LIMITS OF TRANSLATES OF DIVERGENT GEODESICS
AND INTEGRAL POINTS ON ONE-SHEETED
HYPERBOLOIDS

HEE OH AND NIMISH A. SHAH

ABSTRACT. For any non-uniform lattice I in SL2(R), we describe the
limit distribution of orthogonal translates of a divergent geodesic in
I'\ SL2(R). As an application, for a quadratic form @ of signature (2, 1),
a lattice I in its isometry group, and vy € R?® with Q(vo) > 0, we com-
pute the asymptotic (with a logarithmic error term) of the number of
points in a discrete orbit voI" of norm at most 7', when the stabilizer of vg
in I' is finite. Our result in particular implies that for any non-zero inte-
ger d, the smoothed count for number of integral binary quadratic forms
with discriminant d? and with coefficients bounded by T is asymptotic
to c-TlogT + O(T).

1. INTRODUCTION

1.1. Motivation. Let Q € Z[x1,--- ,x,] be a homogeneous polynomial and
set Vi, := {x € R" : Q(z) = m} for an integer m. It is a fundamental
problem to understand the set V;,,(Z) = {z € Z" : Q(x) = m} of integral
solutions.

In particular, we are interested in the asymptotic of the number N(7T) :=
#{x e Vi (Z) : ||z|]| < T} as T — oo, where || - || is a fixed norm on R".

The answer to this question depends quite heavily on the geometry of the
ambient space V,,,. We suppose that the variety V,,, is homogeneous, i.e.,
there exist a connected semisimple real algebraic group G defined over Q
and a Q-rational representation ¢ : G — SL,, such that V,, = vg..(G) for
some non-zero vg € Q.

Let I' < G(Q) be a subgroup commensurable with G(Z) preserving V,,,(Z).
Since V,,, is Zariski closed, by Borel and Harish-Chandra [3, Theorems 6.9
and 7.8], the co-volume of I' in G is finite and there are only finitely many
I-orbits in V,,,(Z). Hence understanding the asymptotic of N(7') is reduced
to the orbital counting problem of estimating #(vol' N Br) for By = {z €
Vin : ||z|| < T} and vy € Vi (Z).
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Theorem 1.1 (Duke-Rudnick-Sarnak [10]). Set H to be the stabilizer sub-
group of vg in G. Suppose that H is a symmetric subgroup of G. If the
volume of (H NT)\H is finite, i.e., if HNT is a lattice in H, we have, as
T — oo,

volg(HNT\H)

volg(T\G)

that is, the ratio of both the sides converges to 1 as T — oo, where the
volumes on H, G and voG ~ H\G are computed with respect to invariant
measures chosen compatibly; that is, dvolg = dvoly xdvolg g locally.

#(U()F N BT) ~

VOIH\G(BT)7

A simpler proof of this result using mixing of geodesic flow was given by
Eskin and McMullen [11]. When H is any maximal reductive Q-subgroup
with vol((H NT)\H) < oo, the same conclusion was obtained by Eskin,
Mozes and Shah in [12] using Ratner’s description [17] of measures invariant
under unipotent flows. An effective version of Theorem 1.1 has also been
obtained in [10] for (H NT")\H compact and in [2] in general.

In view of the the main term of the asymptotic, it is crucial to assume
that vol(H NT'\H) < oo in Theorem 1.1. The main aim of this paper is
to break this barrier; to investigate the counting problem in the case when
vol(H NT\H) = co.

If H is a semisimple Lie group with no compact factors in a semisimple
Lie group G, then any closed I'\I'H in I'\G must be of finite volume by
Dani [6] and Margulis [16] (see also [20]).

If @ is a quadratic form of signature (p,q) with p+¢ > 3, p > ¢ and
G is the special orthogonal group of @, the case of vol(H NT\H) = oo for
H = Stabg(vg) arises only when (p,q) = (2,1) and Q(vg) = m > 0, that is,
when the variety V,, = {# € R?: Q(x) = m} is a one-sheeted hyperboloid.
To prove this claim, note that any non-compact stabilizer H of vg € R" in
G is either locally isomorphic to SO(p — 1,q), SO(p,q — 1) or a compact
extension of a horospherical subgroup. Except for the case of SO(1,1) the
groups SO(p — 1, ¢) and SO(p, ¢ — 1) are compact or semi-simple. Also any
closed orbit of a compact extension of a horospherical subgroup in I'\G is
compact (cf. [8]). Therefore in view the above remarks it follows that the
case of vol(H NI'\H) = oo arises only when H ~ SO(1,1); hence n = 3 and
Q(Uo) > 0.

In the next subsection, we state our main theorem in a greater generality,
not necessarily in the arithmetic situation.

1.2. Counting integral points on a one-sheeted hyperboloid. Let
Q(z1, 29, x3) be an real quadratic form of signature (2,1). Denote by G the
identity component of the special orthogonal group SOg(R). Let I' < G be
a lattice and vy € R? be such that Q(vg) > 0 and the orbit voI is discrete.
As before, we fix a norm || - || on R? and set By := {x € v,G : ||w| < T'}.
To present our theorem with a best possible error term, we consider the
following smoothed counting function: fixing a non-negative function ¢ €
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C2°(G) with integral one, let

Nri= Y (xBr *9)(v)

veyl’

where xp,. * ¥(x) = [5xBr(z9)1(g) dg, € voG, is the convolution of the
characteristic function of By and . Note that Np = #(vol' N Br) in the
sense that their ratio is in between two uniform constants for all sufficiently
large T' > 1.

Denoting by H ~ SO(1, 1)° the identity component of the one-dimensional
stabilizer subgroup of vy in G, note that vol(H NT'\H) < oo if and only if
H N T is infinite. In order to state our theorem, we write H as a one-
parameter subgroup {h(s) : s € R} so that the Lebesgue measure ds defines

a Haar measure on H: fioigT ds = volg({h(s) : |s| <logT?}).

Theorem 1.2. If the volume of (HNT')\ H is infinite, we have the following:
(1) For T > 1,

~ 2logT - volyg(Br)

P (1 OllosT) ),

where dvolg = ds X dvoly\q locally.
(2) ForT > 1,

Np=c-TlogT + O(T),

2 VO]H\G (BT)

whe’l“e Cc = llmT_,oo W

We note that when vol(HNT\H) < co, Ny = ¢-T+O(T%) for 0 < a < 1
is obtained in [10]. We believe, as suggested by Z. Rudnick to us, that
Npy=c¢-TlogT 4 ¢ - T + O(T%) for some ¢ >0 and 0 < o < 1 and hence
the order of the second term for Ny cannot be improved.

Theorem 1.2 can be generalized to the orbital counting for more general
representations of SLa(R) (see section 6).

Remark 1.3. In the case when Q = 2% + 23 — d?3 for d € Z, vy = (1,0,0),
and I' = SO@(Z), it was pointed out in [10] that an elementary number
theoretic computation of [19] leads to the asymptotic

#{(z1,72,23) € vl : \/2? + 23 + d?23 < T} = c-TlogT+O(T log(log T')).

However this deduction seems to work only for this very special case; for
instance, we are not aware of any other approach than ours which can deal
with non-arithmetic situations.

1.3. Arithmetic case and Integral binary quadratic forms. In the
arithmetic case, Theorem 1.2 (for vol(H NI'\H) = o0) together with Theo-
rem 1.1 (for vol(H NT\H) < oo) implies the following:
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Corollary 1.4. Let Q(x1,x2,x3) be an integral quadratic form with signa-
ture (2,1). Suppose that for some vg € Z> with Q(vo) > 0, the stabilizer
subgroup of vg is isotropic over Q.

Then there ezists ¢ = c(|| - ||) > 0 such that as T — oo,

#{z € Z°: Q(x) = Qo). |l2l] < T} = ¢ Tlog T + O(T(log T)**).

For a binary quadratic form q(x,y) = az? + bxy + cy?, its discriminant
disc(q) is defined to be b2 —4ac. The group SLz2(R) acts on the space of binary
quadratic forms by (g.q)(z,y) = q(g~*(z,y)) and preserves the discriminant.
For d € Z, denote by B4(7Z) the space of integral binary quadratic forms with
discriminant d. Note that Bg(Z) # 0 if and only if d congruent to 0 or 1
mod 4. Now d is a square if and only if the stabilizer of every q € By(Z)
in SL2(Z) is infinite if and only if every q € Bq(Z) is decomposable over Z.
(cf. [4]).

Therefore Corollary 1.4 implies the following:

Theorem 1.5. . For any non-zero square d € Z, there exists cg > 0 such
that

#{q € BUZ) : dise(q) = d, |q]| < T} = co- Tlog T + O(T(log T)*/*)
where [[az? + by + ey?|| = | (a,b, ).

1.4. Orthogonal translates of a divergent geodesic. Let G = SLy(R)
and I" be a non-uniform lattice in G. For s € R, define
— h(s/2) sinh(s/2) _ [esr2
h(s) = Z?sh(jp) iif;h(i/z)} a(s) = [eg 6—2/2] (1.1)
and set H = {h(s) : s € R}.

In the case when the orbit I'\I'H is closed and of finite length, the limiting
distribution of the translates T'\I'Ha(T) as T — oo is described by the
unique G-invariant probability measure du(g) = dg on I'\G [10], that is, if
¢ is the period of I' N H\ H, then for any ¢ € C.(I'\G),

L /
lim — Y(h(s)a(T))ds = dg.
Jm [ ey = [ g

Similarly, understanding the limit of the translates I'\I'Ha(7T'), when
I'\I'H is of infinite length, is the main new ingredient in our proofs of The-
orem 1.2.

Theorem 1.6. Let 29 € I'\G and suppose that xoh(s) diverges as s — +o0,
that is, xzoh(s) leaves every compact subset for all sufficiently large s > 1.
For a given compact subset Q@ C I'\G, there exists M = M (2, z9) > 0 such
that for any 1 € C*°(I'\G) with support in 2, we have, as |T| — oo,

o0 T+M
/ blaoh(s)a(T))ds = / Y(aoh(s)a(T))ds = |T| / du+0(1),
0 0
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where the implied constant depends on zo, Q and ST(v) = max{||[¢| 1, S1(¥)};
here |[1||c1r and Si(v) respectively mean the C'-norm (see (3.3)) and the
L?-Sobolev norm of v of degree one (see (3.1)).

Remark 1.7. Consider the hyperbolic plane H?. A parabolic fixed point
for T' is a point in the geometric boundary 0. (H?) fixed by a parabolic
element of T'. If F C H? is a finite sided Dirichlet region for I', then the
parabolic fixed points of I' are precisely the I'-orbits of vertices of F ly-
ing in Oy (H?). Let 7 : G — H? denote the orbit map g — g(i). For
zo = I'go € T'\G, the image 7(goH) is a geodesic in H? with two endpoints
goH (+00) = lims_oo m(goh(s)) and goH(—00) = lims_,_o m(goh(s)) in
Oso(H?). We remark that zoh(s) diverges as s — +oo (resp. s — —oo) if
and only if goH (400) (resp. goH(—00)) is a parabolic fixed point for ' (cf.
Theorem 2.1).

Corollary 1.8. Suppose that xoH is closed and non-compact. For any
P € Ce(T\G),

. [
Tgrilooﬁ /_m¢(x0h(s)a(T)) ds = F\Gd)du.

It is well-known due to the work of Duke, Rudnick and Sarnak [10] that
Theorem 1.2 follows once we establish the equidistribution of the translates
MI'Ha(T) of a divergent H-orbit as in Theorem 1.6. Our proof of Theorem
1.6 is based on the description of divergent orbits due to Dani [8] and the
effective equidistribution of the translates of a small piece of I'\I'H due to
Kleinbock and Margulis [15]. The new ingredient of our work is mainly in
the section 4.

Acknowledgments We thank Zeev Rudnick for insightful comments.

2. STRUCTURE OF CUSPS IN I'\G AND DIVERGENT TRAJECTORY

Let G = SLy(R) and T' be a non-uniform lattice in G. We will keep the
notation for h(s) and a(s) from (1.1) in the introduction. Let

N={(}3):s€R} and U=wNw'

where w = [fgiﬁ?ﬁi) 22((7;@)] Note that h(s) = wa(s)w™! for all s € R.

For n > 0, let
H, ={h(s) : s/2 > —logn}.
Let K = SO(2) = {g € G : g¢* = I}. Then the multiplication map
Ux Hx K — G: (u,h, k) — uhk is a diffeomorphism.
The following classical result may be found at [13, Thm. 0.6] or [9]:
Theorem 2.1. There exists a finite set X C G such that the following holds:

(1) I\I'oU is compact for every o € 3.



6 HEE OH AND NIMISH A. SHAH

(2) For anyn > 0, the set

Q,:=T\G\ | JI\I'oUH, K
oeY

is compact; and any compact subset of '\G is contained in ), for
some 1 > 0.

(3) There exists ng > 0 such that for i = 1,2, if 0, € ¥, u; € U,
hi € Hy,, and U'oyuyhi1ky = Doquahoks, then o1 = o2, k1 = ko and
h1 = hs.

Consider the standard representation of G = SLy(R) on R?: ((v1,v2), g) +—
(v1,v2)g. Let ||-]| denote the Euclidean norm on R2. Let

p=(0,1)w ! = (—sin(n/4),cos(m/4)).
Then pU = p, and ph(s) = (0,1)a(s)w™"' = e~%/2p for all s € R. Also
g€ UH,K < |pg| <n. (2.1)

Proposition 2.2 (Dani [7]). Let g € T'\G be such that the trajectory
{zoh(s) : s > 0} is divergent. Then there exist o9 € £I%, sp € R and
u € U such that o = Toguh(sg).

Proof. By Theorem 2.1, there exists s; > 0 and o € ¥ such that zoh(s) =
PoUH,, /5K for all s > s1. Let g1 € UH,, /oK be such that zoh(s1) = T'og;.
We claim that pg; € Rp. If not, then ||pgih(s)|| — oo as s — oo, and hence
there exists s > 0 such that 79/2 < ||pgih(s)|| < no. By (2.1), g1h(s) = uhk
for some v € U, h € Hy, and k € K. Therefore

Touhk = Togih(s) = xoh(s1 + s) € ToUH,, ;oK.

By Theorem 2.1(iii), we have that h € H, . But then |pgih(s)| =
|lpuhk| < mo/2, a contradiction. Therefore our claim that pg; € Rp is
valid. Hence g1 = ujh(s){£I} for some u; € U and s/2 > —log(no/2).
Thus xoh(s1) = Touih(s){xI}, and hence xg = Toguih(s — s1), where
oo = tlo. O

>

Proposition 2.3. Let xg € T'\G be such that the trajectory {xoh(s) : s
0} is divergent. Let Q C T'\G be a compact subset. There exists M
My (2, z0) > 0 such that

xoh(s)a(T) & Q2

for any T € R and s > 0 satisfying s > |T| + My. In particular, for any
f € C(T\G) with support inside €2,

o0 |T'|+M;
/ f(woh(s)a(T))ds = / f(zoh(s)a(T))ds.
0 0

Proof. By Proposition 2.2, xg = I'oguh(sg) for some g € £%,u € U, 59 € R.
By Theorem 2.1(ii), let n > 0 be such that  C §,,. Let M; = —so—2log(n).
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Since s — |T'| > —sp — 2logn, we have

[puh(so)h(s)a(T)| = Hp?(f Jg/;o)a(T)H
= e~ TS0/ [ pa(T) ||
< o—(s50)/2,IT1/2 (2.2)

e 6_(S+SO_‘T|)/2 < 77
Therefore by (2.1), uh(so)h(s)a(T) € UH,K, and hence
zoh(s)a(T) € TogUH, K C T'\G \ €.

3. UNIFORM MIXING ON COMPACT SETS

Let G = SLy(R) and I" < G be a lattice. Let p denote the G-invariant
probability measure on I'\G. For an orthonormal basis X7, X9, X3 of s[(2,R)
with respect to an Ad-invariant scalar product, and ¢ € C*®(T'\G), we
consider the Sobolev norm

Sm(¥) = max{[|X;, .- Xi;(¥)[2: 1 < i <3,0 <j <m}. (3.1)

The well-known spectral gap property for L?(I'\G) says that the trivial
representation is isolated (see [1, Lemma 3]) in the Fell topology of the
unitary dual of G. It follows that there exist # > 0 and ¢ > 0 such that for
any 11,y € C°(I'\G) with [p;dp =0, S1(t);) < oo and for any T > 0,

[{a(T) o1, vo)| < ce™ ISy (11) 81 (¢h2) (3:2)
(ct. [5], [21])

Write O = {g € G : ||g — I||c < €}. For a compact subset Q C I'\G, let

0 < €(2) <1 be the injectivity radius of €2, that is, €o(€2) is the supremum

of 0 < € < 1 such that the multiplication map Q x O, — I'\G is injective.
For s € R, let

ni(s)=(19)  and  n_(s)=(43).

Let ||f||c1 denotes the Cl-norm of f, that is,
3
1£ller = 11lloo + D I1Xi(F)lloo- (3:3)
i=1
Set ST(f) == max{S1(f), | fllc1}; in fact, Si(f) < || fllcr-

The following is a special case of [15, Prop. 2.4.8]:

Theorem 3.1. Let Q C T'\G be a compact subset and n > 0. There exists
¢ = ¢(Q) > 0 such that for any ¢ € C°(T'\G) with support in 2, for any
IT|>1,2€Q, and 0 < ro < (), we have

‘/OTO Y(zny(s)a(T)) ds — To/wdu‘ < o(SH) + 1)e %I (3.4)

for some 0y depending only on the spectral gap for L>(T'\G). Here and in
what follows, the sign v =+ if T >0 and v =— if T < 0.
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4. TRANSLATES OF DIVERGENT ORBITS
Let 29 € T'\G be such that xgh(s) diverge as s — oo.

Theorem 4.1. For any |T'| > 1 and any ¢ € C°(I'\G)
IT|

(zoh(s)a(T)) ds = |T' / b dp + O(1)S (1)

0
where the implied constant depends on xg, ST(w) and the support of .

Proof. Let Ry = —logmng. Due to Proposition 2.2, replacing xg by an-
other point in z¢oH, we may assume that o = T'ogh(Ry). For any S > 0,
|[ph(Ro)h(S)a(S)|| € [10/V2,m0]. Hence zoh(Ro)h(S)a(S) € Q0 /v/3

Let ro be the injectivity radius of 2, , 5, that is, ro = €o(%, , 5). Let
So = 0, and choose S; such that roe =% < §; := i1 — 9 < 2rge % for each
i. We will choose S; = log(2r¢i+ 1) for each i. Then zoh(S;)a(S;) € Q. vz
We put R; =T — S;.

We will express zoh([Si, Sit1])a(T) = a;h5 )([0 di])a(R;), where x; =
zoh(S:)a(S;), h*5)(s) = a(—=S;)h(s)a(S;) = n(eSis/2)w;(s), and |w;(s)| =
O(e=25%). Note that 79/2 < €%6;/2 < rg.

By Theorem 3.1, we have

/ro Y(xn(s)a(R;))ds — TO/WM = ST() - O(e=PF)
0
and hence
Sit1 . 7o
/S» Y(xoh(s)a(T))ds = é W(zin(s)a(R;))ds + STW}) . 0(6_2Si(5i).

To 0

Let k& = k(T) be such that Sy < T < Si + roe~>k. Therefore, since
527’51 < 2e %,

/OT¢( ds—Z/M (T))ds + O(e=5*)

P / " w(@in(s)a(T))ds + ST(w) - 0(e=256;) + O(1)
i—0 To Jo
k—1

= )+ Zé ry ' STW) - O(e™) + 8T(w) - O(e™*%5) + O(1)
1=0

V) + O(Z e Sie=0oRi | Z e 35081 (y) + 0(1)

:T GQTZ (1—60)S; +Z _|_O()
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Since S; = log(2rgi+1),0 < T'— Sy < 2¢~7 implies that k < 5= < k+1,
and hence

k—1 k—1
1
—39. -2 —2T
i —— =0(k H=0 1
D> <<Z(27“0i+1)3 (k7 +1)=0(e™ +1) <0
=0 =1
and
k—1 T 1
(1—90)51‘ —d — O 90T .
2 e < /0 Gror A ™ (e”™)
Hence
k—1 k—1
6_00T Z 6(1—90)57; + Z 6—357; — 0(1)
i=0 i=0
Therefore

/ (ah(s)a(T))ds = Tu(w) + O(1)S' (1),

Theorem 1.6 follows from the following:

Theorem 4.2. Let xoh(s) diverge as s — oo. For a given compact subset
Q CI'\G, and ¢p € C°(T'\G) with support in 0, we have

/0 " Y (aoh(s)a(T))ds = T / b dp+ O(1)S' (1)

with the implied constant depending only on xg, ST(zp), and the support of
.

Proof. Since zgh(s) diverges as s — oo, by Proposition 2.3, there exists
M = M;(€2) > 0 such that
|T'|+M;
| vtahads = [ vaoh(s)am)s
0
— (IT| + My) / b dy + O(1)ST()

=17 [ v du+0SH(w).

By a similar argument, we also deduce the following:

Corollary 4.3. If zoh(s) diverges as s — —o0, then

0
/ (aoh(s)a(T))ds = |T| / by + O(1)ST (W)

with the implied constant depending only on xo, ST(¥), and the support of
.
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Lemma 4.4. If zoh(R) is closed and non-compact, then xoh(s) diverges as
s — *£oo0.

Proof. We use a well-known fact that for a closed subgroup H of a locally
compact second countable group GG and a discrete subgroup I' of G, if I'H is
closed in G, then the canonical projection map H NI'\H — I'\G is a proper
map (cf. [18]). Since xzoh(R) is non-compact and h(R) is one-dimensional
with no non-trivial finite subgroups, the stabilizer of zp in h(R) is trivial.
Therefore the map h(R) — I'\G given by h — xoh is a proper injective map.
This implies that zoh(s) diverges as s — +00. O

Proof of Corollary 1.8. As the set C°(I'\G) is dense in C.(I'\G), the claim
follows from Lemma 4.4, Theorem 4.1, and Corollary 4.3. ([

5. COUNTING: PROOF OF THEOREM 1.2

Let @ be a real quadratic form in 3 variables of signature (2,1) and T'y
a lattice in the identity component G of SOg(R). We assume that vI'g is
discrete for some vector vg € R? with Q(vg) = d > 0 and that the stabilizer
Hy of vy in Gy is finite.

It suffices to prove Theorem 1.2 in the case when Q = 22 + y? — 22 and
vo = (V/d,0,0) by the virtue of Witt’s theorem.

Consider the spin double cover map ¢ : G := SLa(R) — Gy given by

0.2—b2—c2+d2 ac—bd r12—bz+c2—d2
2 2
(a b ) — ab—cd bet-ad ab+cd .

d
C a2+b25027d2 ac-l,—bd a2+b2~2kc2+d2
For s € R and 0 € [0, 27), we set

o) = (S0 it ) a0 = (707 e) amd k0) = (S8la22)
Recall that H := {h(s) : s € R}, A:={a(t) : t € R} and K; := {k(0) :
0 € 10,2m)}, here K is half of the circle group. Observing that

1 0

() = (eoshs simhs ) and o(a(t)) =

cosht O sinht
0O 1 0
0 sinh s cosh s

sinht O cosht

the subgroup H := +H is the stabilizer of vy in G. We have a generalized
Cartan decomposition G' = HAK, in the sense that every g is of the form
hak for unique h € H,a € Ak € Ky. And for g = h(s)a(t)k, du(g) =
sinh(t)dsdtdk defines a Haar measure on G, where dk = (1/27)dk(0), and ds,
dt and df are Lebesgue measures. As voG = £H\G ~ A x K, sinh(t)dtdk
defines an invariant measure on vgG. We consider the volume forms on
G and vgG with respect to these measures. Via the map ¢, these define
invariant measures on Gy and voGy as well.

Denote by T' the pre-image of Ty under .. Then Stabp(vg) = HNT =
{£I}.
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For each T > 1, define a function on I'\G:
Fr(g):== Y x5r(vov9)-
ye£I\T'

Proposition 5.1. For any ¥ € C°(I'\G),

B TlogTu(¥) 1
0 = =5 Gy 2 T

dk + O(ST(0)T)

where v = @(el + e3). Here the implied constant depends only on the

support of ¥ and ST(¥).
Proof. Note that vg = v™ + v~ and vpa(t) = e'v™ + e 'v~. Since By =
{voa(t)k : |lvoa(t)k|| < T, t € R, k € K1}, we have

(Fr,0) = /F o 2 X))

~ye£I\T

_ / / / W(h(s)a(t)k)ds | sinh(t)dtdk
k€K1 Jlvoa(t)k||<T \Jh(s)e£I\H

_ /k . /voa(t)k”d < / ER\D(h(s)a(t)k:)d5> sinh(t)dtdk.

Since voI is discrete and H N T is trivial, it follows that T\I'H is closed

and non-compact in I'\G. Now fix any k € K;. Hence by Theorem 4.2 and
Lemma 4.4,

/t>>1,||voa<t>k<T (AGR Lia(s) a(t)k)d8> sinh(t)ds
1

T et
e oy 2O+ O ()24 O
_ TlogTu(¥) t
= Slm\G) - oy T OIS

Similarly,

/t<<—17||voa(t)k<T </86R \Il(h(s)“(t)k)d8> sinh(t)d

_ /t>>1,||voa(_t)k<T < / eR\If(h(s)a(—t)k)ds) sinh(t)dt
1

t et
T oo, () £ OIS ) 2 O
_ TlogTu(¥) ;
= vam\@) ok TS
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Since v~ k(w) = —vT,

J O B o Ry I T
keK, keK1 Ky

The required formula can be deduced in a straightforward manner from

Fix a non-negative function ¢ € C2°(G) whose support injects to I'\G
and with integral [1(g) du(g) = 1. Consider a function &7 on R? defined
by

§r(z) = / GXBT(xg)w(g)du(g)-
g€

Then the sum Zwe AI\T &r(voy) is a smoothed over counting satisfying

Z €T(’UQ'}/) = #vol' N Br.

Ri==AN

Theorem 5.2. As T — oo,

2Tlo T 1
> &r(vey) FgG / oy &k + O(T).
ye£I\T vol(I'\G) k€K, ot k|l

Proof. 1t is not hard to verify that

> &r(vy) = (Fr,¥)

~yeXI\T

where ¥(I'g) = > r9¥(vg). Therefore the claim follows from Proposition
5.1. O

Theorem 5.3. For T > 1, we have

2T logT 1 _
I': T} = dk - (1+ (logT)™®
#lw el ol <7y = ST8 |k (4 g T) )

where o = 0.25.

Proof. Note that Fr(I) = #{w € vol' : |lw| < T}. For each ¢ > 0, let
Oc={9€G:||g—1I||ec <e€}. There exists 0 < £ < 1 such that for all small
€ >0,

OwBr C Buyors Ba-or C Nueo, uBr. (5.1)

Let 9¢ be a non-negative smooth function on G supported in Oy and with
integral [¢°dp =1 and define ¥¢ € C°(T\G) by ¥*(Tg) := > ¥ (79).
Using (5.1), we have

(Fa-or, V) < Fr(I) < (Fuyor, Y.
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Note that S;(¥€) = O(¢ %/2) and ||(¥9)||cx = O(e73) so that St =
O(e73). Therefore by Proposition 5.1

2T logT 1
F, ) = dk TlogT fwoT
< (1+e)T> > VO](F\G) /[(1 ||’U+k‘|| +O(6 og )+O(S ( ) )
2T logT / 1 -3
= dk + O(eT'logT) + O(e T
Vol T\G) Jy, ek + O o)+ 0L
2T logT / 1 1/4
= dk(1 + (log T) /4,
Vol(T\G) Jic, To e :
where the last equality follows by we putting € = (log T)*l/ 4, ([

Proof of Theorem 1.2. The computation in the proof of Proposition 5.1 also
shows that

1
vol(Br) = / / sinh(¢)dtdk = T/ T dk + O(logT).
ke, J|voalt)k|<T kek |[VTE|
(5.2)
From Theorem 5.3, it follows that
2log T vol(Br) _
Fr(l)= ——————(14+0(ogT)™ ). 5.3
Since Fr(I) = #(vol' N Br), this completes the proof of the first claim (1).
The second claim (2) follows from Proposition 5.1. O

6. ORBITAL COUNTING FOR GENERAL REPRESENTATIONS OF SLs(R)
Let G = SLy(R) and T" be a non-uniform lattice in G. For s € R, define

cosh(s sinh(s s/2 cos —sin
h(S) = sinﬁés?g)) cos}lrlliség))}’ CL(S) = |:e(]/ 6—2/2]’ k‘(@) = |:smgz;§)) cos(ée/g)
Put H={h(s):s € R}, AT ={a(t): t >0}, and Ky = {k(0) : 0 € [0,27]},
here K is half of the circle group. Put wy = k(w). Then {£I}\G =
HATK; U HwoAY K1, wy 'h(s)wo = h(—s) and wy 'a(t)wy = a(—t).

Let V be any finite dimensional representation of G and vy € G be such
that H is the stabilizer subgroup of vp in G, i.e., H = G, where G,, = {g €
G : vog = vo}. Assume that V is linearly spanned by vgG. Then if e™ is
the highest eigenvalue for a(t)-action on V', then m € N, and the G action
factors through {+I}\G = PSLs(R) = SO(2,1)°.

For example, let V,,, denote the (2m+1)-dimensional space of real homoge-
neous polynomials of degree 2m in two variables, and consider the standard
right action of g € SL(2,R) on P(x,y) € Vi, by (Pg)(x,y) = P((z,y)9),
where (z,y)[2Y] = (az + cy, bz + dy). Let vo(x,y) = (#* — y*)™. Then
Gy, = HW, where W = {+I} if m is odd and W = {+I, £wp} if m is even.
Moreover, {P € V,,, : Ph = P, forall h € H} = RP). A general finite di-
mensional representation of G with a nonzero H-fixed vector is a direct sum
of such irreducible representations, and vg is a sum of one nonzero H-fixed
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vector from each of the irreducible representations; we assume that V is a
span of vyG.

Theorem 6.1. Let V', vg and m be as above. Suppose that I" is a lattice in
G, vl is discrete, and 'y, := ' NGy, is finite. Let ||| be any norm on V,
and vy = limy_oo voar/||voar||. Let C be an open subset of {v € V : |jv]| = 1}
such that © = {0 € [0,27] : v{k(0) € RC} has positive Lebesque measure,
and {0 € [0,27] : vd k() € R(C \ C)} has zero Lebesgue measure. Then for
T>1,

#(voI' N [O T]C’) (6.1)
" Jolleg KOO logT
|FU0| -volg(I'\G) m

where volg is given by the Haar integral dg = sinh(t)dtdsdfd on G, where
g =h(s)a(t)k(0), and o = 1.
Moreover, if C C V satisfies RC Nvg K1 = 0, then #(vol NRC) < .

TY™(1 4 (log T)™%)

Proof. The result can be deduced by the arguments as in the proof of Theo-
rem 5.3; one may also use the basic ideas from [14] about using the highest
weight. O
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