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ABSTRACT. Let I' be a Schottky semigroup in SL2(Z), and for ¢ € N, let I'(q) := {v €
I': v = e (mod ¢)} be its congruence subsemigroup of level gq. Let § denote the Hausdorff
dimension of the limit set of I'. We prove the following uniform congruence counting theorem
with respect to the family of Euclidean norm balls Br in M2(R) of radius R: for all positive
integer ¢ with no small prime factors,
25
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as R — oo for some cr > 0,C > 0,e > 0 which are independent of g. Our technique also
applies to give a similar counting result for the continued fractions semigroup of SL2(Z),
which arises in the study of Zaremba’s conjecture on continued fractions.

+ O(qCR2575)

1. INTRODUCTION

Let SL2(R) act on R U {oco} by Mébius transformations. We say that the collection of
elements ¢g1,...,g9x € SLa2(R), k& > 2, is a Schottky generating set if there exist mutually
disjoint compact intervals Iy, ..., I, Ji,...,J; in R such that g; maps the exterior of J; onto
the interior of I; for each 1 < ¢ < k.  We call a semigroup I' C SLg(R) Schottky if it
is generated by some Schottky generating set as a semigroup. By the ping-pong argument,
Schottky semigroups are necessarily discrete and free. Schottky semigroups are ubiquitous
in SLy(R); for instance, for any hyperbolic elements hi, hy € SLa(R) with no common fixed
points on R U {oc}, the pair k", hi* forms a Schottky generating set for all sufficiently large
m.
When I' is a semigroup in SLy(Z) and ¢ € N, the congruence subsemigroup of I' of level g
is defined by

I'(q) :={y €T :vy=emod g}

The main aim of this paper is to study a congruence lattice point counting problem for I'(g)
in a Schottky semigroup I' C SLy(Z) with a uniform power-savings error term. For R > 0,
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CAREER grant DMS-1254788 and DMS-1455705, an NSF FRG grant DMS-1463940, and Alfred P. Sloan
Research Fellowship, and a BSF grant. Magee was supported in part by NSF Grant DMS-1128155. Oh was
supported in part by NSF Grant DMS-1361673.

1



2

consider the ball of radius R with respect to the Frobenius norm:

b
BRt_{(CCL d)ESLQ(R):\/G2+b2+02+dQ<R}.

The following is a simplified version of our main theorem (see Theorem 11 for a more refined
version):

Theorem 1. IfI" is a Schottky semigroup of SLa(Z), there exist Qo € N, cr >0, C > 0 and
€ > 0 such that for all ¢ € N with (Qo,q) =1,

28
C e —
Y #SLy(Z/qZ)
where § > 0 is the Hausdorff dimension of the limit set of T.

#T(q) N B = +0 (¢“R¥)

The limit set of I' is the set of all accumulation points of an orbit I'.o in R U {oo}.
Remark

(1) When T is a Schottky subgroup of SLa(Z), the analogous result to Theorem 1 was
proved by Gamburd [12] for 6 > 5/6, by Bourgain-Gamburd-Sarnak [6] for 6 > 1/2
and by Oh-Winter [19] for any § > 0. The last two results are restricted to the
moduli condition of ¢ square-free. The counting result of Oh-Winter is deduced from
[17] based on the uniform exponential mixing of the geodesic flow for the congruence
covers of a Schottky surface, and hence does not apply to the semigroup counting.

(2) So the novelty of Theorem 1 lies in the treatment of a Schottky semigroup and the
uniformity of the power-savings error term for all moduli ¢ (with no small prime
factors). The extension to the arbitrary moduli ¢ case relies on the new technology
that appears in the Appendix by Bourgain, Kontorovich and Magee.

(3) We also remark that for fixed g, Theorem 1 follows from the work of Naud [18] in this
generality. We refer to [6] for more backgrounds on earlier related works.

Our methods also apply to a congruence family of semigroups related to continued fractions
and Diophantine approximation. Let A be a finite set of at least two positive integers. Define
Ga to be the subsemigroup of GLy(Z) generated by

01
ga-_<1 a>7 GG.A.

We define the continued fractions semigroup I' 4 as follows:
Fy:=64nN SLQ(Z),

in other words, I' 4 is a semigroup generated by {g.g. : a,a’ € A}. The continued fractions
semigroup I' 4 is not a Schottky semigroup; however the methods of proof of Theorem 1 apply
as well:

Theorem 2. Theorem 1 also holds for the continued fractions semigroup I 4.
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In order to explain the relation of I' 4 with continued fractions, we set
1

[al,...,al,...] =

ay +
! 1

as+
a+ .
for any sequence of a; € N.
Write
Ra:={[a1,...,ax] : k€ N,aq; € A foralli}
for the set of approximants to €4, and ® 4 for the set of denominators of reduced elements
of R 4, that is,

b
Dy:=1{d: p € M4 for some b coprime to d }.

For an integer A € N, we write D4 = Dy 9. 43. In [25], Zaremba made the following
conjecture, motivated by applications to numerical analysis.

Conjecture 3 (Zaremba). There is some absolute A € N such that D4 = N.

Observe that b

g:[al,...,,ak]

(0 1)(0 1) (0 1)_(* b)
1 a 1 as 1 ag * d ’
This yields the relation

Da= {<7(07 1)t7 (07 1)t> Y E gA}

where (-,-) denotes the standard inner product on R?, thus enters the semi-group G in the
study of continued fractions.

Bourgain and Kontorovich [8, Theorem 1.2] proved that Zaremba’s conjecture is true after
replacing N by a density one subset. That is, there is some A such that

(1.1) #@[A]ﬂ{17...,N}:N+O(N).

Furthermore, they showed that the o(N) term can be taken to be O(N!~¢/loglogNy for
suitable ¢ > 0 (this relies on the Appendix) and A = 50 will suffice. The size of A has since
been improved to A = 5 by Huang [13], following previous innovations by Frolenkov and Kan
[11] on the necessary d.4.

Theorem 2 provides the precise missing ingredient in Bourgain and Kontorovich’s work
[8], to replacing the o(/N) bound for the size of the exceptional set in (1.1) with a power
savings error O(N'7¢). Indeed, combining Bourgain and Kontorovich’s method from [8],
Huang’s refinement, and with the counting estimate of Theorem 2 and its technical form
Theorem 11 in place of [8, Theorem 8.1], one can derive the following improvement of (1.1):
for A =1{1,2,3,4,5} and for some € > 0,

(1.2) #9,4n{1,...,N} =N +O(N'™).

if and only if



The key point is that the uniform lattice point count enables us to replace the parameter
Q = No/leglog N i [8] and [13] with a power of N.

We remark that a short alternative argument for (1.2) was recently proposed by Bourgain
in [2]. His argument deviates from the approach of [8] and hence does not require orbital
counting estimates.

We draw the reader’s attention to the survey article [3] where other applications to con-
tinued fractions are discussed. The reader can also see the survey of Kontorovich [14] that
situates Zaremba’s conjecture amongst other problems in the ‘thin (semi)groups’ setting.
Overview of the proofs of Theorems 1 and 2:

The basic strategy is to regard our Schottky semigroup setup as an expanding map and to
apply transfer operator techniques. Necessary spectral bounds are then deduced by synthe-
sizing work of Bourgain-Varji, Bourgain-Gamburd-Sarnak, Dolgopyat, and Naud. For now
we focus on the arguments for Theorem 1; those for Theorem 2 are similar.

We consider the map T': I := Ulefi — R defined by

(1.3) T|5,=(9:)~"

and the distortion function 7 : I — R given by 7(z) = log |T"(x)|, which is eventually positive
in our setting. The transfer operator L, is defined for all s € C by

Ls(f)(w) =D e "W f(y)

Ty=x

as a bounded linear operator on C1(I). Lalley’s renewal equation [15] provides a link between
the counting problem for I' and spectral bounds for £,. Such spectral bounds were obtained
by Naud [18], who provided a C*-operator norm estimate on £ valid on a strip |R(s) —d| < €
and so deduced! the case ¢ = 1 of Theorem 1.

To provide a counting result that is uniformly accurate over congruence semigroups we must
actually deal with the congruence transfer operators. More precisely, let ¢, : I — SLao(Z/qZ)
be the cocycle given by

cqlr; = g: mod g,
and define the congruence transfer operator

LsglF)(x) = Y e Tegly)-F(y)

Ty=x

on the space of Cle-valued functions for T, := SLa(Z/qZ). The composition c,(y).F(y) is the
result of applying c,(y) € I'y to the vector F(y) € Cle by the right regular representation of
I',. It is also useful throughout the paper to think of F' as a function on I x CYs. We fix the
standard Hermitian form on C'¢ that comes from the identification of I’y with the standard
basis of qu and defining (g1, g2) = dg, 4,- The space C'v © 1 is defined to be the space of
functions that are orthogonal to constants with respect to the fixed Hermitian form. The
vector space Cl'e © 1 inherits a Hermitian form from that of Cl'e. It is with respect to this
form that we define the Banach spaces C(I; Cls © 1) that play a central role in this paper.

INaud uses Ruelle zeta function techniques as in [22], in contrast to our use of the renewal equation.
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The following is the main technical result:

Theorem 4 (Bounds for congruence transfer operators). Write s = a+ib. There is Qp € N
such that for any n > 0, there are e = €(n) > 0, bp > 0,0 < p, <1, Cy, >0,0< pg <1,
r >0 and C > 0 such that the following holds for all a € R with |a — 6] < € and b € R:

(1) When |b] < by and f € C*(I;C' o 1)
1£5 fllor < CaC gl fllen

when (q,Qo) = 1. Here C'e 1 is the orthogonal complement to the constant functions
in the right reqular representation of I'y.
(2) When |b| > by
1
I£5llor < Cylbl™ 0

uniformly with respect to q € N.

The transfer operators have two parameters s, the Laplace transform-dual /frequency ver-
sion of the counting parameter, and ¢, the modular parameter. Since inverting the Laplace
transform that was taken involves an infinite vertical contour, one must obtain spectral bounds
that are uniform in s with R(s) within some fixed small window of §. The bounds should also
be uniform with respect to the currently considered family of moduli g. These bounds rely on
two different inputs that both involve deep ideas.

To address large imaginary part of s considerations, we will use the method of Dolgopyat
from [10], and its further development by Naud from [18]. We follow Naud’s analysis from
[18] up to the point of departure from Naud’s work in Lemma 29 where we extend [18, Lemma
5.10] to vector valued functions. Here, an important point that prevents the cocycle ¢, from
interfering with the non-stationary phase is that it is locally constant. We mention that
this observation was first due to [19] where they consider the congruence transfer operator
associated to the Markov partition given by the geodesic flow.

For bounded (s) and varying ¢ we follow the work of Bourgain, Gamburd and Sarnak
from [6] and the work of Bourgain, Kontorovich and Magee in the Appendix, which allows
us to relate the norm [|LY [[c1 to the expander result on the Cayley graphs of the I'; with
respect to a fixed generating set of g;’s. The main reason behind our successful treatment
of arbitrary moduli ¢ case is the work of Bourgain-Varju establishing the expander result for
SLo(Z/qZ) for arbitrary ¢, as explained in the Appendix.

1.1. Acknowledgements. We would like to thank Peter Sarnak for his encouragement and
support throughout this project. We thank Jean Bourgain, Alex Kontorovich and Curt Mc-
Mullen for helpful comments on an earlier version of this paper.

2. DYNAMICS AND THERMODYNAMICS ON THE BOUNDARY

2.1. The dynamical system 7. We construct a dynamical system 7" : I — R on a disjoint
union of intervals I that plays a central role in the counting estimates of our main Theorems
1 and 2, and set up the notations and the assumptions which will be used throughout the
paper.

I: Schottky semigroup case:



Let g1, -, g (K > 2) be the Schottky generating set in SLy(Z). We let {I;, J; : i =

1,...,k'} be the intervals such that g; maps the exterior of .J; onto the interior of I; as in the
definition of the Schottky generators. Set gp/1s = gg_1 and Iy p = Jpfor 1 <0 <FK.
For any 0 < ¢ < K/, let T be the semigroup generated by g1, -, gk/, Gk'+1, " " * » Gh'-te; We

will call I" a Schottky semigroup. This is slightly more general than the definition we gave
in the Introduction, and the main reason of this extension is to include Schottky groups in
our discussion of Schottky semigroups. Note that when ¢ = k’, T" coincides with the Schottky
subgroup generated by g1, , gi-

Set p = k' + ¢. We now define a map B: I — R U {0} for I:= Ulefi by the piecewise
Mobius action

(2.1) Bl; =g "

Since g;(o0) € I;, the image of B contains cc.
The cylinders of length n are by definition the sets of the form

(2.2) L, nB™YI,)Nn---n B~ (I )
where each 1 <i; < p. Let I be the union of the cylinders of length 2 and define
T:I1—-R

to be the restriction of B to I. Note that g;(c0) ¢ I and hence the image of T does not
contain co; it is for this reason that we replaced I with I. Finally, we say that a sequence
i1 iz Gis» - - - of the Schottky generators is admissible if no g;; is followed by its inverse. This
means all the words obtained by concatenating consecutive subsequences are reduced. We
now let k denote the number of cylinders of length 2.

IT: Continued fraction semigroup case: Let A be a finite subset of N with at least two
elements. For a € A, set

01
Ja = ( 1 a ) .

Let T be the continued fractions semigroup I' 4 generated by ¢.g./, a,a’ € A. Since a,a’ > 1,
it follows that the trace of any element of I' is strictly bigger than 2 and hence every element
of I' is hyperbolic.

Note that the g, acts as Mobius transformations on R U {co} by

1
z4+a

9a(z) =

Let A denote the largest member of A and consider the interval I4 := [%ﬂ’ 1}.
For a € A, let I, := gol 4, which can be computed to be

;o[ 1 [
“la+1la+(A+1)1 a+1a|’

The I, are clearly disjoint as A > 1. It follows that g¢,’s generate a free semigroup by the
ping-pong argument. We also record for later use that the derivative of the M&bius action
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has
/
(2.3) 9a(2)

for all z € 4. We now set

“Tegap = (a+(1+A)H2<1+0+4)h?

Ia,a’ = gaga’IA Cl,
obtaining a disjoint collection of #.4%2 number of closed intervals. Rename these intervals 1o
and corresponding elements g,g/, as I;’s and g;’s respectively.
Define
T:T—R, T|.=(g) "
Note that g9, C Iyq, in other words, g;/ C I; for each 1 < 7 < #A2. Again, we let
k = #.A? denote the number of intervals obtained.

Set-up: In the rest of this paper, let I' be a Schottky semigroup or the continued fractions
semigroup, with the associated locally analytic map

T:I1=UI; - R given by T‘]i - gi_l

constructed above.
It follows easily from the construction that we have the

Markov property: If T'(I;) N I; # 0 then T'(1;) D I;.

Proposition 5. The map T is eventually expanding, that is, there are D > 0,~v > 1 such that
for all N > 1 and x € T-N*TY(I)

(TY) ()| = D14,
wherever the derivative exists® in T-NT1(I).

Proof. For the Schottky semigroup case, this can be proved exactly as in the proof of |1,
Proposition 15.4]. For the continued fraction case it follows from (2.3) and the chain rule that
for any z € I,

T'()| = (1+(1+A4)7H >1

and hence the claim follows. g
We also must introduce the following distortion function on I.

Definition 6 (Distortion function). The distortion function 7 : I — R is defined by

7(x) = log |T" ()]

This definition is very natural for our purposes. For certain technical calculations, however,
it is easier to work with a slightly different version. We consider the Cayley map J from the
upper half plane to the unit disc sending ¢ to the center 0 of the disc. We can therefore think
of T as acting on the the subset J(I) of the unit circle. This gives an alternative distortion
function.

2The derivative may have poles.
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Definition 7 (Distortion function II). The distortion function 7 : I — R is defined by

7(z) =log|(JoT o J 1 (Jx)|.

The two distortion functions mentioned here are cohomologous (that is, there is a function
h = —log(J') such that 7(x) = 7(x) + h(z) — h(T(z))), so are equivalent for many purposes.
Sometimes it is convenient to work with one, sometimes the other.
Since T is real analytic, and it is easy to see that T” is never zero on I, it follows that 7 is
real analytic on I. The iterated version
N-1
™N(z) = Z 7(T'z)
i=0
measures the distortion along a trajectory of T It follows from the eventually expanding
property of T' that there is an Ny such that for all N > Ny, 7 > 0 on the cylinders of length
N, that is, 7 is eventually positive. Since T is cohomologous to 7 we conclude that 7 is also
eventually positive.
Let dr denote Euclidean distance in the upper half plane, and fix the basepoint o = i € H.
The following Lemma links the lattice point count with the dynamical system we have defined.

Lemma 8. There exist C,r > 0 and k < 1 such that if ko is a point in I then for L € N and
admissible sequence of g;;

(2.4) di(9i...Gi, 05 Gir..9ip ko) < OKE.

If in the general Schottky semigroup case, we also require that ko ¢ I;, where i = iy +
k" mod 2K'.

Proof. The inequality (2.4) follows from the fact that Mobius transformations preserve (gen-
eralized) circles orthogonal to the boundary of H, together with the eventually expanding
property of 7. O

We denote by K the limit set of I, i.e., the set of all accumulation points in O(H) = RU{co}
of the orbit I'.o. It follows from Lemma 8 that the limit set K is also given by the T-invariant
set

Py .
K =T
i=1
In order to perform counting in congruence classes, we need to twist our dynamical system
by a family of locally constant maps. Let I'y = SLo(Z/qZ).
Definition 9 (Modular cocycle). For every modulus g € N, define ¢, : I — I’y by
Cqlr;= 9i  mod q.

This quantity will appear again naturally in Section 3 when we perform the lattice point
count.
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2.2. Thermodynamics. For a T-invariant probability measure p on K, let h,(T") denote the
measure-theoretic entropy of T with respect to p. Let M(K)T denote the set of all T-invariant
probability measures on K.

The pressure functional is defined on f € L(K) by

Pf)y= sw (m(0)- [ san).

HEM(K)T
It follows from the variational principle that P(—s7) is strictly decreasing in a real parameter
s and has a unique positive zero denoted by sg. Moreover it is known that in the current
setting sg = &, where § is the Hausdorff dimension of K.

Let L(K) denote the Banach space of Lipschitz functions on K. For any real valued
f € L(K), the transfer operator L on L(K) is given by

(2.5) L£iG)) = 3 e WaG(),

Ty=x

The basic spectral theory of transfer operators is given by the Ruelle-Perron-Frobenius The-
orem. We state this following Naud [18], the result can also be found in [20].

Theorem 10 (Ruelle-Perron-Frobenius). (1) There is a unique probability measure vy on
K such that L3(vy) = PPy,
(2) The mazimal eigenvalue of Ly is e ) which belongs to a unique positive eigenfunction
hf € L(K) with I/f(hf) =1.
(3) The remainder of the spectrum of L¢ is contained in a disc of radius strictly less than
eP ).

Our functional analysis takes place for the most part on the Banach space C!(I) with the
norm

(2.6) Iflleray = 1 flloo + 11f lloos

or closely related spaces of vector valued functions. As in [18] we need to note that Theorem
10 extends reasonably to L; acting on CY(I) given f € CY(I). In particular £ ¢ acting on
C(I) has the same spectral properties relative to a positive eigenfunction hy € C'(I) such
that Lrhy = eP(f)hf. We also view vy as a measure on I with support in K.

We will write simply L£; = L£_4 in the sequel.

3. COUNTING

3.1. From the lattice point count to the boundary dynamics. We now show how one
can adapt the work of Lalley [15] to get counting estimates in our setting. Let I'; = SLo(Z/qZ).
We convert questions about the lattice point count in congruence classes into questions about
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the RYe valued function

N;(a,70,¢) = > G(1700)p(mq(7))-
~vyel'U{e} :d(o,7v00)—d(0,700)<a
where
e (G is a non negative function on HUR with the property that there exist an integer M
and neighborhood Jjs of the length M cylinders in I such that G is locally constant
on Jys. We write g for the restriction of G to R.
e pc Rl | mq : I' = I'y is reduction mod ¢ and p is the right regular representation of
ry,.
e 0 =1 € H is our fixed origin and vy € I' Uid.
While this might seem mysterious, we explain as follows.
Firstly, and most importantly, the Main Theorem 1 stated in our Introduction is directly
analogous to certain estimates for Ny (a,id, ¢) for suitable test .
The distance d vs the matrix norm ||7||. One has the identity

171> = 2 cosh(d(i, vi)).

With this in hand and our choice o = i of basepoint, the condition d(i,vvoi) — d(i,70i) < a

becomes
1770l

Il

<R,

where R = /2 cosh(a) = /2. 3

The parameter 5. Our Main Theorem 1 of the Introduction is obtained by setting
o = id. However, even to obtain this simplified version, consideration of general ~q is necessary
in order to set up the forthcoming recursion over the tree-like I'. This recursive formula leads
to the renewal equation.

The function G. This function allows one to perform sector estimates by only counting
lattice points that fall close to a prescribed part of the boundary 0(H) of hyperbolic space.

Modular twisting. Let us now explain the modular twisting in the simple case that
G := 1. Recall that we are supposed to be counting in a given congruence class £ € I';. One
can decompose the characteristic function of the singleton set & according to its constant
coefficient and a part orthogonal to constants, and look at N(a, o, ) with ¢ set in turn to
these different components. Since the estimate is additive one can estimate the corresponding
quantities separately. The key calculation is that

N;(a,id, 1¢) = > p(mg(7))-1¢ = > Lemy(3)
~vyelU{e} :d(o,70)<a ~vyel'U{e} :d(o,70)<a

ol

Bl < R corresponds to an inequality

3More precisely the condition
(3.1)

d(i, yy0i)—d(i,v01) < 2log R+log(1+e 240) {]og (1 + \/1

1

_ _ 1 1 —2d(i,v01) o) —2a .
R* cosh? d(i, ’ym’)) a-tlog(lte J+0(e™)

The difference is only important insofar as it changes the leading constant in our main theorem.
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so one obtains the congruence lattice point count from reading off a coordinate of the vector
valued Ny (a,id,1¢).
Remark. Whenever we sum over semigroup elements we have the implied constraint that
any concatenation in the summation condition be admissible; we will use the notation Y_* to
emphasize this. For example, we will write
*
> Gywo) = > G(7700).
Il < g Il <
ol ol
y=¢ mod ¢ v=¢ mod ¢
~vvo admissible
The most general lattice point count that the upcoming estimates for N (a, o, ¢) will allow
us to obtain is the following.

Theorem 11 (Main Theorem, elaborated). There exist Qo € N, C > 0 and € > 0 such that
for all vo € T, £ € SLa(Z/qZ) and q with (Qo,q) =1,
z*: G(7y00) = B2 ¢ onin) + 0 (16 Glr]'[lo)g” R
700) = T (70, Glr) + O (([Glloe + [GIR)]lo0)g :
q

Il < g
ol

v=£ mod ¢q

Here G is any function in C1(H U R) which is locally constant on some neighborhood of the
cylinders of length M in I for some M > 0. The constant Ci(yo, G|r) > 0 is related to C
from (3.17) but modified in light of (3.1). The implied constant depends on M.

We now show how to relate the quantities Ny and the dynamics on the boundary. As

before, write d for Euclidean distance in the upper half plane. Let I'™ denote those v € T’
which can be written as a reduced word in at least n generators. If v = g;, i, - - . gi,, is written
in reduced form then we define the shift

o: T 1D 5(4) =gi, ... i

We use the convention that T®) = T'U {e} and o(g;) = e for all 1 < i < k. Throughout the
rest of this section we always assume semigroup elements are written in their reduced form.
Define for vy € T’

7(7) = d(0,70) — d(o, (07)0).

and define for n > N and v € r®)
™M) =Y 7(0?y) = d(o,v0) — d(o, (¥ 7)o).

We can now recast N * as

(a7, ¢ Z > GOo)p(rg(rip ) - e1{rl () < a}.

n=0~y€elc™y="9



12

One obtains by this elementary argument a recursive formula called the renewal equation:
(3.2) Ni(a,70,9) = > Ni(a—7(7),7 lplmg(v10))e]) + Glr00)¢l{a > 0}.
Y:07="0

We will now ‘push to the boundary’, replacing quantities with boundary counterparts under
the following Dictionary.

Inside H (lattice point count) The boundary 0(H)

o T
Ta 7(z) (see Definition 7)
! (@) = Xilo' (1)
G 9=Glr
p The cocycle ¢, (see Definition 9)

p(mq(v 1)) ey () := cg(TN ' a)eg (TN 1) ... cq(Tx)cy()

Ny (a,70, ) Nyla,z,0) = 3070 2y rny—r 9W)p(cg (¥)) {7 (y) < a}.

These new quantities play a central role in the remainder of the paper, in place of their old
counterparts. We take this opportunity to outline the rest of this section.

e We would like to understand the quantity N, (a,v0,%). It’s not clear how to do this
directly, so we compare it to Ny(a,voko, ). Unfortunately that comparison is only
valid when ~p is a “large” group element (see Lemmas 12 and 13), but we can arrrange
that by repeated application of the finite renewal equation (see (3.2)) so we obtain
Lemma 14.

e Next we relate Ngy(a,vko, ) to the transfer operators. This is done by means of the
boundary renewal equation (3.8) and a Laplace transform: we obtain (3.10).

e Spectral bounds for transfer operators (see Theorem 4) together with equation (3.10)
and the Laplace inversion formula give us good control on Ny(a,vko, ¢): see Proposi-
tion 17.

e Finally we use control of Ny(a,vko,¢) to gain control of Ny (a, 0, ®)-

We will now put this outline into practice.
Assume that 79 # 1 (the case 79 = 1 follows from this consideration?). In the Schottky

setup, we say that kg € I; is admissible for ~ if

(3.3) Y0 = Gir - - Giy
is reduced and iy # ¢+ k' mod 2k’ . We fix such an admissible kg € K now - if in the
continued fractions setup this can be chosen arbitrarily in K.

Lemma 12. There is k < 1 such that when
(3.4) Y =G50 Gjntn
is a reduced word in T', and vy is also reduced/admissible then

mM(v0) = T (vv0ko) + O(xM).

4By applying the renewal equation (3.2), the quantity Ny (a,1,¢) is converted to a constant plus a finite
sum of quantities of the form N; (e,~0,®) where 7o # 1.
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Proof. Let C and & be the constants from Lemma 8. Then

(3.5) de(y700, Y0ko) < Cr™ .

We also have

T (gjogjigjz v oG e gjn+N70) = - log |g;‘o (gjlng .. 'gjn+N700)’+O(dE(gj1gj2 -+ 95, n700, R))
the derivative here is for the action of I' on the unit disc model obtained via J; a similar
estimate is given in [15, pg. 41]. Note that the error term can be measured either in the unit

disc model or the upper half plane model, as the two are bi-Lipschitz near K. It follows then
that

N—
T 9jo 951 G - - Ginyn0) = =108 |95 (911942 - - Gjuy nV00)| + O(K" T,
Since there is some uniform bound for the derivative of log|g;| close to the part of I where g;
is an inverse branch of 7', this together with (3.5) implies
(950951952 - - - GinsnV0) = — 108 | (951 9js - - - Gy V0KO) | + O(&"FN ),
By iterating for n steps and summing the geometric series it follows that
N
72950951952 - - Ginen10) = —108 (950951952 - - Gins) (G - -~ Gy YV0k0) | + O(57)
or what is the same,
(3.6) 7 (v10) = " (v0ko) + O(k"),

proving the Lemma.
O

Lemma 13. Suppose ¢ is non negative. There are Ny, kK < 1 and C depending on G such
that if N > Ny and

Y1 =9r1---9rn70
is an admissible concatenation (hence ko is admissible for -y, ) then

Nq(a - CK’Nv ’ylkO) QD) S N;(a7 71, (p) S Nq(a + CK’Nv VlkO) 90)
The inequalities are understood between functions on Rla.

Proof. We will use the fact that the map vy — yy1ko on admissible concatenations inter-
twines the shift ¢ and the map 7. One has

(3.7) o)=Y Y Glmo)lm())el i (m) < a)

n=07Y=9iy---Gin

and

Ny(a, ko, Z Z g(ynko)p(mg(7)) {7 (y11ko) < a}.

n=07=9iy---Gin
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These can now be compared term by term. If N is large enough, depending on G, then
G(y710) = g(y71ko) for all terms as all the yy;0 will lie in the neighborhood Jy; where G is
locally constant. On the other hand, we have from Lemma 12 that

W' (yn) < a} < Hr"(vniko) < a+ Ok}
for some C. Also, in the other direction,
7" (yy1ko) < a— Ok} < {7l (ym) < a}.
Given that ¢ and hence p(my(7))p are positive functions, inserting these inequalities into (3.7)

gives the result after suitably choosing Np. O

Following Lalley [15, pg. 22] we iterate the finite renewal equation (3.2) to obtain

Ni(a,v0,9) = Y Ni(a—72(7),7 plmg(v10Hle)
Yo" Y=0

n—1
+3 Y Gyo)plmg(vyg Hlel{a — 7 (y) > 0} + G(y00)¢1{a > 0}.

m=1y:0"y=0

We want to increase n so we note that the second line is bounded by (recall & is the number

of intervals)
n—1

Y KIGsllell < Gl

m=0

We will eventually set

n = |ca
for small enough ¢. This gives
Ni(av0,90) = > Npla—7'(0),7 plra (115 Dle) + O(|Glloo oM ).
7" Y=0
We can now use Lemma 13 to get:

Lemma 14. Up to an error of O(||G|so|0||e8®)e®), Ny (a, 0, ) is sandwiched between

> Nyla—7(v) = C&" vko, plrg (35 )]e)
Yo y="0
and
> Nyla—7(3) + Cr"™ vko, plrg (75 ]e)-
Yo" Y=70
This sandwiching allows us to convert questions about Ny, and hence our main Theorem,
to questions about N,;. We leave the relation for now since going any further in the comparison
requires results from later in the paper. Hopefully by now we have motivated the study of IV,
and the dynamical system of Section 2.1.
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3.2. The renewal equation: boundary version. The quantity IV, also satisfies a version
of the renewal equation: we first describe a simple version without any congruence aspect.
Let g € C1(I) as before.

We define

Z > 9WH"(y) < a},

n=0y:Try=x
where 1{7"(y) < a} is the characteristic function of {7"(y) < a}. Only finitely many of the
n give a contribution to the sum, since 7 is eventually positive. The renewal equation states

(3.8) N(a,z)= 3 N(a—7(y),y)+g(x)1{a > 0}.

y:Ty=x

This is related to the transfer operator £_g; by taking a Laplace transform in the a variable.

If one defines -

n(s,z) = / e~*N(a, z)da

— 00

then (3.8) is transformed into

n(s,z) = [Lan(s, ))(z) + 12,

S

where L;[f] is the transfer operator defined in Section 2.2. The former equation can be recast
to

sn(s,e) = (1—Ly) g
We now adapt our formulae to take account of the congruence aspect. The congruence
version of the renewal equation at level ¢ concerns the quantity

o) =3 S golcle)e1{~" () < a} € CT

n=0y:T"y=x
from before. This congruence renewal equation reads
Nyla,z,0) = > pleg(y))Nola — 7(y), y,9) + g(z)1{0 < a}.
y:Ty=x
Consider the congruence transfer operator L, on Cl-valued functions defined as follows:
(3.9) Log[Fl(@) = e "Wey(y).F(y).
Ty=x

where ¢, is the modular cocycle given in Definition 9. Then parallel arguments to before give
for

o0
ng(s,x,p) = / e *"Ny(a,z,p)da

—0o0

the formula

(3.10) sng(s,2,9) = [(1 = Lsg) g @ ¢](2)
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where g ® ¢ is the vector valued function taking x — g(z)e.

3.3. Spectral theory of transfer operators. Recall that we work with the Banach space
C'(I) with norm as in (2.6) and the similar Banach spaces C'(I; C'¢) of C'e-valued functions.
In Theorem 4 we summarized the spectral properties of L, that we prove in this paper, and
that will be used to estimate equation (3.10). The proof of Theorem 4 is deferred to Sections
4 and 5. We now continue with our counting estimates using Theorem 4 as a given.

3.4. Continuing the count. Notice that N, and hence n, are linear in ¢. We split into two
cases as we can write

p=po+¢
where ¢ is constant and ¢’ is orthogonal to constants. The analysis of Ngy(a,z, o) boils
down to that of N(a,x), which is in principle understood without any of the results of this
paper. We take up the analysis in the case that

¢ e Cligl,

that is, orthogonal to constants. Assume this is the case from now on.
One obtains from (3.10) and Theorem 4 that for any n > 0

Cq®(1—po) g ® ¢l if |b] < bo
Cylb™(1 = py) g @ @llcn if [b] > bo

with the same quantifiers and constants as in Theorem 4. Consolidating constants, for any
n > 0 there is C' = C'(n) such that

(3.12) 15| [Ing(s, 8, &)1 < C"max(q%, [b]'17)[|g @ ¢l

whenever |a — 0| < € for some sufficiently small e.
We also note that given the bounds in Theorem 4, it follows that the correspondence

s (1—Lsg) g@ ¢

(3.11) [[lIng(s, e, ¢)ller < {

gives a holomorphic family of C!' functions in the region |a — §| < ¢ for fixed g and ¢/,
hence ny(s, z, ¢’) is holomorphic for s in this region. This is essential for the contour shifting
argument to follow. Now we follow technical work of Bourgain, Gamburd and Sarnak [6, pp.
25-26] to extract information about Ny(a,z,¢’).
Following [6, equation (9.4)], let k be a smooth nonnegative function on R such that [k =1,
support(k) C [1,1] and®
Ih(€)] < Bexp(—[¢]'/2) for some B,

where
k(&) = / e~k (t)dt.
R
Then let for small A > 0
kx(t) = A E(EATY),

5The assumption that k has stretched exponential decay is overly strong here: it would be sufficient for
example that k be uniformly bounded and in L* of any vertical line in C with real part sufficiently close to 4.
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this has the effect that
(3.13) FA(€) = KA, [kA(€)] < Bexp(—|X¢['/?).

Consider the smoothed quantity of interest

oo

R g5, 7, ¢ i (s)ds.
—o0 27mi Jses+iR

by inverting the Laplace transform and interchanging the order of integration. From (3.12),

ng is well enough behaved that this is possible. For technical reasons let € = min(d/2,¢€/2).

We can shift the contour to R(s) = § — €’ to get that the above is the same as

1

Tm s€d—e'+iR
1 / . ~
= —e20=) / eny (6 — € +i0, 2,0 )kx (6 — € +i6)df
2 0cR
where s = 0 — € +46. Putting in the bound (3.11) for n, together with (3.13) gives the new
bound

e¥ny(s, z, ¢ Vkx(s)ds

BC

!
76(1(6—6’) ”g Q (pIHCl qC / ‘5 _ ¢ + ie‘—le—|>\(6—e’+i9)|1/2d9
2m 16]<bo

+/ 16 — € +if]L|g| e MO gg
|0]>bo

a(5—¢e 4qu 1
g ¢l (T + ")

for some new absolute constants C’,C”. Putting this together (choosing n = 1 is enough)
gives

BC'
<
- 27

Lemma 15. There is Qo > 0 provided by Theorem J and positive constants €', C, ki, ko
such that for q with (Qo,q) =1 and any g € C(I), ¢’ € C'e & 1 we have

A
I /A A Ny(a +t,2,¢)dt]| < e*C~ g @ ¢llen (r1g” + ral Al 72)

where the norm on the left hand side is the one in Cla.

We now describe Ny (a, z, po) with ¢ a constant function. In this case the counting reduces
to the non congruence setting. The following is a straightforward adaptation of [6, Proposition
10.2] to our setting. This effectivizes work of Lalley [15], using the work of Naud [18] as input
to get a power saving error term. Let 1 be the constant function in C'« taking on the value
1.

Lemma 16. There exists €' > 0 such that for any q, g € C*(I) we have

A
| BN @+t 1)t = Cla, )L+ Ol cr Ty~ 2),
-2
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where

C(z,9) = (%) h_sr ().

is a C' function of x and the error is estimated in C' norm, and v, h are the measures and
functions we defined in Theorem 10.

We remark that the |I'y|||g]|ct in the error term above comes from ||g® ¢o||cr. We can now
put these Lemmas together to get

Proposition 17. There exists Qo > 0 provided by Theorem 4 such that when (Qo,q) = 1,
the following holds. There is € > 0 such that for any non negative p € RV'a ¢ Cla,

C(x,9)e’(p, 1)1 —€)a
@ PLLL | 6 (=900 gllca o)
Ty

where (-,-) is the standard inner product.

Nq(a7x790) =

Proof. Decompose ¢ as

—_

1)1
o (,1)
Tyl

/

+ .

Then Lemmas 15 and 16 give that
C(z,9)e’ (0, 1)1

A
| BON o+t gyt =
N Tl

+e790 (lgllenlloll (k19 + r2A ™2+ A77))

by using that

lg@¢@'ller < 1€ llgllen
and replacing €, ¢’ with a new small enough e. Now taking A = e
term is

—a¢/6 e have that the error

"0 gl e ll)-
Since ¢ is non negative, Ny(a,z, ) is increasing in a and hence

A
Nyla— N z,9) < / Ex(t)Ng(a+t,z,)dt < Ny(a+ A, z, )

-2
which is enough to get the result given the exponentially shrinking A, by replacing e with
some smaller value. O
With the precise asymptotics of Proposition 17 at hand, we return to estimating Ny (a,70,¥)-

Using Lemma 14 along with Proposition 17 gives

eéa

N;(aa70790) - (1 + O((SCFL”)) ’F |
q

(. 1)1 Y Clyko,g)e ™
Yo y="0

+0<q0H9101H¢H€(5‘6)“ > 6_(6_€)Tg(7)>+O(HGHOOHQOHe(lng)Ca)'

Yo Y=0
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Given that n = |ca] for some small ¢ yet to be chosen, the k™ term will not be significant.
We do however have to describe the terms

> Clyko,g)e™ ™)

Yo" Y=70

3 o),

Yo" Y=70
The latter can be bounded using Lemma 12 with N = 0 to give 77*(y) = 7" (vko) + O(1) and
hence

(3.14) Y OO« N 9T W = 27 o 1] (oko)-
Yo" Y="0 kT k=~oko

and

We know that L£_(5_), is bounded by exp(P(—(d — €)7)) by the Ruelle-Perron-Frobenius
theorem. We now therefore require n < m so that

(L7 (5_6)1](10ko) < exp(nP(—(0 — €)7)) < exp(ac/2).
To describe the main term

66(1

(3.15) I

(e, 1)1 > Clyko,g)e ™),
Yo Y="0

we require the following result of Lalley (cf. [15, Theorem 4]). It says that there is a version
of the maximal eigenfunction h_g, on I', as opposed to K.

Lemma 18. Fix kg € K. There exist a unique positive function h, : I' — R and 0 > 1 so
that if v € T(™

he(v) = h—sr(vko) + O(07").
Also, for ally €T,
(3.16) h(y)= > e (),
Y'io(y)=y

Now recall the definition of C(-, g) from Lemma 16. If we define the corresponding function
on I' according to the pairing of h, with h_s;,

(3.17) Ci(v,9) = <m> ha(7),

we get from Lemma 18 that

Ci(7,9) = Clvko, g) + O(||gllc1607™)
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when v € T(™). This means that the main term contribution (3.15) to Ny (a0, ¢) is

66 n _ i
( Y G 1 0(lgleo™ Y e 5*(”)>

Tl Yo" y="0 Yo y="0

eéa
Il
by using (3.16) and a calculation similar to that in (3.14) to give
Z e 0 « (L™ 51](y0ko) < 1.
Yo" Y=0
We now let n = [ca| with

= min 0—c ¢
‘= dloghk’ 2P(—(6 — o)1) )~

Then the result of the preceding discussion is that

65(1 .
i 1C-G0) DL+ 0 (el + 1Gl)a®e)

for some € = €'(k,0, ¢, A) . When p(y) = 1{y = £} we have that
(1) =1
and hence evaluating N, (a,70, 1{y = £}) gives

Ci(70,9)(p, DL+ 00" |l gllcn)

Ny (a;70,0) =

* da
e —Na
> G(00) = [ Cl00:9) + O (lgller +[1G o))
~€T :d(0,7y00)—d(0,700)<a
mq(v)=¢

This proves our Main Theorem 11, given Theorem 4.

4. BOUNDS FOR TRANSFER OPERATORS: LARGE IMAGINARY PART

In this section we will prove Part 2 of Theorem 4.

4.1. Non local integrability. Recall from Section 2 the set I, K, the map T : I — R,
the cocycles ¢, and I'. We need to introduce symbolic dynamics. We write A for the k x k
matrix with (7,j) entry equal to 1 if T'(I;) D I; and 0 otherwise. Such a matrix A is called
the transition matriz. We say that a sequence (i;) with entries in 1,...,k is admissible if
T(i;) D ij41 for all j in the index set of the sequence. When T'(/;) D Ij we define T, ! on I;
to be the unique locally defined branch of 7! that maps I j to I;.

Let X% (resp. ¥) be the space of positively (resp. negatively) indexed admissible sequences
on {1,...,k}. We define for £ € ¥, the function

o0

(4.1) A¢(u,v) = ) 1(T,

E—i 0...0 nglu) —7(T o
i=0

£,0---0 nglv)
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on I; x I such that T'(I¢,) D I;. It follows from the expanding property of T' that A is ct
where it is defined. Naud (following others) defines a temporal distance function

(42) 905777(“> ’U) = Af(ua U) - An(uv U)

which is defined for each £, € ¥ and u,v € I;

Definition 19 (Non local integrability (NLI)). An eventually positive function 7 has property
(NLI) if there are jo € {1,...,k}, &,n € ¥, with T'(Ig)) N T(1,,) D I, and ug,vg € K NI,

such that

0
gi’n (uo,vo) # 0.

Proposition 20. The distortion functions T and T have the non local integrability property.

Proof. In the two cases of Schottky semigroups and the continued fractions semigroups we are
considering, we always have two hyperbolic elements h; := g, 1,hj = gj_1 (with ¢4, g; from
the generating set) satisfying (1): T'[;, = h; and T'|;, = hy, (2) the h; and h; have distinct
repelling (resp. attractive) fixed points on R U {oo} and (3) the semigroup generated by h;
and h; consists of hyperbolic elements. Given such elements, Naud’s argument in [18, Proof
of Lemma 4.4] shows the non local integrability properties of 7(x) = log |T"(z)| and 7(x) . O

4.2. Beginning Dolgopyat’s argument. One novelty of this paper is the following version
of [18, Theorem 2.3] that is uniform in the congruence aspect.

Proposition 21. There is by > 0 such that part 2 of Theorem 4 holds. That is, for any
n >0, there 1s 0 < p, < 1 such that

1
1€ ler < (6103
when |b] > by and g € N, as in Theorem 4.

We now show how to relate this Proposition to the construction of certain Dolgopyat
operators. Recall the Ruelle-Perron-Frobenius Theorem (Theorem 10) and its notation. Let
hq be the normalized positive eigenfunction of £_,; corresponding to the maximal eigenvalue
exp(P(—ar)). We set

To = —aT — P(—at) — log(hq o T') + log(hy).
We now renormalize our transfer operators by defining
Lsq:= L, _ibrq-
This is the same as
(4.3) Lsg = exp(—P(—aT))M};lﬁ&tha

where M}, is multiplication by h,. It now follows by arguments as in Naud [18, pg. 132] that
it is enough to prove Proposition 21 and Theorem 4 with L, in place of Ls,. We also note
here that the maximal eigenfunction of L, is the constant function, with eigenvalue 1, that is
L,1=1foracR.
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The rest of the passage to the estimates in the next section is routine but we give some of
the details for completeness. One shows that in order to prove Proposition 21 it is enough to
prove

Lemma 22. With the same conditions as Theorem 4, there are N > 0 and p € (0,1) such
that when |a — 8| is sufficiently small and |b| is sufficiently large we have

[ W dn <,

where W € CY(I;C"4), dvg = h_s,v_s, is the Gibbs measure on K, and [Wllw) <1, which
stands for the warped Sobolev norm

Wl = W oo + [B]HIW[|oo-
These estimates are uniform in q.

This corresponds to [19, Theorem 3.1] in the work of Oh and Winter and is the uniform
version of [18, Proposition 5.3].

Lemma 22 implies Proposition 21 by the use of a priori estimates for the transfer operators
that allow one to convert an L? estimate into a C! bound. These estimates are given in [18,
Lemma 5.2] for complex valued functions. They are however easily proved for vector valued
functions giving

Lemma 23. There are k1, k2, a9,bg > 0 and R < 1 such that for |a — 6| < ag and |b| > by we
have for all f € C1(I;Cl9)

(4.4) N Voo < Fa UL Flloo + RPVE2L loon
and
(4.5) 1L2, Flloo < /K Fldvo + 2R F1l ).

Lemma 23 together with Lemma 22 imply Proposition 21 by arguments appearing in [18,
pp. 133-134]. Roughly speaking the ingredients are Cauchy-Schwarz to access Lemma 22,
remarks regarding the behaviour of 7./ for a close to § that appear elsewhere in this paper,
and splitting up exponents in the form m = nN + r.

The proof of Lemma 22 proceeds through the construction of certain Dolgopyat operators
that we give in the next section.

4.3. Construction of uniform Dolgopyat operators. We follow the notation of Naud
[18]. For A > 0 we consider the cone

Ca:={HcC'I):H>0and |H ()] < AH(z) forallz € I}.

In this section we establish a uniform version of the key Lemma of Naud [18, Lemma 5.4].
This is also analogous to [19, Theorem 3.3].
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Lemma 24 (Construction of uniform Dolgopyat operators). Suppose 7 has the (NLI) prop-
erty. There exists N >0, A>1 and p € (0,1) such that for all s = a + ib with |a — 0| small
and |b| > by large, there exists a finite set of operators (N)jee, that are bounded on C*(I)
and satisfy the following three conditions

(1) The cone C4pp is stable by N for all J € &,.
2) For all H € Cuyp and all J € &,
[o]

/ N H|2dyy < p/ |H|?dup.
K K

(3) Given H € Cup and f € C'(I; CU4) such that |f| < H and |f'| < A|b|H, there is
J € & with
IL3gfI S NJH,  and [(Lf)'| < AN H.

When we write | f| for f € C*(I; CY¢) we refer to the function obtained by taking pointwise
Euclidean ({?) norms. We now show that the existence of these operators implies Lemma 22.

Proof that Lemma 24 implies Lemma 22. Given this construction (Lemma 24), Lemma 22 is
proved following the argument of [19, pg. 21] or one in [18, pg. 135]. Indeed given non zero
f e CH(I;Ce) with || f]ls) <1 (cf. Lemma 22 for the definition of [|[|()), we define

H = [|flle1-

One sees that H and f are as in Lemma 24, that is, H € Capp), | f| < H, and |f'| < A[b|H as
A > 1. One gets then by part 3 of Lemma 24 that

Logf| SNTH,  |(L3 )| < AN H

for some J € &. Since Cqpp is stable under the N/ one can repeat this to get for some
sequence Jq,...,J, € & that

/K |LN f12dyy < /K ININ N H|Pdy < p”/K |H|?dvy < p"

by using part 2 of Lemma 24. O

The first two properties of Lemma 24 were proved by Naud in [18]; we follow closely Naud’s
construction of the operators in the following.

4.4. Consequences of non local integrability (NLI). Naud notes the following conse-
quence of (NLI) that we will use later.

Lemma 25 (Proposition 5.5 of [18]). If 7 has property (NLI), there are m,m’, Ny > 0 such
that for all N > Ny, there are two branches ofY, b of T=N with
N_ N __N

m > di[T oal — 7 oaév](u) >m>0, VYuel.
u
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We remark here that the lower bound is the harder one. The upper bound follows from the
expanding property of T and regularity of 7.

Now suppose we deal with 7 with property (NLI). Let &, n, ug, vo and jo be as in Definition
19.

Throughout the rest of this paper, the assignments N — a{v and N — aév are fized as those
given by Lemma 25.

We do however need to know some of the details about how the o¥ have been constructed,
which we give now.

As in the proof of [18, Proposition 5.5] there are € > 0 and an open interval ¢ with

Iy DU > ug
such that
0
' gi’n(u’,vo) > €

for all v’ € U. We define for any n

-1 -1 —1 —1
5?:T£7n+1 o...oT ", and By =T, .,0...0T,"

two branches of 77" on I;,. In the proof of [18, Proposition 5.5], Naud also constructs
vl —-U

which is a branch of T7? for some p a fixed positive integer related to the mixing and ex-
panding properties of 7. The image of v is a disjoint union of k closed intervals each of
which is diffeomorphic to some I; by 1. We denote by Uy the image of ¢. We will use the
parameterization

N = N +p.
Then the o are defined by

o =B oy
As pis fixed, N and N are coupled. They are to be chosen, depending on b and other demands
in the following.

4.5. Construction of Dolgopyat operators. The following is proved by Naud [18, Propo-
sition 5.6].

Proposition 26 (Triadic partition). There are Ay, A} > 0 and Az > 0 such that when € > 0
is small enough, there is a finite collection (Vi)1<i<q of closed intervals ordered along Uy such
that:
(1) U D UL, V; D Us, VinIntUy # O for all i and IntV; N IntV; = O when i # j.
(2) For all1 <i< @, eA] <|Vi| <€A
(3) For alll < j < Q with V; N K # 0, either V.1 NK # 0 and V11 N K # 0 or
VicaNK #0 and V,oiNK #0 or Vi NK # 0 and Vipa N K # 0 . In other words,
intervals that intersect K come at least in triads.

(4) Forall1 <i<Q withViNnK #0, ViNnK C Uy and dist(0V;, K) > As|Vi|.
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Now following Naud we can construct the Dolgopyat operators. Suppose that we are
working at frequency s = a + ib. Then for fixed ¢ to be chosen, we construct a triadic
partition (VZ)?:1 of Uy with € = €/|b| as in Proposition 26. Then for all i € {1,2} and
je{l,...,Q} we set

; N
zi = BN (v; n U).
We will write
Xj={zel:yY)eV;}, 1<;5<Q.
Properties 4 and 2 of Proposition 26 imply that
AgAllel
LI

(4.6) dist(K N V;,0V;) > Ag|V;| >

whenever K NV; # 0. For such j we can find a C! cutoff x; on I that is = 1 on the convex
hull of K NV} and = 0 outside V;. Due to (4.6) we can ensure that

14

Az = A3(Ag, A)).
Then the index set Z; is defined to be

Lo={(i,j) : 1<i<2,1<j<Q,V;NK # 0}
Allow 0 < @ < 1 to be fixed shortly. For all J C Z, we define x; € C*(I) by

1—0x;((TNz)), ifze Z for (i,5) € J.
xJ(x) =
1, else.

Then the Dolgopyat operators on C'(I) are defined by
NI(f) = L3 (xa f)-

Recall that L, is the transfer operator at s = a.
Let us return to our Lemma 24 so that we can complete our definitions.

Definition 27. We say that J C I, is dense if for all 1 < j < @ with V; N K # 0 there is
some 1 < j' < @Q with (i,5") € J for some i € {1,2} and with [j — j'| < 2.

We define & of Lemma 24 to be the set of J C Z, such that J is dense.
The following is proved in [18] - we have tried to contain everything that we use as a black
box here.

Proposition 28 (Naud). There are constants ag, by, A, Ny such that for each sufficiently
small € there is Oy(€') and p(¢') such that when N > Ny, 0 < 6y(¢'), la — | < ap and
|b| > by, Properties 1 and 2 of Lemma 24 hold for our (N,|b|,0,€") parameterized and Es-
indexed Dolgopyat operators with respect to this p.

Furthermore, there is positive Cqy such that when |a — 6| < ag we have for arbitrary N

(4.7) (75" 0 o) ()] < G,

a



26

and when N > Ny, b > by we have

(4.8) (7N + ibrN] o M) (2)] < =
This was a factor in how A was chosen.

The proof of the inequalities above are discussed in [18, pg. 137].
This fully completes the definition of the Dolgopyat operators modulo choice of €, 0 and N -
the A and p required for Lemma 24 are that specified by Proposition 28 given these parameters.

4.6. Proof of Lemma 24, property 3. Our remaining task in this section is to prove
property 3 of Lemma 24. This is proved for complex valued functions by Naud in [18, pp.
140-144]. Naud makes some use of taking quotients of values of functions that we will have
to work around.

We give the details now. Recall that €, 6 are still undetermined. The following technical
Lemma is the vector valued version of [18, Lemma 5.10]. Recall that ¢, : I — U(Cl9) is

our twisting unitary valued map at level q. We will need to consider the quantity céV (aZN x),

defined as in the Dictionary of page 12, where aN , 1 = 1,2, are the two particular branches
of T~ that are given by Lemma 25. We record the key fact here that since ¢, is locally
constant, so too is cflv for any N.

Lemma 29 (Key technical fact towards non-stationary phase). Let H € Cpp|, f € CH(I;C)
such that |f| < H and |f'| < Alb|H. Fori=1,2, define for 6 a small real parameter and for
any g,

0,(@) i [F TN e (o) ] < z) + el IO (0 o) f(odf @)
' (1 29)679( H(ay'z) + ed (03 w)H(OQ x) ’

o) o 1T (0 0) o) + eSO o) )
' eTéV("‘iV”U)H(a{Vx) +(1- 20)675(0‘5\[‘”)}[(&5/@

Then for N large enough, one can choose 6 and €' small enough such that for j with X;NK # 0,
there are j' with |j — j'| <2, X; N K # 0 and i € {1,2} such that

(4.9) Oi(x) <1 forallx € Xj.

Before giving the proof we must state a simple Lemma from [18]. The proof goes through
easily in our vector valued setting. This is also covered in [19, Lemma 3.29].

Lemma 30 (Lemma 5.11 of [18]). Let Z C I be an interval with |Z| < c/[b|. Let H € Cypp
and f € CY(I;CYa) with |f| < H and |f'| < A|b|H. Then for ¢ small enough, we have either
3

—H(u) forallueZ, or

) <

1f ()] > imu) foralluc 7.

We also need the following piece of trigonometry from [18, Lemma 5.12].
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Lemma 31 (Sharp triangle inequality). Let V' be a finite dimensional complex vector space
with Hermitian inner product (e, e). For non zero vectors zi,zo with |z1|/|ze| < L and

(4.10) R(z1,22) < (1= n)lz1llzl,
there is 0 = §(L,n) such that
|Zl + 2’2’ < (1 - 5)‘21| + |2’2’.

We remark that while Lemma 31 is elementary, the fact that there is no dependence on the
dimension of V is one of the crucial points in our arguments.

Proof of Lemma 29. Choose ¢’ small enough so that Lemma 30 holds for all Z = ij: (with
¢ =¢). As in [18] by choosing N large enough it is possible to assume |ZJZ] < |V;| for all j, 1.
We also enforce # < 1/8 so that 1 — 260 > 3/4.

Now let Vj, Vji1, Vjyo all have non empty intersection with K. One of the j,j + 1,5 + 2
will be the j” of the Lemma. Set Xj = X; UXj11UXj 9 and assume as in Naud that Xj is
contained in one connected component of I; note that X j is connected.

Following from our choice of 0, if there is j' € {j,j + 1,7 + 2} and ¢ € {1,2} with |f(u)| <
3H(u) whenu € Z;, then ©;(u) < 1on Z;, and we are done. So we can assume | f(u)| > 3 H (u)
for some u in each Z;,. Hence by Lemma 30, for all 7, 5 we have

1 i
(4.11) |f(u)| > ZH(U) >0, Yue Zj,.
We make the definition

zi(x) := exp ([Tév + ibTN](asz)) cév(afvx)f(afvx), Zi: )?j —Cle, i=1,2.

The result follows from Lemma 31 after establishing bounds on the relative size and angle of
21, z2 uniformly in appropriate Xj.

Control of relative size. Firstly we wish to control the relative size of z1,29. This is
done by Naud and his estimates go through directly in our case, after making all substitutions
of the form
z1() |21(2)|
2@ @)
and bearing in mind that céV is a unitary valued function. This caters to our inability to
divide non zero vectors. The output of Naud’s argument in [18, pp. 141-142] is that given
7 € {4, i+ 1,5+ 2}, either |z(z)] < M|z (z)| for all z € Xjr or |zp(x)| < M|z (x)| for all
x € X, where

M = 4exp(2NB,) exp(2A€' Ay)
and
By = alltlle + [P(=a7)] + 2] log hall o
is a locally bounded function that arises in the estimation of 72V (cf. [18, pg. 139]). Returning

to the overall argument, this means that we are done when we can establish (4.10) with some
n uniformly on some X.
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Control of relative angle. The key argument here is to very carefully control the angles
between the functions z; and z9. One sets

_ (#1(2), 22(2))
) = @)
which is the same as

®(x) = exp(ib(m" (a7'z) — 7" () 7))

(cg (az) f(al @), e} (af ) f(ad @)
|f (' z)||f ()|
Define

N/, N f(aNx) ' .
(o' )\fa Yo reX;, i=12

Then the u; are C! as f is non vanishing through (4.11). We have

(cév.f)oozfvz |foo¢£v\.ui,

ui(r) = ¢

so that, differentiating on both sides and using (cév ) =

(cg 00).(foal) =|foa]|ui+|f o0y u]
As u; has constant length 1 it follows that u; and ) are orthogonal (in R?Tl). Therefore
[f ooV P = (If o o) +|f o o |ui*.

It now follows that

1f 0 ol (@)|

Jui ()] < Flala)

We estimate the right hand side by a direct calculation using the chain rule with the expanding
property of 7" and our assumptions on H from (4.11) and the hypotheses of Lemma 29. Indeed,
Naud performs a similar calculation [18, pg. 142] which yields

D
(4.12) ()] < 84D

Note that we can rewrite the central quantity ® as

(4.13) () = exp(ib(t" (a7 ) — 7 () 2))) (us (@), ua(2)).
We can use (4.12) and Cauchy-Schwarz to get

(4.14) ‘CZCWLW)

D
= ’(u'l,u2> + <u1,u'2>{ < 16A|b|7—N.
Note that we have the diameter bound

(4.15) diam(X;) < 3A1m|\( oo
so that using (4.14) we have

[(ur(21), uz(z1)) — (u1(z2), uo(22))| < 3-16 - AAl!(wl)'Hooﬁ’j?V
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for any x1, 20 € X j;: note here that the cocycles cév (aZN x) are constant on X j. We now enforce

€ < 1/10 and N large enough so that

D

48-AA1||(¢—1)’\|007—N <1.

Let us cut off one branch of reasoning. Suppose that there is zg € X j with

|(u1(20), u2(z0))| < 1/10.

Then for all z € X j we have
[(u (@), ua(2))| < 1/5.
It would follow that |R®(z)| < 1/5 for all z € )?j and the Lemma would be proved by our

argument with trigonometry.
Therefore we can now assume

[(u1(z), uz(z))| > 1/10
for all z € X j- Then the new function

L n(@).u()
V) = @), waa@y] < ©

is C' on X ;j of constant length 1 and by an argument we have made before

D
L2/ 29016 - Alb|—,
(@), uz(2)) b w

using (4.14). We can write

U(z) = exp(ig(x))
for some C! real valued ¢ : )?j — R. Then (4.16) reads

(4.17) ¢ (z)] < 160A|b|5v.

As we assume ® # 0 on X j» we can find a C ! function that we will denote
arg @ : )?j — St =R/27Z, ®(x)=exp(iarg®(x))-|®(x)|.

Now define ~
F(z) = (N (ay'z) — 7V (ay'2)), =€ X

The critical output of the (NLI) property for 7, Lemma 25, tells us that

(4.18) 0<m<|F'(z)] <m/
when we choose N > Ny, which we do. As
arg® = bF + ¢

we now have, incorporating (4.18) and (4.17)

D D
|b](m — 10 - 16A7—N) < |(arg ®)’| < |b|(m’ + 10 - 16A7—N).
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We fix, finally, N large enough so that we gain Cy > C; > 0 (depending only on N, m, m/,
A, D, and ~) with

BlC < |(arg )| < [b]C.

Now by estimating diameters of X; 1 and )A(j from Proposition 26 together with the mean
value theorem, the total cumulative change of argument of ® between z; € X; and xj42 €
Xjy2, written A, is between

Cse < A < Cyé
where
Cs = LA inf |(v™1)] >0, Cy = Co3A1[[(47) ||oo-
0

We now enforce € < w/(2C}) so that we no longer need to worry about arg ® winding around
the circle. We are about to conclude. Now € is fixed. By our trigonometric strategy, we are

done with
036/ 2
0=6 | M, | —
( ’<100>>

unless there exist x; € X; and xj12 € X 49 with
Csé
100

In this case, by the Schwarz inequality we know

|D(zp)| <1 k=j,j+2

2
§R<I>(ack)>1—< ) k=7j,7+2.

so it follows that now using the principal branch for arg and e.g. |sinz| < 2|z|
|arg ®(zy)| < C3€' /50, k=j,j+2.
Given that the argument of ® moves at least by Cse’ in one direction between z; and x4
and does not move more than 7/2 (hence does not wind), this is a contradiction. O
We can now conclude this section with
Proof of Lemma 2/, property 3. Choose N, 6 and ¢ so that Proposition 28 holds as well as

Lemma 29. Increasing N if necessary we may also assume that % < %.

Suppose we are given H € Capp and f € C*(I;Cl0) such that |f| < H and |f’| < A|b|H.
The second inequality stated in property 3 is softer so we prove this first. The complex scalar
version of this inequality is proved in [18, pg. 138].

We calculate

Loy fl(x) =Y exo([ry +ibrV](aVa))ey (aVz) f(aVa).

where
Ny) = c(TV1y) ... cg(Ty)-cq(y)
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and the sum is over branches of T~. Therefore

Loy f]'(x) = Z([ o bV o o) (@) exp([ry’ +ibr™)(a2))ey (™ 2) f(oa)
+Zexp 2 b (N a))eg (@ a)(f o o) (2),

cév being locally constant. Using that cév is unitary and bounding derivatives of oV with the
eventually expanding property and chain rule gives

[LsqfT ()] < Z\ Y bt o o) ()| exp([r) (oM 2) H(a x)

+7N S exp([r](aV ) AlblH (0 a).
N
Using the inequality (4.8) in Proposition 28 and our choice of N we get

(Lo 1 ()] < A!b![LNH]( ) < ABI[VY H](2)

given the very mild assumption 6 < 1/2.

Now we turn to the more difficult first inequality of Lemma 24, property 3. Given that
we have established Lemma 29 in the vector valued setting, the proof follows by the same
argument as in [18, pg. 143]. We give the details here for completeness.

Let J be the set of indices (i, j) where ©;(x) <1 when z € X;. The statement of Lemma
29 is precisely that this set of indices is dense (recall Definition 27) and hence J € & as
required. We will prove

L[l S NJH = Lo(xsH).

Fix z. Notice that if # ¢ IntX; for any j then for all branches o™ of T~V oz ¢ Z;- and so

xs(a™¥z) =1 for any J. More generally if z ¢ IntX; for any j appearing as a coordinate in
J then xj(a™Nz) = 1. Therefore

z)| <) exp(ry (a"w)) H(aNz) = N [H](2).

We are left to consider x, J such that = € Int(X;) and J contalns (i,7) for some 1.
Suppose that (i,) = (1,4) and (2,5) ¢ J. Then for o™ # o} a branch of T~V y;(aVz) =
1 (the only other possibility would have been oV = alY). Then using ©1(z) < 1 gives

Laglf@) < Y exp(r (o (2)) H (o™ ()
aN#£alV ol
+ (1= 20) exp(ry (01" (2)) H (07 (2)) + exp(r," (05 () H (03 ()
< N/ [H)(x).



32

The case (i,7) = (2,7) and (1, ) ¢ J is treated the same way. Finally, if (1,7) and (2, j) are
in J then ©1(z),©2(z) <1 from which one can estimate

lexp([ry’ +ibr™](af' @) f(af ) + exp([ry’ + ibr™](ad ) f(ad )|
< (1= 0)exp(r, (af () H(aq (x)) + (1 = 0) exp(ry’ (e () H (a3 ()
< exp(ry (af (2))xs(af 2) H(af (2)) + exp(ry (a3 (2)) x () ©) H (a3 ().
Also noting that y J(aN z) =1 when aN #£ 042- , © = 1,2, the previous inequality shows
| L3 Uf(@)] < N [H](2)

in our final remaining case. The proof is complete. O

5. BOUNDS FOR TRANSFER OPERATORS: SMALL IMAGINARY PART

In this section we prove Part 1 of Theorem 4. The key point is to think of W € C1(I, Clq)
as a function on I x I'y and decouple the variables. This allows us to relate the transfer
operator to a convolution operator on Cls. The relevant convolution operators have good
spectral radius bounds that stem from the expander theory of I'; as described in the Appendix
— the expansion technology requires that we restrict ¢ to be coprime to a finite bad modulus
Qo, we make this restriction throughout. We now begin decoupling arguments in order to
relate Part 1 of Theorem 4 to the main result of the Appendix that we state as Theorem 33
below.

5.1. Accessing the convolution. We define E, to be the space of functions of I'; =
SLy(Z/qZ) that are orthogonal to all functions lifted from I'y for ¢’|g. We set out to show
that when we iterate L{ , we suitably contract the C*' norm.

We have calculated already that for W € C'(I,C') with ||W|c1 < oo and taking on
values only in the orthocomplement to constant functions

(5.1) (LY, W) (z) =) exp([ry +ibrV|(aVx))c) (Vo)W (V)
alN
where the sum is over branches of 77"V on the interval containing x. We can write these

branches in a special form. They are given precisely by sequences
o™ = gigis - Jin
where the g;; form an admissible sequence. If in the general Schottky semigroup setting, we

also require that if z € I; for 1 <4 < 2k then iy # i + k' mod 2k, recalling the notation of
Section 2.1.
It will be convenient to make the parametrization

N=M+R, M,R>DO0.
We then write
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where

(5.2) aM:gil...giM, aR:giMH...giN,
and view these as globally defined maps on I. Then o is uniquely parameterized by the

two sequences appearing in (5.2). When we write o™ and o henceforth we always mean

compositions of these forms. Notice that the choice of aft is restricted depending on z and

oM is restricted depending on g;,, ., -

For each of the intervals I; we pick a point xo(i) € I;. For each o™ we pick ig = ip(a™)
such that o™ gives a well defined branch on I;,. Then

. . D .
d(eNz, oMo (ig)) = d(a™ (aPx), aM o (ig)) < Wdlam(f)
by the eventually expanding property of T'. Then
: D
W (™ z) — W (a™o(i0)) | < Wdlam(f)!!W!\cl-

It follows then that

[y ZZexp N ivrN(@Na))el (N 2)W (oMo (io))

aM qR

<|WH01dlam )3 e >>>

where the star on summation means that we restrict to those off with necessary restriction
on g;, coming from z and g;,,,, coming from a™. Note that iy depends on o™. We will
assume that Dy~ is small, say < 1/(100diam(I)) and note that the sum in the error term

Y ex(ry (o)) = L [](z) = 1(z) = 1

as the operator has been normalized. So then

(5.3) [LN ZZexp N +ibr }(aNx))céV(oaNx)W(aM:ro(io)) + O(|W | cry™M).
aM QR

This is an important estimate as it allows us access the expansion properties coming from
¢q by decoupling M and N.

Recall that ¢, was obtained by reducing the matrices g; modulo ¢ to obtain a locally
constant mapping ¢, : I — I'y. This mapping can be reinterpreted as a unitary valued map
cq : I — U(C'4) via the right regular representation of I'.

For any specified o™ as in (5.2) and = € I we construct the complex valued measure on I'y

s z,aM :Zexp([Té\[—‘_ibT ](aMaRm))(Sc?(aRx)_l

ol
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where §, gives mass one to g € I';. We note for the reader’s convenience that one can calculate
from the Definition in the Dictionary of page 12, Section 3

R(R

M M
0 () = Gin Gin_y - Gipgy mod g, ¢ (

c a " x0(10)) = Giny Girs_y - - - 9i, mod q.

For any f € C'(I;C"¢) and o™ as in (5.2) we construct a complex valued measure @,
by

DpaM = Z f(aM$0(i0))|g 5gc£]‘4(aMIo(io))_l
g€lq

where ¢, is thought of as T'; valued and f(a™zq(ip)) thought of as a C-valued function on
I, with |, standing for evaluation at g. Also recall igp = ig(a). Then

[@f’al\/l *,U,S’LQM = Z Zexp + ibT ](aMOéRl’))f(OéMl'o(io))‘g(sgctjy(aijo(io))—l *5052(&1%3?)71
g€l'y okt
=y Zexp 2 b (@Mafte)) f(azo(io) )y (@M ara)-1-
g€l aff

This means that, now viewed as a function on SLy(Z/qZ)
(.M * Hs 5 oM] = Z exp([rN + ibr ](osz))céV (Mo f(a™zo(ip)).

The reader should compare this with (5.3).

5.2. Bounds for y , o, We need a bound for ||z , 407 ||1 to use the result of the Appendix.
Firstly we write

(54) |/’Ls,:p,aM| < ZeXp(TéV(OéNI'))(SC(I;(aRI).
ol

Notice that

(5.5) N eMaltz) = tM(aMalr) + 7R (o).

Then

lhezarlls < exp(ry! (aMalfe)) exp(r)t (o).

ol

We now decouple: let a(}f be any arbitrary choice of o’ (a sequence of the g; that is
compatible with a* and x). Then

M-1
M (aMaltz)y — M (aMafls) Z Ta(T"N ) — 7,(T" o) x)
n=0
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and noting that T"a™aftx and TmaMaftz are within

YD diam(7)
of one another, we have
M-1
(5.6) MaMaliz) < tM(aMafts) + D.diam(I) sup |[7.] ()] Y e
yel n—0 v
(5.7) <7 (aMaftx) + ki (D, 7,1, 7, a0)

for |a — | < ap (as 74 is roughly constant in a close to §). Therefore

*

ltgzarllt < exp(rr + 75" (aMag'z)) Y exp(rt (o))

ol
< exp(r1 + M (@M aftx))[LE1)(z) = exp(r1 + M (oM afix)).
by the normalization of L,. We record this bound in the following.

Lemma 32. Given ag small enough, there is k1 = r1(ag) such that for all z and o™

Hus,x,aMHl < eXp("il + 7, (aMaRx))

for |a— 3| < ag. Here off is any admissible choice of a as in (5.2) compatible with o and

x.

We are now in a position to use the main result of the Appendix, which for the convenience
of the reader we also state here.

Theorem 33 (Bourgain-Kontorovich-Magee, Appendix). There is a finite modulus Qo and
¢ > 0 such that when R =~ clogq, (¢,Qo) =1, |a — 6| < ag and ¢ € E,, we have

(5.8) lo* psgarlle < CaV Bgll:

given that
ul < B.

Using Lemma 32, Theorem 33 now implies that when R = clog ¢ for suitable ¢ and |a—d| <
ap, for any ¢ € E, we have

M

(5.9) % gz artllz < Ca™ exp(mr + 75 (M ag')) o2

Then if we use (5.3) we obtain

LI WI@) 2y < D Mlewar * sz ardlizmg + OUIW oy ™)

aM

< Cq " exp(r ZGXP (@M ag'@))llewarllizr,) + OUW llery ™).



36

We have now chosen some aff and we are assuming the previous conditions on |a — | < ag.

Since trivially
low.an lizw,) < W loo
we can continue to bound ||[L§,fqW] (z)]| up to O(||W||cry=M) by
Cq™ M exp(sn) 1 oo Y- exp(r (0 afia)) < Oq~ 4 explsn)|W oo LY (T 0V o)

aM

= Cq™ exp(r1) [ W oo

We have now proved, by choosing N > k1glogq so that there is room for the requisite R
and big enough M the following lemma.

Lemma 34. Let (¢,Qo) = 1. There are ag, qo, k10, € > 0 and ' > 1 such that when |a — §| <
ag, we have
_ -N
1L W oo <@ IW oo +7" [W]len
when N > ki9logq, ¢ > qo, and W € E, with |[W| o1 < 0.

5.3. Bounds for Lipschitz norms. In order to iterate Lemma 34 (this is our aim) we also
need bounds for
N
||Ls7qw/v||c1
under the same conditions as in Lemma 34. This amounts to estimating

sup Iy, wr|

and so we can proceed along similar lines as before. Indeed one calculates from (5.1) that

[quW]'(w) = Z([Tév + ibTN] o ozN)’(x) exp([TéV + ibTN](aNx))cév(an)W(aNx)

alN

+ Z exp([r +ibr] (aNx))céV(aNm)[W o™ (x)

aN

using that cév is locally constant. The second set of terms are bounded by
D
N > exp(ry (@Na) W en
alN
which can be bounded by
D D
WI!WllclLéV[l](w) = WHWHCL
So we have
D
(5.10) LYW (@) =+ O [Wilen)

where
Y= Z([Tév + btV 0 o) () exp([rY + ibr™] (aNm))céV(aNx)W(aN:L").

alN
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We can go through the same decoupling argument as before to get

S Z([Tév + btV o ™)' (z) exp([7N + ibTN](an))céV(aNm)W(aMxo(io))

0 <||W||01 diam (7 ZI Y +ibr™] N)'(ﬂf)lexp(TéV(aNx))> ,

recalling ig = ip(a™). Note that since there are constants C; and ag such that when |[a—6| < ag
we have
[’ 0 ™) ()] < Oy

for z € I (see for example [18, pg. 138]), we have

N-1
D
(5.11) [ +ibr™] o o) (2)] < Cy + [b]sup |7/ Y 7 < ki
I i=0

for some k11 = k11(ag, bo) when |b| < byg. Therefore we have the decoupled equation

L= ([r +ibr"]oa™) (@) exp((ry +ibr ] (aNz)) ey (o™ ar)W (o (in)) +Op, (W [l 17 ~)

aN

valid when [b| < by and |a — 8| < ag for some fixed ag. We denote the first of these two terms
by ¥'. Now similarly to before we define complex valued measures

*

(512) 1y = S (Y +ibrN 0 oMl (@) exp((r + ibr V(@M af2))dp anay

ol

DpoM = Z f(OéMxO(iO))‘g 59031‘4(&1”&20(2‘0))*1
g€ly

for f € C1(I;T9), o™ asin (5.2). Then the key observation is that

(5.13) 151 = || Pwam * s qne
ot 12(T)
5.4. Bounds for M,s,x,aM' We have
||MsxaMH1<sup|[ + bV o aMalt |Zexp (aMaltz)).
By equation (5.11), p a is dominated (in absolute Value) by #11(bo) s 2 o When [b| < bo.

Thus we can use our prev10us bound (5.9) to deduce that for the same choice of R = clogq
and a as before,
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I='ll < Cq™ " exp(ra)mn|[Wlleo Y exp(ry” (oM af'e))

aM
< g~ exp(r)r|[W [l L (1] (afe) < Cq™* exp(rn) st [ W]|oo
whenever |a— 0| < ag, |b| < by are the ranges specified by previous Lemmas and N > k12 log q.

It now follows from (5.10) that with these conditions on N, ¢, a,b we have in light of Lemma
34 and the prior bound (5.10)

(5.14) IL3 W llon < ks W loo + k107N [Wler +4" =N [Wllen

for some € > 0 when W € E,,.
By iterating the estimate (5.14) one obtains

Lemma 35. For by > 0 given, there are ag, qo, k and € > 0 such that when |a — d| < ag,
|b| < by and N = [klogq] with ¢ > qo and (q,Qo) = 1 we have

ILEg W e < g7
for all Eg-valued W € CY(I; CYa) with |W || = 1.

5.5. The new subspace structure and the proof of Part 1 of Theorem 4. We note
first the following consequence of Lemma 35.

Lemma 36. For all by > 0 there are 0 < p < 1, ag, qo and C such that when |a — 6| < ap,
|b| < by and qo < q, (q,Q0) = 1, we have for all m > 0

ILZ, fllor < CqCp™ | fller when f € Ey.

This is an easy exercise and the reader can get the details from the proof of [19, Theorem
4.3].

Recall the new subspace structure of T'y. For any ¢'|¢ there is a projection I'y — I'y. The
kernel of this projection will be denoted I'y(¢’), the congruence subgroup of level ¢’ in T',.
These have the property that if ¢”|¢’ then I'y(¢’) < T'y(¢”). This groups give an orthogonal
decomposition of the right regular representation

(5.15) c'=PE;

d'la
where Eg, consists of functions invariant under I'y(¢’) but not invariant under I';(¢”) for any
q"|¢, ¢" # ¢'. Then the E, from before matches F{ as defined here.

The decomposition (5.15) gives rise to a corresponding direct sum decomposition
cl(r;C™) =c' (o P CHT;EY).
1#4'|q

It is clear that the subspaces Eg, are invariant under the transfer operator Ly, and taking
derivatives.
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Also note that if f € Eg, then f descends to a well defined function F' on T'q/T'y(¢') = Ty
which is not invariant under any congruence subgroup of I'y/, hence in Eg,/. Also, if G is a
function in Eg,/ then G lifts through the previous isomorphism to a function ¢ in EZ, for any
q'|q. This gives rise to a map of Banach spaces

By CH(I EL) — CH(1; EY)
for any ¢'|qg with the property that

1@g.q (Nller =/ ITa(@)I fllcr-

This map is equivariant under the transfer operators in the sense that
Py g [Lsg f1 = LsgPqq[f]
for any f € Eg,,. In other words, the action of Ls, on a summand in (5.15) is determined
by the action of the corresponding transfer operator on Eg,, for some ¢'|g. We decompose
f € CYI;C") as
f = f 1+ Z f q
1#4'|q

with f € EZ,. If we assume that ¢ has no proper divisors < gg from Lemma 36, then for any
m, with all norms C'! norms,

q0<q'lq
= > LTy P o fe
q0<q’|q
<C DY W H#TU) @) 1P, L fy
90<q'lq
<™ 3 Iyl
1#4'|q

This bound can be changed to
LT f = LTl < C'q p™ | £
for some C’ = C'(T', by) by noting that individually
1 foll < £

and that any number ¢ has <, ¢¢ divisors for any ¢ > 0. The analogous estimates hold for
the unnormalized L, (by perturbation theory and (4.3)). That is, by possibly adjusting
constants slightly and decreasing ag

LT f = LT fill < C'q £
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In particular Part 1 of Theorem 4 now follows from the case that f; = 0 so that f €
CY(I;Cl o 1).
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APPENDIX A. THERMODYNAMIC EXPANSION TO ARBITRARY MODULI
By JEAN BOURGAIN, ALEX KONTOROVICH AND MICHAEL MAGEE

A.1. Statements. We import all the notation from the rest of the paper. We are led to
study the measure p on G = SLa(q) given by

(Al) w= Z eXp([TiV + ibTN] (aMaRx))écf;(aRx)?
ol
this differs from the y, , ,a of equation (5.1) by taking inverses of group elements. This makes

spectral bounds for the right action of y , ,» and those for the left action of yu equivalent.
Here N=M+ R,z € I,

(A.2) o™ = giGiy - Gins
is fixed, and the starred summation means that it is restricted to those
R
(A.3) Q= Gin1Jinge - - - Yin
where the sequence g;,,...,g;, is admissible and a’t is a well defined local branch of 7%

near z. In practice this may rule out one possible value for iy. See Section 5.1 for more
details. Also recall the “new subspace” E,; C [*(G) defined in Section 5.1 and the constant
ag coming from Proposition 28.

Our goal in this Appendix is to prove the following

Theorem 37. There is a finite modulus Qo and ¢ > 0 such that when R ~ clogq, (q,Qo) = 1,
la — 0| < ag and ¢ € E,, we have
(A4) el < Ca 'V Bel:
given that
el < B.

Recall that in Section 5.1 we chose for each o™ an iy = ig(a™) such that o™ is a well-
defined local branch of T~™ on I;,. We also chose for each i an z(i) in I;. More generally,
for each admissible composition a = g, ... g;; of semigroup elements we now choose an i(«)
such that « is a well defined branch of 77 on I;(,). This choice depends only on ¢;. Let
o= z(i(a®)).

To begin, we define a measure v by
(A.5) v = exp(r,” (a™x(io))) 1,

where 1 is the measure given by
(A.6) M1 = Zexp(’]—f(a}%O))&cf(aRo)'
ol

Lemma 38. We have
(A7) ul < Cw.
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Proof. Use the “contraction property” in (5.7) and argue as in the proof of Lemma 32. g

We will now manipulate 1. We assume that R can be decomposed further as

(A.8) R = R'L,

with L to be chosen later (a sufficiently large constant independent of R’ and ¢). Now split
alt as

(A.9) oft = okl .. akal,

where the a£ are branches of T~ given by

L _ . ) L — )
(A.IO) Opr = gZM+1 < 'glMJer Qpr_1 = gZM+L+1 < 'gZM+2L
and so on. For each 0 < p < R’ — 1 we also split
L _ L-2 (2)
Ofr_p = Qp0pi
where a2 = g ; and o'2 =g ; The reason for
R’ = Jivipry1 - 'gZM+(p+1)L72 R'—p — 91M+(p+1)L7191M+(p+1)L'
isolating two indices will become clear later.
Write out
R-1
Ralfo) = To(T'a0)
i=0
R —1L—1
_ Ta(TzL-i-ZaRO)
i=0 (=0
R—1L—1
= To(TEH 0k, O _i_q...Q70)
i=0 (=0
R'—1
_ L/ L L L
(A.11) = Y ok af i ...ar(0)).
=0
We now perform decoupling term by term in the above. We will use the shorthand
o = afaf_l ...af.

For j > 2, we compare each term in (A.11) of the form

72 (0" (0))
to
Tf@fojﬂC(i(afj)))
This gives
T(;LL(OLLj (0)) = Tf(aflaf:12$(i(af:12))) +0 < sup |[7_aL o af]'|d(aL:12x(i(a]L:12))7 Oéjl/:fa;i)l o O))
(A12)= TQL(%L&]L__EJ?(Z'(@]L__IQ))) +O(y (),
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where we used the bound (4.7) of Proposition 28, valid when a is within ag of ¢.
We will also use the formula

(A.13) 50{13(011'30) = 5c§(aLo) * 505(042]40) * 5c§(a3Lo) R 6c§(o¢R/Lo)'
Then combining (A.11) and (A.13), we write
* *
o= > S exp(ri(@F0))den an
af,aé_Q,...,&é/_Q 06(2) (2,>
* * R/ '
= Z Z exp ZTaL(oﬂL(o)) X
af,a§72,...,a272 0452),...045{2,) Jj=1
(A.14) 6C§(QLO) * 5C§(a2L0) * 5c§(a3Lo) * ...k 5c§(aR/Lo)'

Starred summation means that the outer sum is restricted to be compatible with o and z,
and given the collection of ozé_Q from the outer sum, we then restrict to those a,(f) that form
admissible compositions overall. We now decouple, replacing each term of the form
oTE (@I (0) |y ralakaiPa(i(a) ])) — B;
with 7 > 2, at a cost of a multiplicative factor of exp(cy_L); here ¢ is proportional to the
implied constant of (A.12). When j = 1, no replacement is performed, and we set f; =
L(,L
eTa' (a10)

Inserting this into (A.14) gives

(A15) < Z Z B8t (aro) *

L—
al ’ 2 ’“"aR/

exp(c’YiL)RLl Z H Bj o cL(a2Lo) * OcL(aBLo) * - - - * 5ch(aR’Lo)

o) .al2) =2

Note that, although 3; depends on all of the indices in oz]Loz]L , because o2 and oz]L 12 are

J
fixed in the outermost sum, we treat 3; as a function of a§2)

2)

We claim that each term ch (a?l0) also only depends on one ;. This is because we have
L — Gky - - .gkLoz(j —DL for some choice of 9k,,, and hence for whatever o is chosen, we have

L G-1)L (G-DLg).

ch(a?0) = cylgr,0 0)q(gry g, a9V 0) L cy(gny - - gLt

see the Dictionary on page 12, Section 3. From the Definition of ¢, we have
¢q(9km0') = Gk, mod ¢

for any o’ € I where g, is a local inverse branch of T near o’. Thus

(A.16) cg(ajLo) = Gk, --- 9k, mod q.



44

Here
2
(A.17) Ok 19k, = ag.).

This means we may distribute the convolution and product over the sum, writing (A.15) as

o < eXp(C’}/_L)R -1 Z Z 51 60{14(01LO) * Z,@Q 5c§(a2Lo) * ...
a{‘7270¢§727m70¢é72 0652) Ot<22)
(A.18) Lok Zﬂpg 5ch(aR’LO)
@
R/

We give each convolved term in (A.18) a name, defining, for each j > 1, the measure

L-2 L2y *
(A.19) npo=m 0 T =Y By betaito):
(2)

@

(2)
J

2

Note this parameterization makes sense since the admissibility of o™’ depends only on af_

and af__f. We have thus proved the following

Proposition 39. We have

*

(A.20) p1 < exp(ey B! Z N %72 % ... xR
a{‘_z,a%_z,...,afw_Q

Next we observe that each of the measures 7; is nearly flat, in that their coefficients in
(A.19) differ by constants:

Lemma 40. There is some ¢ > 0 such that for any L > 0, for each j > 1 and any o'? and

J
2/
ozg- ) , we have

!/
(A.21) @ < /.
Bj
Proof. The first L — 2 terms of 3; and ﬁ; agree, so we again use the “contraction property”
from (5.7). O

Since the measures 7; are nearly flat, we may now apply the expansion result in [9].

Theorem 41. Assume L is sufficiently large (depending only on I'). Then for ¢ € L%(G),
we have

(A22) In; *¢llz < (1= C1)lInsllx[lell2,
Here C7 > 0 depends on I' but not on q.
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Proof of Theorem 41. Recalling (A.19), we can write
(A.23) Inj + 0l = (Ap, ),

where A acts by convolution with the measure

(A24) A= Z 6] ﬁ; (chL(ajLo)ch((ajL)/O)fl .
Q@ L@’
J

Using the notation of (A.16) and (A.17), note that

j j - 2 2)/ — 2 2)/\—
cg(a]Lo)ch((a]L)’o) e ag- ) Gk - .gkl(a§- ) Gy )t = ag. )(a§. ) )7L
We will now appeal to the following spectral gap modulo ¢ for the group generated by the

coefficients a§2) (agg) ,) -1

Proposition 42 (Spectral gap). There is some modulus Qo and some € > 0 such that for
all indices j, for all g coprime to Qo and for all ¢ € 3(G) with ||¢||2 = 1 there is some pair
2 @

o, a; such that

/
(A.25) ol (@) x g — gl > e.

The statement of Proposition 42 is well known to be equivalent to other uniform spectral
gap properties. The uniform spectral gap is known to exist in the current setting for the
following reasons.

/
Continued fractions setting. Here we need the products a(?)(a(?) )~! to generate a

3 \7
(2)

group with Zariski closure SLg. Since all sequences of g;; are admissible, the o; appearing in

(A.19) do not depend on j. Recall that in the continued fractions setting, each g; is already
a product of two generators ((1) (11)((1) ,1)) It is easy to see then that the a§-2) generate a Zariski
dense subgroup whenever the alphabet A of T 4 has at least two letters, in fact, it would have
been enough to take for the a(?) blocks of length 1. On the other hand, we do need sufficiently
many of the (? (11) to be involved as the products (? (11) ((1) ,1))71 = (alb (1)) are lower-triangular.

Proposition 42 then follows from the expansion result of Bourgain and Varju [9]. In the cases

that the a§2)(a§-2)/)_1 generate all of SLo(Z), Proposition 42 is a well known consequence of
Selberg’s “3/16 Theorem” from [23].

Schottky semigroup/group setting.

Note that this setting contains the case that I' is a Schottky group as in [6]. Again, it

5-2) (a§-2)/)_1 generate a Zariski dense subgroup of SLa(Z).

This is the reason why we needed to make ozgg) a block of length 2. Indeed, suppose that

the Schottky semigroup is generated by at least two Schottky generators and let g, h be two
of these generators. For example, if af_Q ends in g while af__f starts with ¢g~! then the

summation in (A.19) contains a§-2) of the form gh, gh™', hg=',hh,h"tg~ ', A~ 'h~!. It is then

will be enough to show that the «
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/
easy to see that the a§2)(oz§-2) )~1 generate a Zariski dense group (if I' has more than two
generators, this is also clear). We may then apply the Bourgain-Varji expansion result [9]
!/
5-2) (a§2) )~1. Now, this group and its
generator set (and hence also its expansion constant € as in (A.25)) depend on af‘z and
5:12 (or rather just their starting/ending letters). But as I is finitely generated, only a finite
number of groups/generators arise in this way, and we simply take € to be the worst one,
yielding Proposition 42.
We now resume our proof of Theorem 41. Assume without loss of generality that |||z =1
!/
and let oz(-z),ozgg) be the pair provided by Proposition 42 applied to ¢, and € the provided
constant. Since there is a uniform bound on the size of the support of A, Lemma 40 gives

(A.26) 8;8,> Al

to obtain a spectral gap for the group generated by «

a

@ (o)1 in 4)
i % :
It follows by routine arguments from (A.26) together with (A.25) for ¢, with the associated

with an uniform positive implied constant (here (; B; is the coeflicient of «

¢, that the operator norm of A acting on 2(G) is
[Allop < (1= €)1 Al

for some €' depending on e. The resulting bound on (A.23) establishes Theorem 41, since
1Al = [In; 13- -

Corollary 43. Assume that L is sufficiently large (depending only onT'). Then there is some
Cs > 0 also depending only on ' so that, for any ¢ € L%(G’), we have

(A.27) 1+ el < (1 =Co) [l fl@llo-
Proof. Beginning with (A.20), apply (A.22) R’ times to get

*

R/
s+ lle < expley™ ™) > (=) [T Injlhllelle-

L—1 L—1 =
ar T 0 Jj=1

Applying contraction yet again gives

* R
S Tl € expley™ ) Yipmlls,

ay T al =l

whence (A.27) follows on taking L large enough and recalling (A.8). O
Returning to the measure v in (A.5), we have from (A.27) that

(A.28) el < (1=C) vl [l

To conclude Theorem 37, we need the following
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Lemma 44. Let 1 be a complex distribution on G = SLa(q) and assume that |p| < Cv. Let
E, C L3(G) be the subspace defined in Section 5.1, and let A : E, — E, be the operator acting
by convolution with w. Then

~ 271/4
(A.29) 1A < ¢ {(;'””q*””?] .
Here fi(g) = u(g~)-

Proof. Note that the operator A* A is self-adjoint, positive, and acts by convolution with gz p.
Let A be an eigenvalue of A*A. Since A acts on E,, Frobenius gives that A has multiplicity
mult(\) at least C'q. We then have that

N mult(A) < te[(ATA)?] = > ((ATA)?6,0.) = D Il x i Sl

geG geqG
— (Gl ulE < €G] 7 w3
The claim follows, as || A = maxy \'/2. O
We apply the lemma to p in (A.1) using (A.7), giving
(A.30) luxells < Cq?[7 vy,
It remains to estimate the v convolution.

Proposition 45. Choosing R to be of size C'logq for suitable C, we have that

- VI
<
(A.31) o *v|e < 2|G|1/2'
Proof. Let
1
and note that |[¢||2 < 1. Then
~ - - 1 -
[Vsvlla = [[7xvxdeflz < HV*V*(’G’lG> [l2 + (|7 v x 1h]l2
V113
S ’G|1/12 + HVH1||V*¢H27

where we used the triangle inequality and Cauchy-Schwarz. Since 1 € L3(G), we apply
(A.28), giving

R ]|y
[l plla < (1= C2)™ [lvfa < G2
by a suitable choice of R = C'logq. The claim follows immediately. O

Finally, we give a

Proof of Theorem 37. Insert (A.31) into (A.30) and use (A.7) and |G| > C¢3. Clearly (A.4)
holds with B = C||v||1. O
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