU)  for all g = kjaky € KAT(O)K.
Set O = O; N (wO; 'w™!) to finish the proof. O

4. CONTRACTIONS ON G/B

Let G be a connected noncompact semisimple Lie group with finite center, K
a maximal compact subgroup of G, and B a maximal connected split solvable
subgroup of GG. Let N be the unipotent radical of B. The normalizer P of N in
(G is the unique minimal parabolic subgroup of GG containing B.

Lemma 4.1. There exists a split Cartan subgroup A ofG with respect to K and
an ordering on the root system ® such that
e (= KATK.
e B=AN.
o N is the subgroup generated by all positive root subgroups of G with respect
to A.
e P = MAN, where M is the centralizer of A in K and M = K N P.
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Proof. Take any split Cartan subgroup Ay and a Weyl chamber A such that
the Cartan decomposition G = KAJ K holds. Set Py = MyAyNy, where M,
is the centralizer of Ay in K, and N, is the subgroup generated by all positive
root subgroups of GG with respect to Ag. Note that Fy is a minimal parabolic
subgroup of G (see [W, Sec. 1.2.3]). By the Iwasawa decomposition, G = K Fj.
Since all minimal parabolic subgroups are conjugate to each other ([loc.cit.]),
there exists k € K such that P = kPyk™!. Set A = kAgk™!, AT = kAJ k™, and
M = kMyk=!. Tt is clear that N = kNyk~!. Since AN is normal in P, it is the
unique maximal connected split solvable subgroup in P. Thus, B = AN. O

Let A be a split Cartan subgroup as in Lemma 4.1. Denote by M be the
centralizer of A in K and by N~ the subgroup generated by all negative root
subgroups of GG. One can check that the map

N~ xM — G/B:(n,m)— nmB

is a diffeomorphism onto its image. Moreover, it follows from the properties of
Bruhat decomposition that G/B — (N~ x M) is a finite union of closed subman-
ifolds of smaller dimensions. On the other hand, by the Iwasawa decomposition,
the map
K — G/B:kw— kB.

is a diffeomorphism. Thus, we have a map N~ x M — K. Since M normalizes
B, this map is right M-equivariant. Denote by S C K the submanifold which is
the image of N~ x {e} under this map.

Let v be the probability Haar measure on K and 7 the probability Haar measure
on M. Then v = o ® 7 for some finite smooth measure o on S (see [W, p. 73]),
ie.,

(4.2) / fdv— / / f(sm) do(s)dr(m), e C(K).
K MmJs
For C > 0, put
AN (C)={a€ A:a(loga) > C foralla € ®t}.
Lemma 4.3. Let ) be a Borel subset of K, s € S, m € M, and k € K. For
a€ A, re K, andU C K, define
Q(k,a,U)={1€Q:1kBe€a'r 'UB}.

(1) Let VIW C K be an open neighborhood of s where V.C S and W C M
are open subsets. Then for every e > 0, there exists C' > 0 such that

v(QNm PSWE™) — Quulk,a, VW) < e for all a € AT(C).

(2) Let U C K be a Borel subset such that s ¢ UM. Then for every e > 0,
there exists C' > 0 such that

V(Qsm(k,a,U)) <e foralla e AT(C).
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Proof. Note that Q,,(k,a,U) = m~1-(mQ)s(k,a,U). Hence, replacing 2 by mS2,
we may assume that m = e. Also, Q,(k,a,U) = (Qk)s(e,a,U) - k=1, Thus, we
may assume that k = e.

The proof is based on the observation that elements in the interior of AT
act on N~ B as contractions (cf. [Z, Proposition 8.2.5]). Denote by 7 the map
m: N~ — G/B:n— nB. Note that for a € A and V; C S,

(4.4) 7 Y a 'VyB) = a v (VyB)a.

Let D be a compact set in S such that (S — D) < /2.

Suppose that s € VIW. Let Wy C W be a compact set such that 7(WW — W) <
£/2. Then s™'VW is a neighborhood of Wy. By uniform continuity, there exists a
neighborhood Vj of e in S such that VoW, C s7'VW. For each a € AT, the map
N~ — N~ : 2 — a 'za expands any neighborhood of e at least by the factor of
Mingeqpt €169, Hence, there exists C' > 0 such that 7='(DB) C a~ ‘7' (VyB)a
for all @ € AT(C). Then by (4.4), DB C a 'VyB. It follows that DWyB C
a'VoW,B and

v(Qs(e,a, VIV)) > v(QN DWy) > v(QNSW) —v((S— D)M) — v(S(W — W)

>
>v(QNSW) —e.

This proves the first part of the lemma.

To prove the second part, we observe that there exists an open subset V' C S
such that s € V € K — UM. Since v(m~'SME™') = 1, it suffices to apply the
first part with W = M. 0

Lemma 4.5. Let W C M and Q) C K be Borel subsets. Then every k € K,
/ AQAmLSWE) dr(m) = v(Q)r(W).
M

Proof. Without loss of generality, & = e. Since M normalizes N~, we have
m~1Sm C S. Since v(K — SM) = 0, we may assume that Q C SM. Moreover, it
suffices to prove the lemma for 2 = Q4€2;,; with Borel sets Qg C S and Q,, C M.
By (4.2),

v(QNmSW) = o(Q5)7(Qar Nm W),
For Y C M, denote by yy the characteristic function of Y. We have

/]V[T(QM Nm™'W)dr(m) = /M/MXQM(Z)Xmlw(l) dr(1)dr(m)
_ /MXQM(Z) (/M Xwi-1(m) dT(m)) dr(l) = ()T (W).

Since v(2) = o(Qs)7(Qr), this proves the lemma. O
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5. VOLUME ESTIMATES

Let G be a connected noncompact semisimple Lie group with finite center
and G = KAYK a Cartan decomposition. Let dk denote the probability Haar
measure on K, dt the Lebesgue measure on the Lie algebra a of A, and da the
Haar measure on A derived from dt via the exponential map. We denote by m
the Haar measure on G which is normalized so that for any f € C.(G),

(5.1) /G Fdm = /K /A ) /K F(kraks)€(log a)dk, dadks,

where

(5.2) ()= [] sinh(a(t)™, tea,

and m,, is the dimension of the root subspace corresponding to «. In particular,
for any measurable subset D C A", we have

(5.3) Vol(KDK) :/ ¢(loga) da
D
Let || - || be a Euclidean norm on a, that is, for some basis vy, ..., v, of a,
|37, cvil|l = />, ¢ We assume that || - || is invariant under the Weyl group
action. For instance, || - || can be taken to be the norm induced from an invariant

Riemannian metric d on the symmetric space K\G, i.e.,
It]| = d(K, K exp(t)) fort e a.
For T'> 0 and t C a, set
tr={tet: |t <T}.

Let p = %Zae¢+ mgya. One can check that the maximum of p on a; is achieved

at a unique point contained in the interior of a™, which we call the barycenter of
+
a’.

We present a simple derivation of the asymptotics of the volume of Riemannian
balls in a symmetric space of noncompact type (see also [Kn, Theorem 6.2]).

Lemma 5.4. Let q be a convex cone in a* centered at the origin that contains
the barycenter of a™ in its interior. Then for some C' > 0 (independent of q),

where r = R-rank(G) = dlmA and 6 = max{2p(t) : t € a,}. In particular,

/6 dt~mo/§
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Proof. We have
1
/ E(t)dt = Sy / W) dt 4 “other terms”,
qr 2 qar

where the “other terms” are linear combinations of integrals of the form [ 0 e dt

such that 2p — XA = >~ ;1 nea for some n, > 0. In particular, 2p > X in the
interior of the Weyl chamber at. Since the maximum of2p in a; is achieved in
the interior of q,

max{2p(t) : t € g1} > max{A(t) : t € g1 =

Thus,
/ A dt < T Vol(qr) < 2 TT" = o(e’T)

qar
as T'— oo.It remains to show that for some C' > 0 independent of q,

(5.5) / PO dt ~op_ o, C - TT1/2eT

qar
Making a change variables and decomposing q; into slices parallel to the hyper-
plane {2p = 0}, we have

s
/ e gt =1" / TP qp =T / el () da,
qar q1 0
where ¢(x) = Vol,_1(q1 N {2p = z}).

First, we show that for some ¢; > 0 independent of g,
(5.6) D(x) ~pss- ¢1 - (6 — ) T7V/2,

We identify a with the set {(t1,---,t.) € R"} and denote by @ the positive
quadratic form on adefined by the norm. After a linear change of variables, we
may assume that 2p(t) = t, and

r—1

Qty,... t,) = Z a;(t; — Bit,)? + a,t?

i=1
for some «; > 0 and 3; € R. It is clear that the maximum of 2p(t) on the
setd; = {t: Q(t) < 1} is achieved when t; = 3it, fori =1,...,7—1 and o, t? = 1.
This implies that & = a, /2. Since for z close to 8, the set 97 N{2p = z} is defined
by the condition Q(t1,...,t,_1,2) < 1, we have

¢(z) = Vol,_; <{(t1, ceyteg) z_:ai(ti — Biw)* <1— &Tx2}>

=1
=c-(1— Oéer)(r—l)/Q = -(1— x2/52)(r71)/2
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for a constant ¢; > 0. This proves (5.6). Now by (5.6) and the L'Hopital’s rule,

B(x) def / &0 —u)du ~p_ o+ o+ 2rHD/2
0

for some ¢ > 0. Thus, by the Abelian theorem (see [Wi, Corollary la, p. 182]),

0 6 00
Tx dr = oT —Tx § — 2)dr = oT fTa:d
/o e “o(x)dr =e /o e Tp(d—x)dr =e /0 e B(x)

o €3 - T—THD/200T

for some c3 > 0. It is clear that c3 is independent of q. This proves (5.5) and the
proposition. O

For T'> 0 and R C G, define
(5.7) Rr={reR: d(K,Kr)<T}.
Since Gy = K ALK, combining the previous lemma and (5.3), we deduce
Corollary 5.8. For some C > 0,
Vol(Gp) ~poe C - TT=D/2T,
In particular, we have

Lemma 5.9. For some functions a(e) and b(e) such that a(e) — 1 and b(e) — 1
as € — 0T, we have

. VOI(GT,E) . VOI(GT+5)
< liminf 1<) YorMTye)
ae) < liminf s s imswp 0

For T C > 0 and R C A, define

(5.10) R(C) = {reR: a(logr) >C forallae ®"},
Rr(C) = RrNR(C).

< b(e).

Lemma 5.11. Let Q C A" be a convex cone centered at the origin that contains
the barycenter in its interior. Then for any fived C' > 0,

/ g(log CL) dCL ~NT oo / f(lOg CL) dCL.
Qr(0) Af

In particular,
Vol(KAFK) ~r_o VOI(KAL(C)K).

Proof. Tt suffices to prove the lemma when (@) is contained in the interior of A*.
Then there exists Ty > 0 such that Qr(C) D Qr — Q, for all sufficiently large
T > 0. Thus, the lemma follows from Lemma 5.4. l
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6. EQUIDISTRIBUTION OF SOLVABLE FLOWS

Let GG be a connected noncompact semisimple Lie group with finite center which
is realized as a closed subgroup of a Lie group L, A a lattice in L, and @) a closed
subgroup of GG that contains a maximal connected split solvable subgroup of G.
In this section we investigate the distribution of orbits of () in the homogeneous
space A\ L.

Let Ky be a maximal compact subgroup of G and A, a split Cartan subgroup
of G with respect to Ky. Then G = KyAj Ky for any positive Weyl chamber
Af in Ay. Denote by d an invariant Riemannian metric on K,\G. For g € G,
RcC @G, QC Ky, and T > 0, define

Rr(9,Q) ={r € R:d(Ky, Kogr) < T, r € g 'K AfQ}
and Rr(g) = Rr(g, Ko). Note that
RT(kog7 Q) - RT(gu Q) = gil(gR)T(a Q)

for any ko € K.

The main result in this section is Theorem 6.1 on equidistribution of the sets
Qr(g9,Q) as T — oo. Let u be the Haar measure on L such that u(A\L) =1, g
the probability Haar measure on Ky, and p a right invariant Haar measure on ).
Denote by G,, the product of all noncompact simple factors of G.

Theorem 6.1. Suppose that for y € A\L, the orbit yG,, is dense in A\L. Then
for g € G, any Borel subset Q C Ky with boundary of measure zero and f €
Ce(M\L),

1
fim ot [ foa ) dole) = w(9) [ fan
700 p(Q1(9)) Jorg.0) AL
The rest of this section is devoted to a proof of Theorem 6.1. We start by
stating a theorem of Shah ([S, Corollary 1.2]). Recall that a sequence {g;} C G
is called strongly divergent if for every projection 7w from G to its noncompact
factor, m(g;) — o0 as i — oc.

Theorem 6.2 (Shah). Suppose that for y € A\L, the orbit yG,, is dense in
A\L. Let {g;} C G be a strongly divergent sequence. Then for any f € C.(A\L)
and any Borel subset U in Ky with boundary of measure zero,

lim [ f(ykg;)dv(k) = IJO(U)/ fdpu.
oo Ju A\L

Remark 6.3. Although this theorem was stated in [S] only for the case U = Kj,
its proof works equally well when U is an open subset of Ky with boundary of
measure zero, and approximating Borel sets by open sets, one can check that
Theorem 6.2 holds in the above generality.
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Let K = g7'Kyg and B be a maximal connected split solvable subgroup of G.
By Lemma 4.1, there exists a a split Cartan subgroup A with an ordering on the
root system ® such that G = KATK and B = AN, where N is the subgroup
generated by all positive root subgroups of A in G. Let M be the centralizer of
Ain K.

Let m be the Haar measure on G such that (5.1) holds with respect toK, and
Af. Tt follows from the uniqueness of the Haar measure that for every g € G,
there exists ¢, > 0 such that

64 [ ram=c, [ [ fla ke dpinianh). £ € C.(G),
In particular,
(6.5) cgp(Br(g)) = Vol(Gr(g)) = Vol(Gr(e)).

We normalize p so that ¢, = 1. Let v be the probability Haar measure on K.
We use notations from Section 4. In particular, (4.2) holds.

Proposition 6.6. Suppose that for y € A\L, the orbit yG,, is dense in A\L. Let
U = VW be an open neighborhood of e in K where V is an open neighborhood of e
in S, and W is an open neighborhood of e in M such that o(0V') = 7(OW') = Oand
Q2 a Borel subset of Ky such that vy(02) = 0. Then for any f € C.(A\L),

1 / / 11
— fyb™ k") dp(b)dk — v(U)vo(MoS2) [ fdp
p(Br(9)) Ju JBrg0) o AL
as'T — oo.

Proof. Since both Ay and gAg~! are split Cartan subgroups with respect to Ky,
there exists kg € K such that Ay = kogAg'ky'. Hence, replacing g by kog, we
may assume that A = g1 Ag.

Let d be the Riemannian metric on K\G induced from the metric on Ky\G
by the map Kx — Kgz, and notations AL, AL(C), and AT(C) be defined as in
Section 5. For instance,

At ={a € A" : d(Kog, Koga) < T}.
Since KALK = g~'Gr(e)g, it follows from (5.3) and (6.5) that for every T > 0,
(6.7) p(Br(e)) = [ &(loga)da
AT

and by Lemma 5.11,
(6.8) / ¢(loga)da = o(p(Br(e))) asT — oo.
Ap—A1(C)

Since Br(g,) = Br(g, Mof?), we may assume without loss of generality that
My = Q.
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We have

UBr(g,Q) = ¢ 'KoAl;(e)QNUB = KA}(97'Qg)g ' NUB
= {kiakyg™' 1 k1 € K,a € A} ko € O, (a)},

where
Qp, (a) = {ky € g7'Qg : kog™'B € a 'k 'UB}.

By (5.1) and (6.4),

69 aof [ T () = / b Fr ) i)

—/ flygksta 'k Y) €(log a)dv(ks)dady (k)
kiakag— IEUBT(QQ

/ / / flygksta kY €(log a)dv (ko) dady (ky).
ki€K Jac AL J ko€, (a

Step 1: We claim that for every m € M,

(6.10) lim ——— ///ﬁ/gm flygk™ta ' (sm) ™) £(loga)dv(k)dado(s)

T—o00 p

=o(V) -v(g ' Qgnm ' SWk, 1) - fdu,
A\L

wherek, € K such that k,B = g~ 'B.
Let Q, = g7 ' Qg Nm~'SWk,'. One can check that v(9Q,,) = 0. To show the
claim, we first fix s € V and € > 0. Note that
Qumla) ={k € g7 'Qg: kk,B € a”'m ' (s7'V)WB}.

By Lemma 4.3(1), there exists C' > 0 such that

(6.11) / |f(ygk™'a " (sm) )| dv(k) <e forall a € AL(C).
Q*m._Qs*m.( )

and by Theorem 6.2 for any sufficiently large C > 0 and a € A7.(C), we have

<E.

(ygk™ ' (sm) ™) du(k) — () / f du

A\L
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Hence,

/ / Flygh~ 1 (sm) ") €(log a)dv(k)da
AT(C) J Qsm

—/ ¢(loga)da - v(Qyy, )/ fdu

A (O) A\L
/ / ygk’lafl(sm)’l)\ ¢(loga)dv(k)da
AT (C) S QU —Qom (a

o
)

< 25/ ¢(loga) da < 2e ¢(loga) da.
AH©) Af

<ygk—1a—1<sm>-1> dv(k) — () /

fdu‘ ¢(loga)da
A\L

Thus, by (6.7) and (6.8),

flygk™'a™ (sm)™") £(log a)dv (k) da

AL JQim(a)

—p(Br(e))r(Q) /

y fdu‘ < 2p(Br(e)) + o(p(Br(¢).

This shows that for every s € V,

Tlgr;op BT [4+/9m flygk™ta (sm) ™) (loga)dv(k)da

= v(Qm) ' fdp.

Therefore, (6.10) follows from the Lebesgue dominated convergence theorem.

Step 2: We claim that for every m € M,
(6.12)

lim ———— /SV/A+ /Sm(a (ygk~ta " (sm) ™) £(loga)dv(k)dado(s) = 0.

T—o0 p BT

Let s € S —V and € > 0. By Lemma 4.3(2), there exists C' > 0 such that

V(Qum(a)) < e forall a € AF(C).
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Hence, by (6.7),

1 ot ! oga)ar a
p(Br(e)) /Am /ﬂm(a)lﬂygk a”!(sm)™")|§(log a)dv (k)d

e - sup | f]
~ p(Br(e)) Jazo

Since € > 0 is arbitrary, it follows from (6.8) that for any s € S —V,

lim ———— / / flygk™'a " (sm)™1) €(log a)dv(k)da = 0.
T—o0 P BT A+ Qam(a)

¢(loga)da < e -sup]|f].

Hence, (6.12) follows from the Lebesgue dominated convergence theorem.

Since o(0V') = 0, combining (6.10) and (6.12), we deduce that for every m €

Y

M

lim L / / ) / Tk (m) ™) € logad () dado ()

T—o00 p BT

=o(V)-v(g ' QgnmSWk, 1) - fdp.
AL

Thus, by (4.2) the Lebesgue dominated convergence theorem, and Lemma 4.5,

lim —— / /A ) /Q gk ) ) Eloga)dvkydade ()

T—o00 p BT

=o(V)- /M v(g~' Qg nm ' \SWk, ") dr(m) - . fdu

=oWV)ulg )W) | Jdu=v@(@ [ i

Finally, the proposition follows from (6.5) and (6.9). O

Proof of Theorem 6.1. Let B be a maximal connected split solvable subgroup
of G contained in (). Since G = KB, we have ) = DB for D = K N Q. Then
(6.13) Qr(9,Q) = DBr(9,9Q)

and for suitable Haar measures pg and vp on B and D respectively.

(6.14) /f ) dplq //fdb dps(b)dvn(d), [ € Cu(Q).

Hence, Theorem 6.1 for ) follows from Theorem 6.1 for B and the Lebesgue
dominated convergence theorem. Thus, we may assume that () = B.
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Let € > 0. One can find a neighborhood U of e in K as in Proposition 6.6 and
functions f*, f~ € C.(A\L) such that

k™) < flx) < fH(xk™) forallz € A\L and k € U

and
[ =riduse
AL
Put
Fr(l) =~ [ p@h k) dp), ke K
P(BT(Q)) Br(9,9) 7
For any k € U,
1 11
(615) —ps / T ) < P
1 T 1741
_ bk dp(b).
ey ARACRLAC

Integrating over U C K, we obtain

1 —p—17—1 ) e
(6.16) W/U/BT@,Q)JC (yo= k) dp(b)dv(k) < v(U) - Fr(e)

p
1 —17.-1
Sp(BT(g))/L//BT(g,Q)f+(yb K7 dp(b)dv k).

Hence, by Proposition 6.6,

v(U)vy(MoS2) f~dp<v(U)- li%n inf Fr(e)

A\L —oe
<v(U) -limsup Fr(e) < v(U)vy(MS?) [T dp.
T—oo A\L
This shows that
vo(Mof2) - ( fdu— 6) < liminf Fr(e)
A\L T—o0

T—o00

< limsup Fr(e) < vo(Mof?) - (/ Jdu +5) )
AL

and the theorem follows. O

Since it follows from the result of N. Shah (see [S, Theorem 1.1]) and Ratner’s
topological rigidity [R2] that y@Q = yG,Q for every y € A\L, one may expect
that Theorem 6.1 holds under the condition y@Q = A\L as well.
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Lemma 6.17. Let L be a connected semisimple Lie group with finite center and
L = L.L, the decomposition of L into the product of compact and noncompact
factors. Suppose that for y € A\L, we have yG,, D yL, and yG,Q = A\L. Then
the conclusion of Theorem 6.1 holds.

Proof. Let B C () be a maximal connected split solvable subgroup of G. Then
Q = DB for D = KNQ. By Ratner’s theorem on orbit closures [R2], the set yG,,
is a homogeneous space yGy with a probability Gg-invariant measure o, where
Gy is a closed connected subgroup of L that contains L,. Applying Theorem 6.1
to the space yGy and the subgroup B, we deduce that

1

. —1 —
B /BT<g,m o) dpu®) = a0 [ s

for every f € C.(A\L), where pp is a right invariant Haar measure on B. Since
yG,Q = A\L, L,Q = L,D, and L,, C Gy, we have
(6.18) ML =yG,D = yGyD.

(Here we used that D is compact.) By (6.13), (6.14), and the Lebesgue dominated
convergence theorem,

1
lim ——— By do(q) = vo( M9 dji
ngop(QT(g)) /QT(gmf(yq ) dp(q) = vo(Mof2) A\Gf fi

for every f € C.(A\L), where the measure i is defined by

AL fdﬂ = A \/yGO f(Zdi )d,UO(Z)dVD(d), f c CC(A\L)

Since L, is a normal subgroup of L, it is clear that the measure fi is invariant
under L, D. This measure corresponds to a Radon measure i on L which is right
(L, D)-invariant and left Staby(y)-invariant. Namely,

alf) = /A\L S 109 | dile), fecun).

AeStaby (y)

We have a decomposition fi = [} fi, dw(x) for a Radon measure w on L., where
iz is a right L,-invariant measure on the leaf xL,, for w-a.e. x € L.. Since L,
commutes with x € L., fi, is left L,-invariant too. It follows that the measure
i is left L-invariant. Thus, it is left invariant under Staby(y)L, D Gy. Setting
E=GyNL.and F = DL, N L., we deduce that the measure w is left F-invariant
and right F-invariant. Note that EF'F is a closed subset of L., and it follows from
(6.18) that yL,EFF = A\L. Thus, by the Baire category theorem, the set EF
contains an open subset of L.. Since the group E x F' acts transitively on E'F,
this implies that E'F' is open in L.. Thus, L. = FF because L is connected. By
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[K, Theorem 8.32], w is a Haar measure on L.. This implies that /i is L-invariant,
and the lemma follows. 0

7. DISTRIBUTION OF LATTICE POINTS IN SECTORS AND THE BOUNDARY

In this section, we apply Theorem 6.1 in the case when A\L = I'\G in order
to deduce Theorems 1.1 and 1.2. We use notations from Theorem 1.2. In partic-
ular, A is a split Cartan subgroup with respect to K;, ¢ 'K g9 = Ky, M, is the
centralizer of A in K, and My = K> N Q.

To simplify notations, we make the following conventions in this section:

e For RC G and T > 0,
Rr={r e R:d(Ky, Kigr) <T}.
e For 7'C' >0, 2 C Ky, and Qs C Ky,

Np(1,Q) = #([TrNg tKIATQ N QL0Q),
NE(Q, Q) = #(Trng 'KIAT(C)0 N QLQ),

where AT (C) is defined as in (5.10).
e For 7'C' >0 and Q2 C K,

Qr(2) =QrN g 'K ATQ,
Q7(Q) = Qrng 'K AT (O)Q.

Let m denote the Haar measure on G such that (5.1) holds for K; and p the right
invariant Haar measure on () such that

(7.1) [rim={ [ rhgas@inm). e cic)
G K2 JQ
Lemma 7.2. For any C >0, Q; C K, and Qs C K,

(Np(Q1, Q) — NE(Q1,9)) = 0.

1;
TEEO m(GT)

Proof. Fix D > C' > 0 and € > 0. By Theorem 3.7, there exists a neighborhood
O of e in G such that

(7.3) O '¢g 'K AT (D)K, C g7 K, AT(O)K;.
In addition, we may choose O so that
IrNO 'O =1{e} and OGr C Gry. forall T > 0.
It follows from (7.3) that
O-T—-g 'K AT (C)K,)) C G — g 'K, AT (D)K.
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Thus,
NT(Ql, Qg) — Ng(Ql, Qg) S #{’7 c FT — g_1K1A+(C)K1}

1 1
(o) Oy | € —mm(Grie — g KA (D)
m((’))m 7U 8 _m((’))m( The — G (AT (D)K))
yelr—g— 1K1 A+ (C)Ky
1
= mm(Kl(A’}—_yg - A?-I—S(D))Kl) = 0(m(GT+€))
by (5.3) and Lemma 5.11. Now the lemma follows from Lemma 5.9. 0

The proof of the following lemma is similar and is left to the readers.

Lemma 7.4. For any C > 0 and Q2 C K,
(p(Qr(Q)) = p(QF(Q))) = 0.

Proof of Theorem 1.2. Without loss of generality, m(I'\G) = 1. It is easy
to check that v4(0(M1€)) = 12(0(2M3)) = 0. Thus, we may assume that
Ql = MIQI and QQ = QQMQ.

We need to show that

NT(Ql, Qg) ~T 500 l/l(Ql)l/Q(Qg)m(GT).

Fix any ¢ > 0 and C > 0. Let U be a neighborhood of e in K; with boundary of
measure zero such that v, (Qf — Q) < e, where

Qf = U uly and Q = ﬂ u .
uelU uclU
One can check that v;(9QF) = 0.

By the strong wavefront lemma (Theorem 3.7), there exists a symmetric neigh-
borhood O’ of e in G such that

(7.5) O'¢g'K\AT(C) Cc g ' KiAT™U and O'Gp C Gpy. forall T > 0.

Set O = My(O' N Q)M,. Note that O is a symmetric neighborhood of e in Q.
Using the fact that My, C g~ 1Kig, it is easy to check that (7.5) holds for O as
well. We may also assume that p(00) = 0.

Let f be the characteristic function of ;O C G. Since the decomposition
h = hg,hg for hg, € Ky and hg € @ is uniquely determined modulo M, and
MO = O, we have

li
TEEO m(GT)

f(h) = XQ2(hK2)X(’)(hQ)'
We also define a function on I'\G by

F(h) =Y f(yh).

vyel’
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Step 1: We claim that for any 7" > 0,
1

(7.6) N, 0) €~ /Q o PG 4000,
We have
. Y do(q) = 0, (Vi -1y 4
(7.7) /Q M(QDF(Q ) dp(q) /Q e (;X (7x2) X0 (Y04 )) p(q)
Y Q@) N 0.

'YGF:’YKQEQQ

It follows from (7.5) that

OQF () C Qr4+().
This implies that for every v € I' such that vg € Q%(Q1),

p(Qr=(Q7) N Oyq) = p(O).
Thus,

/Q o F ) 2 #17 €T3 €290 € QF()] -(0)

= N7 (1, 92)p(0).
This proves (7.6).

Step 2: We claim that for any 7" > 0,
1
(7.8) Ne(@0,0) 2 o [ Pl dpla)
e p(0) Q%__(Q7)
As in (7.7),
a9 [ Fahdl= Y pQF.()n 0
Q%_E(Q1 ) Y€l VK, €Qo

Since UQ; C Q4, we have by (7.5),
O71QF_.(27) C Qr().
Therefore, for v € I" such that ¢ ¢ Q7 (),
p(QF_.(27) N O7q) = 0.
By (7.9),

F(g ") dp(q) < #{v €T : 7k, € Q2,70 € Qr()} - p(O)

g_.@n)
= NT(91>Q2)P(O)-

T—e
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This proves (7.8).

Since the boundary of the set 2O has measure 0 (this can be checked using
(7.1)), the function f can be approximated by continuous functions with compact
support and Theorem 6.1 can be applied to the function F' (see Lemma 6.17):

1 —1 — =+ m
110)  Jim s /Q e, P o) = n(0) i LFd
= () / £ dm = 01 (0 )a()p(O).
G

Note that by (7.1), m(Gr) = p(Qr). Combining (7.8), Lemma 7.4, and (7.10),
we deduce that

Np($9,8) . . 1 /
Q

F(g~") dp(q)
T_(Q7)

lim inf > lim inf
(S I = (A P(e)

m(Gr—) - lim in 1 -
(1%“l£f m(Gr) ) R o)) /QT_EWF((" e
> a(e)v1(Q7)1a(Q) > ale) (1 () — €)ra(a),

where a(e) is defined in Lemma 5.9. Since ¢ > 0 is arbitrary, it follows from
Lemma 5.9 that 0 O
lim inf 7NT( L)
T—oo  m(Gr)
By Lemma 7.2, (7.6), and (7.10),

lim sup 7NT(QI’ ) = lim sup 7N$(Ql’ )
T—o0 m(GT) T—o0 m(GT)

1
<11msup7/ F(g Y dp(q
T—o0 m(GT) (O) Qr+:(Q) ( ) (>

(hm sup GTJFE)) - lim sup ; /
T—os0 Gr) T—o0o P(O)p(Qrye) Qr<(Qf)

b l/l(Q+)V2(QQ) < b( )( (Q )+€)V2(Qg)
where b(¢) is defined in Lemma 5.9. Thus, by Lemma 5.9,

> v (Q1)1a().

F(q") dp(q)

. NT(Qla QQ)
1 ————= <11 (2 Q
msup = e < vy () ra(),
and the theorem is proved. 0

Proof of Theorem 1.1. Note that (G is a connected semisimple center-free Lie
group with no compact factors, and K, and K, are maximal compact subgroups
of G. Since G acts transitively on X (see, for example, [H, Theorem 1V.3.3]), there
exists g € G such that y = zg. Then K, = ¢ 'K,g. The closed positive Weyl
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chamber W, at z is of the form A", where A" is a positive Weyl chamber in a
split Cartan subgroup A of G with respect to K. The stabilizer of b € X (00) in
G is a parabolic subgroup @ of G (see [GJT, Proposition I11.3.8]). In particular,
() contains a maximal connected split solvable subgroup of G. Let 7 : K, — 0G
be the map given by k +— bk~!. Then for O, C K, and Q, C bG,

#{y el : yy € W, NBr(x), byt € O}
=#{yeTNg 'K, AT N7 1 (Q)Q : d(K,, K.g7) < T}.

Note that m maps the probability Haar measure on K, to the measure my,,.
Using the fact that the map 7 is open, one can check that the set m=!(2y) has
boundary of measure zero if my,,(0€22) = 0. Hence, Theorem 1.1 follows from
Theorem 1.2. 0

8. DISTRIBUTION OF LATTICE POINTS IN BISECTORS

Let G be a connected semisimple Lie group with finite center and G = KATK
a Cartan decomposition of GG. To simplify notations, we fix ¢ € G and for
01, C K and T,C > 0, define

Gr = {heG:d(K,Kgh)<T},
Gr(1,Q) = ¢ ' QAT NGr,
NT(Ql,Qg) - #(Fﬂ GT(Ql,Qg)).

If we set At ={a€ AT :d(K,Ka) < T}, then Gp(Qy, Q) = g1 Q1 A7 Qs.

Let G be a closed subgroup of a Lie group L and A a lattice in L. Let m be
a Haar measure on G such that (5.1) holds and p the Haar measure on L such
that p(A\L) = 1.

Theorem 8.1. Suppose that for y € A\ L, the orbit yG,, is dense in A\ L, where
G, is the product of all noncompact simple factors of G. For any Borel subsets
0y, Qs C K with boundaries of measure zero and f € C.(A\L),

i 1
1m
T—co m(Gr)

/ Flyh=Y dm(h) = v(@)w() | fdu
GT(Ql,QQ) A\L

Proof. By (5.1),

I
;o\
:b\

S+
{o\
-
—~~
Ned

T

no

s

L
>
=
=
N}
S~—
i
—
o
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Since v(Q, ') = v(Qs), by Theorem 6.2, for every ¢ > 0, there exists C' > 0 such
that

(8.3) flykoa™ ki g) dhy —v(Q) [ fdp

Q;l A\L

<€

for all a € A%(C). Since m(Gr) = fA+ (loga) da, it follows from Lemma 5.11
that

(8.4) / ¢(loga) da = o(m(Gr)) as T — oo.
AT—AL(C)

Combining (8.3) and (8.4), we get

|| ke i) diséog o~ v() - [ cllogayda- [
A Jajt AL A\L

S/ f(ykaa™ ki g) dks — V(Q2)/ f dp| £(log a)da

AF©) |5 AL

+ 2sup | f]| ¢(loga)da < 6/ £(loga) da + o(m(Gr))
AY—AZ(C) AL(C)

<e-m(Gr)+o(m(Gr)) asT — oo.

This proves that for every k; € K,

lim

1
T—o00 m GT /A+ Q_ f(yk2a kl g) f(k)g a)deda = V(Qg) f du

AL

Now the statement follows from (8.2) and the Lebesgue dominated convergence
theorem. 0
Proof of Theorem 1.6. We need to show that

m(Gr)

NT(QlM, MQQ) ~NT 5600 V(QlM>V(MQQ) . m(F\G)

We may assume without loss of generality that QM = Q, My = s, and
m(I'\G) = 1. Since M contains all compact factors of G, we may assume that G
contains no compact factors.

Fix ¢ > 0 and C' > 0. There exists a neighborhood U of e in K with boundary
of measure zero such that v(Qf — Q) <¢e,i= 1,2, where

=JQu and Q7 =[)Qu"

uelU uelU
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Note that v(9QF) = 0, QU C Qf, and Q; U C Q;. By the strong wavefront

lemma (Theorem 3.7), there exists a neighborhood O of e in G such that
O AT (C)Qy C QFATOT,
(8.5) OO AT (O)Q; C QAT
O*'Gy C Gry. foral T >0.
Let
GS(Q1,Q) = g 'KAT(C)K N Gp(Q,Q),
NTC(Qh ) = #(I'nN Gg(Qh ).

It is not hard to show (see Lemmas 7.2 and 7.4 for a similar argument) that

(8.6) m(Gr(Q, ) — GZ(Q1,)) = o(m(Gr)),
(8.7) Np(Qq,€) — NTC(Ql, Q) = o(m(Gr))
as T — oo.

Let f € C.(G) be such that f > 0, supp(f) C O and [, f dm = 1. Define a
function on I'\G by
=> f(yh).

yel’
Clearly, fF\G Fdm = 1. We claim that
(8.8) N, 05) < / F(h™) dm(h)
Grye(OF.0F)
and
(8.9) No(@n, ) = [ F(h™) dm(h).
¢ (a7 .93)

First, we observe that

/ F(h~Y) dm(h) = 3 / £ dm(h).
Grie(Q,9F) ver Y Gree (2 057!

By (8.5),
O7'GF (2, Q) C Gre (O, 03).
Thus, for every v € T'N G%(Q4, ), we have O~ C G, (Qf, Q5 )y ! and

/ FY) dm(h) = 1.
Gr (O] 23 )y
This implies (8.8).

To prove (8.9), we use that

/G%amm;) o =2 / o f(R7T) dm(h).

~yel’
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By (8.5),
OGS__(97,95) C Gp(Qy, Q).
Therefore, for v € T' — G (21, €s), we have O NGS__(Q7,95)7 1 =0 and

/ F(h) dm(h) = 0.
GE_.(Q7 Q2)y!
This proves (8.9).

By (8.9), (8.6), and Theorem 8.1,

lim inf Nr(Sh, $) > liminf / F(h™) dm(h)
T—oo  m(Gr) T—o m(Gr) Jog_ (o7 05)

e .. 1
> (lim inf M) -lim inf ———— / F(h~1) dm(h)
GE_.(21.9)

T—co m(Gr) T—oo m(Gr-c)

> a(e)v(Q)v(y) = a(e)(v() — ) (v () — ),

where a(e) is defined in Lemma 5.9. Since ¢ > 0 is arbitrary, it follows from
Lemma 5.9 that
lim inf M
T—o0 m(GT)
The opposite inequality for limsup is proved similarly using (8.7), (8.8), and
Theorem 8.1. 0

Z V(Ql)V(QQ).

9. MEASURE-PRESERVING LATTICE ACTIONS

Let G be a connected semisimple Lie group with finite center and I'y, I'y lattices
inG. Let L=GxG, A=T;xTy, H=1{(9,9) : g € G}, and Q a closed
subgroup of H containing a maximal connected split solvable subgroup of H.
Fix an invariant Riemannian metric d on the symmetric space K\G, and for
T >0 and g € G, define

Qr(g) ={(¢,q) € Q : d(K, Kgq) <T}.
Corollary 9.1. Suppose that for y € A\L, the orbit y@Q is dense inA\L. Then
for any f € C.(A\L),
1
lim 7/ flya™) dp(q) =/ fdp,
T—o0 p(Q1(9)) Jor(9) AL

where p is a right Haar measure on Q), and i is the L-invariant probability mea-
sure on A\ L.

Proof. 1t suffices to check the conditions of Lemma 6.17. Namely, we need to
show that

(9.2) yH, D yL,,
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where H,, and L,, denote the product of all noncompact simple factors of H and
L respectively. We also denote by H. and L. the product of all compact simple
factors of H and L. By Ratner’s theorem on orbit closures [R2], yH,, = yH, for
some closed subgroup Hy of L containing H,. Then yHyH, = yH = A\L, and
it follows from the Baire category theorem (cf. proof of Lemma 6.17) that HyH.
is an open subset of L. Since HyH., is also closed, we conclude that L = HyH.,.
Now (9.2) follows from the Lemma 9.3 below. O

Lemma 9.3. Let S be a connected subgroup of L that contains H,,. Then S =
(SNL,)(SNL).

Proof. Let b, C s C | = [, ® [. be the corresponding Lie algebras. We have

decompositions
b, =EPh, and ,=EPL,

where h? and [/, are the simple ideals of b, and [, respectively such that b C [
Note that b is a maximal subalgebra of [!,. In particular, b, is its own normalizer
in 0.

It suffices to show that for every s = (3. s;) + s. € s with s; € [}, and s, € [,
we have s;, s, € 5. Clearly,

[ 5173] = [ ;;Si] Cs.

If [hY, s +bi # bi, then [bY), s;] + b, generates [/, and hence, I/ C 5. Otherwise,
s; normalizes h?, and it follows that s; € f)fl. In both cases, s; € s. Then

n’

Se=58— 5 € too. This proves the lemma. O

Theorem 1.9 can be deduced from Corollary 9.1, as it was explained in [GW]
or [O].
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