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1 Introduction

Let I' be a finitely generated group. Given a finite set of generators S of I', the word
length lg(y) for an element v € I" is defined to be the smallest positive integer for
which there exist s;,---,s, € SUS™! such that v = s; - - s,,.

For each n € N, denote by Bg(n) the set of elements in I' whose word length
with respect to S is at most n. It follows from the subadditive property of Ig(-) that
lim,, o0 | Bs(n)[*/™ exists, which we denote by wg(T).

A finitely generated group I is said to be of exponential growth if wg(I") > 1, of
polynomial growth if for some ¢ > 0 and d € N, |Bg(n)| < c¢-n? for all n > 1 and
of intermediate growth otherwise, for some finite generating set S of I'. Observe that
the growth type of I' does not depend on the choice of generating set S.

If a finitely generated group I is linear, it is known that I is either of polynomial
growth in which case I' is virtually nilpotent, or of exponential growth otherwise
([Tit72], [Mil68], [Wol68]).

Definition 1.1. A finitely generated group I' is said to have uniform exponential
growth if
igf ws(l) > 1,

where the infimum is taken over all finite generating sets S of T'.
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A main open problem concerning the growth property of a group is whether a
group I' of exponential growth is necessarily of uniform exponential growth, as first
asked by Gromov (Remark 5.12 of [Gro81]).

This was answered affirmatively in the case when I' is hyperbolic by M. Koubi
[Kou98] (see also [Del96]) and in the case when I is solvable independently by D. Osin
[Osi] and J. Wilson [Wil00]. Recently R. Alperin and G. Noskov [AN] have announced
an affirmative answer for certain subgroups of SLy(C). For a general discussion of
these questions see the survey [GdIH97].

While writing the final version of the paper we have learned from J. Wilson that
he has recently constructed groups having exponential growth but not uniform expo-
nential growth [Wil02].

Our main result is the following:

Theorem 1.2. Let I be a finitely generated group which is linear over a field of
characteristic 0 and not virtually solvable. Then there exists a positive integer n
depending only on T' such that for any finite generating set S of T, Bg(n) contains
two elements generating free semi subgroup.

This immediately implies:
Theorem 1.3. Let I" be as above. Then I' has uniform exponential growth.

Combined with the results of Osin and Wilson mentioned above, our theorem
implies the following:

Corollary 1.4. Let T" be a finitely generated subgroup of GL,(C). The following are
equivalent:

o [' is not virtually nilpotent
o [' is of uniform exponential growth.
e I is of exponential growth.

Recall that for a compact Riemannian manifold M, the volume entropy hye (M)
is given by
log V,
B (M) = Tim 08Y=(")

r—00 T

where V,(r) denotes the volume of the ball of radius 7 centered at (any) x in the
universal cover M with the induced metric.



One motivation for studying the notion of uniform exponential growth is the
observation that if the fundamental group of a compact manifold M has uniform
exponential growth then one has a positive lower bound on the volume entropy for
any Riemannian metric on M of normalized diameter.

On the other hand, Manning showed that the topological entropy htop(M) (see
[MaT79] for definition) of the geodesic flow on the unit tangent bundle of a compact
Riemannian manifold M is bounded below by the volume entropy hyo (M) of M
[Ma79].

Thus, we have the following:

Corollary 1.5. Let M be a compact manifold such that m (M) is linear over a field
of characteristic 0 and not virtually nilpotent. Then

inf htop(g) > inf hyo(g) > 0

where the infimum is taken over all Riemannian metric g on M with normalized
diameter.

An announcement of our result has appeared in [EMO] with an account for a main
strategy. The approach is outlined in §2. Sections §3-§7 are preparation for the proof
of the main Theorem 1.3, which is given in §8. With the exception of Lemma 4.2,
only the results labelled propositions are used in the sequel.

2 A version of the ping-pong lemma.

To show that a non virtually solvable subgroup I' < GL,,(C) has uniform exponential
growth we shall show that there is some bounded constant m so that given any finite
generating set S there exists a pair of elements in the ball (with respect to the word
metric corresponding to the generating set S) Bg(m) generating a free non-abelian
semigroup. We recall the well-known result of J. Tits [Tit72] which states that any
non-virtually-solvable linear group contains two elements A and B which generate a
free non-abelian subgroup; the proof is based on the so called “ping-pong lemma”.
Theorem 1.2 may be viewed as a sort of quantitative version of Tits’ theorem, in the
sense that we obtain a uniform bound on the word length of the elements A and B;
however our elements are only guaranteed to generate a free semigroup.

Showing that a pair of elements generates a free semigroup is based on the follow-
ing version of the ping-pong lemma which is due to G. A. Margulis.



Definition 2.1 (Ping-Pong Pair). Let V' be a finite dimensional vector space. A
pair of matrices A, B € SL(V) is a ping-pong pair if there exists a nonempty subset
U C P(V) such that

e BUNU = ;
e ABU C U and A2BU C U.

Lemma 2.2. If a pair A, B € SL(V) is a ping-pong pair then AB and A*B generate
a free semigroup.

Proof. Suppose that the semigroup generated by AB and A?B is not free. Then
(after some cancellation) we could find a relation of the form w; = ws, where w; and
wy are words in AB and A%B with w; starting with A2B and w, starting with AB.
But this is a contradiction since we have A™'w,U C U and A~ 'w,U NU = ), and
hence A~1w; # A~ w,. O

The above lemma clearly yields:

Proposition 2.3. Let ' be a finitely generated subgroup of SL(V). Suppose that
there exists an integer N € N such that for any finite generating subset S of T,
Bgs(N) contains a ping-pong pair A and B. Then T' has the uniform exponential
growth property.

Notation: Let k be a local field (with char & = 0) endowed with an absolute value
|- | and V' a k-vector space of dimension n. By fixing a basis, we identify V with k™.
We fix a norm || - || on V by

(1, - ) || = maxgfa] [ 1 <4 <n}.
Define a distance d on the projective space P(V') = P(k") by
d(zy,x9) = {inf ||[v; — va| | v; € @y, ||vs]| = 1 for each i = 1,2}.

If X7 and X, are closed subsets of P(V'), we set d(X1, X2) to be the Hausdorff distance
between X; and X5, that is,

d(Xy, Xo) = sup{d(x;, X;) | x; € X, {i,5} = {1,2}}

where d(x;, X;) = inf{d(z;,z;) | x; € X;}. We also set a norm on the space M, (k)
of n X n matrices by
[} = max{[Aij| | 1 <4, 5 < n}.

4



Before we state an effective way of showing that a pair of matrices is a ping-pong
pair, we need the following simple lemma:

Lemma 2.4. There exist a constant C' > 0 and a positive integer |, depending only
on n, such that
d(Bz,By) < C-||B||' - d(x,y)

for any B € SL(V) and for any x,y € P(V).

Proof: We first claim that there exists a positive constant C’ and a positive integer
m such that for any B € SL(V),

- 1BIT™ < inf{[|Bo| [ v € V; [Jv]| = 1}.

Since any matrix in SL(V) can be brought into a diagonal form by multiplying or-
thogonal matrices from both sides, we may assume that B is a diagonal matrix; and
then the claim is clear since detB = 1.

Now let v and w be unit vectors in V' such that v € x and w € y. Then

Buv Bw |B|| - [|v — w]| 1
| = Tl < <
[Bell ~ Bl

B m+1 . '
nf{[Bu]| [ve V. v] =1} = SlIBI™ - o —w]

Hence,
1 m—+1
I

Let e,...e, € k™ denote the standard basis, and let éy,...,¢€, € P(k") denote
the corresponding points in projective space.

Proposition 2.5. Let ¢y, ¢, c3, k1, ke, and k3 be fixed positive constants. Suppose
that A, B € SL, (k) are matrices such that

(L1) A =diag(ay, - ,a,) with |ai| > |ag| > -+ > |a,| and

@ > max(2, c1||A||™)

|as|

for some constants ¢c; > 0 and Kk, > 0;

(L2) ||Al| > ca|| B||**2 for some constants co > 0 and kg > 1.

5



(L3) |B11]| > c3||Al|7"3 and Bey & key for some constants cg > 0 and k3 > 0;

Then there exists a constant m € N (depending only on n, c1, ca, c3, K1, k2, k3 and the
field k) such that A™ and B form a ping-pong pair.

Proof: Denote by W the projective hyperplane spanned by eg,--- ,e,. Let cg =
C -||B|" be as in Lemma 2.4.
Case I: d(él,Bél) S % . d(él,W) = l.

2
Set
_d(e1, Bey)

~ 4(ep+1)
and U = B(éy,0), i.e., the open ball of radius § with the center €; in P(k™). To show

that BUNU = (), assume the contrary, i.e., there exists v € BUNU. Let u € U such
that Bu = v. Then

d(Beéy,e) < d(Beéy, Bu) + d(v,é,) < cpd(éy,u) + d(v,e1) < §(cg + 1) < d(Bey, é).

This contradiction proves the claim that BU N U = (.
Note that for any z € BU,

d(él, Z) S d(él, Bél) + d(Bél, B(B_IZ)) S d(él, Bél) + Cp - 5 S %d(él, Bél), (1)

and hence BU C B(e, 2d(e1, Bé)) C B(ey,2). Now consider the “stereographic
projection” map

WZB(él,g)—){xEKH‘iﬂl:l}
defined by (21, ,z,) — (1,2, , ). Clearly m(A™z) = A™r(z). Note that
there is a constant L > 1 depending only on n, such that for all x € B(ey, %),

L m(2) — er]| < d(z, 1) < L (x) — eal]. (2)

Also note that for any x € P\ W and any m € N,
m a2 "
[A7n(z) — el < | =1 (@) — el (3)

In view of (L1) and (L2), since ||A]| = |a1|, and ¢ < ¢-||A]|" for ¢, k > 0 depending
only on n, ¢y, ¢y, K1, K2, there exists rg > 1 (depending only on n, ¢y, ¢9, K1, k2) such
that for any m > rg,

1

[45) " <
~ 20L? max(cp,2)’

(4)

ai
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Hence for any z € BU and any m > ry,

m a m
Im(z) — el < L2 =

d(A™2, &) < LI|A™n(2) — & < L ‘% d(z,&)
1

aq
5|ag|™
4lay|™

CB+1 (SS

< I2 1 R A 1
- 4 max(cg,2) 2

d(é,, Bey) < 0,

using (1), (4), and the definition of §. Hence for any m > ro, A™(B(U)) C U.

Case 2: d(ey, Be) > 5 -d(e, W) = 1.
From (L2) and (L3), we have

’Bll‘ > CQC;nguAangfﬁg

1Bl
and hence there exist constants ¢4 > 0 and x4 > 0 (depending only on n, ¢y, c3, K2
and k3) such that d(Bey, W) > ¢4||A]|7". Clearly we may assume ¢y < 1. Set

Cq
| Al - (e + 1)

6:4.’

and U = B(eéy,d). Assume that there exists v € BU N U and let u € U such that
Bu =v. Then

d(Bél, él) S d(Bél, BU) + d(U, él) S cp - d(él,u) + d(U, él)
Cy

<6(cp+1) = ——— < d(Beéy,e),
4[| Alf=s
since ¢y < 1, kg > 0, ||A]| > 1, and d(é1, Bey) > % This contradiction proves that
BUNU = 0.
Note that for any z € BU,

CBCy 3¢y

_ !
d(z,W) > d(Bey, W) —cgd > - >
1 [A[|=e 4[| AfJrs - (cp +1) — 4] Afj=

Hence
BUC X = {z € B(F") : d(ze)<1— 3y
Al Al
Let 7 be the stereographic projection from X to {x € V | ;1 = 1} defined in the
same way as in Case 1. Note that (2) holds with L < 4d - % for some constant

d > 0 depending only on n.



Hence for any z € BU C X and any m € N,

d(A™z,e,) < L? % d(z, 1)

1
<o |o" o g (AN | _ e (AN (AIAI s+ 1) a2
- aq - 304 aq 364 Cy aq '

Hence using (L2), there exist constants ¢s > 0 and k5 > 0 depending only on
n,cy, Ca, C3, K1, Ko, k3 such that for any m € N

m
a2

d(A™z, &) < o5||A|I™ | 22| 6.
a1

Thus, for some integer ry € N (depending only on n, ¢y, ¢o, ¢3, K1, Ko, K3), A™(BU) C U
for all m > ry. ]

Remark: The strategy of the proof of Theorem 1.2 is to try to find words W; and
W5 of a length which is bounded independently of the generating set, and a matrix g
such that A = gWig™! and B = gW,g ™! satisfy the conditions of Proposition 2.5.

3 Getting out of Zariski closed subsets

Theorem 3.1 (Generalized Bezout Theorem). Let Xi,..., X be pure-dimensional
varieties over C and let Zy,...,Z; be the irreducible components of X1 N ---N Xj.

Then .
Z deg Z; < H deg X;
i=1 j=1

(see: [Sch00, p. 519])
The aim of this section is to show the following proposition using the generalized
Bezout theorem:

Proposition 3.2. Let I' C GL,(C) be any finitely generated subgroup and let H
denote the Zariski closure of I', which is assumed to be Zariski-connected. For any
proper subvariety X of H, there exists N > 1 (depending on X ) such that for any
finite generating set S of I', we have

Bs(N) ¢ X.



The rest of this section is devoted to the proof of Proposition 3.2. Let YV =
U ,Y; C H be an algebraic variety where Y;, 1 < ¢ < n are the irreducible compo-
nents of Y. Set d(Y) = max; dim(Y;). Denote by irr(Y) the number of irreducible
components of Y, by irr,q4(Y") the number of irreducible components of Y of the maxi-
mal dimension d(Y’) and by mdeg(Y") the maximal degree of an irreducible component
of Y.

Let S be any given finite generating set of I' in what follows.

Lemma 3.3. Ifirr,q(Y) = 1 then there exists an element s € S such that the variety
Z =Y NsY satisfies d(Z) < d(Y).

Proof. Without loss of generality we may assume that Y; is the unique irreducible
component of maximal dimension. If for every s € S we have sY; = Y] then it would
follow that Y; is invariant under the group generated by S. However as this subgroup
is Zariski dense and Y] is a proper closed subvariety it follows that this is impossible;
hence there is some s € S such that sY; # Y;. It follows that d(sY NY) < d(Y).

Lemma 3.4. Given Y as above there exists an s € S such that for Z =Y NsY either
d(Z) < d(Y) orirrpg(Z) < irrpa(Y).

Proof. Consider the set M of all maximal dimension irreducible components of
Y. If every element of S would have mapped this set into itself it would have been
(S)-invariant and this would contradict the assumption that I' = (S) is Zariski dense
whereas Y is a Zariski closed proper subset. Hence there is some s € S so that for
some element Y; € M sY; ¢ M and it follows that for Z = Y NsY either d(Z) < d(Y)
or irrpa(Z) < irrpg(Y). O

Lemma 3.5. Let Y be a proper subvariety of H. Then there exists an integer
m € N (depending only on irr(Y) and mdeg(Y)) and a sequence of m elements
50581, 5 Sm—1 of S so that if we define the following sequence of varieties Vo =Y,
Vigr = Vins Vi, 0 <i <m—1, then V,, satisfies d(V,,) < d(Y). Moreover irr(V,,,) as
well as mdeg(V,,,) are also bounded above by constants depending only on irr(Y') and
mdeg(Y').

Proof. We shall be applying Theorem 3.1 to the intersections of pairs of irreducible
varieties. Namely, let W = U}, W; be the decomposition of a Zariski closed variety

W into irreducible components. Then we have W=WnsW = UZJ-ZIVVi N W;. Thus

given n = irr(W) and mdeg(W) we have an estimate both on irr(W) as well as on
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mdeg(W). Combining this observation with Lemmas 3.3 and 3.4 one can deduce
Lemma 3.5. U

Proof of Proposition 3.2. By repeated application of Lemma 3.5 at most d(X)+1
times we find elements wy,ws, ..., w; € Bg(n), where n > 2 is bounded above by
some bound depending only on irr(X) and mdeg(X), so that Ni_;w; X = ().

Observe that this implies that Bg(n) ¢ X. Indeed if Bg(n) were contained in X,
then it would follow that e € Ni_,w; X, as Bg(n) = Bg(n)~! and hence w; ' € Bg(n)
for each 1 <17 <'¢. OJ

4 Specialization

Note that if a homomorphic image of a finitely generated group has uniform expo-
nential growth then so does the original group. Also if I is a subgroup of I' with
index d, then for any finite generating set S of I, Bg(2d — 1) contains a generating
set for I (see [ShaWa92]).

Thus in view of the theorem of Osin and Wilson mentioned in the introduction,
we may assume in proving Theorem 1.2 that the Zariski closure of I" is connected and
simple, both in the algebraic sense.

Specialization. Let E be the ring generated by the coefficients of I". Note that
since I' is finitely generated it follows that E is finitely generated. Using the fact
(see [LM91]) that if a finitely generated subgroup A of GL,(C) is virtually solvable
then there is an upper bound (say M) on the index of a solvable subgroup in A
depending only on n, we deduce that there exists a “specialization” i.e. there exists
an appropriate number field K and a ring homomorphism ¢ : F — K inducing
a homomorphism p : GL,(F) — GL,(K) so that p(I') is not virtually solvable.
Indeed let I'y = ﬂ\r /aj<a A and choose a number field K and a ring homomorphism
o . F — K so that the image of the finite index subgroup I'y under the induced
homomorphism p is not solvable. The existence of such K and o can be deduced as
follows: For a solvable subgroup H of SL(n,C) one has that the commutator group
H' = [H, H] is nilpotent of degree at most n — 1. On the other hand, since the
group [y is not solvable, its n-th commutator subgroup I',, is not trivial. Choose a
non-trivial element g € I',, and observe that there is a number field K and a ring
homomorphism ¢ : £ — K so that under the induced homomorphism p, the image of
g is non-trivial (see [?] where a much stronger assertion is proved). It follows that the
image of I'y under p is not solvable. The image p(I') < GL,(K) cannot be virtually
solvable since if it were it would follow that the image of I'y would be solvable.
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Hence we may assume that we have a finitely generated group I' contained in
SL,,(K) with K a number field and having a connected Zariski closure which is simple.

Notational Conventions. Let K be a number field. Denote by Vg the equivalence
classes of all valuations of K. For each v € Vg, we denote by K, the local field which
is a completion of K with respect to v and |- |, be the absolute value on K, given
by v. For any finite set of valuations S containing all the archimedean valuations, we
denote by Ok (S) the ring of S-integral elements in K, that is,

Ok(S)={re K| |z|, <1foreach v ¢ S}

Since I' is finitely generated, we may, after possibly replacing I' by a finite index
subgroup, assume that I' C SL,(Ok(S)), where S C Vi consists of all archimedean
valuations as well as the valuations v such that I' is unbounded in GL, (/). Thus
the diagonal embedding of I" in [], ¢ SLn(K)) is discrete.

It follows that if I is infinite, then the image of I' in [, . SL, (/) is unbounded
under the diagonal embedding.

Summarizing the above discussion we have:

Proposition 4.1. It suffices to prove Theorem 1.2 for any finitely generated subgroup
I' € SL,(Ok(S)) whose image in ], .qSLn(K,y) is unbounded under the diagonal
embedding, where K is a number field, S a finite set of valuations containing all
archimedean valuations and the Zariski closure H of I" is connected and simple.

Notational Convention. A positive constant depending only on n, K, H and S will
be referred to in the rest of the paper as a bounded constant.

Remark. For any group I' as in Proposition 4.1 the lower bound on the rate of
exponential growth actually depends only on n, K, H and S.

We choose, for each v € S, an extension of the absolute value |- |, to the algebraic
closure K of K and denote by K, the completion of K with respect to the valuation
v. For any A € SL,,(Ok(S)), we set

A(A) := max{|A|, | A : an eigenvalue of A, v € S}.
For x = (2,)yes € [[,es Kv and A = (A,)yes € [[,c5SLn(K,), we set

o] = max [z, ], and [A] = max || 4]},

For A € SL,(Ok(S)), the notation ||A|| is understood via the identification of
SL,(Ok(S)) with its diagonal embedding into [], s SL.(X,),

The following simple lemma plays a key role in the proof. It is the main reason
we specialize so that I' C SL,(Ok(S)).
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Lemma 4.2. Suppose A € SL,,(Ok(S))). Then

(a) If A1,- -+, A\ s the set of all distinct eigenvalues of A, then

I I =A==t

veS 1<i<j<m

(b) For eachv € S,
IT =Ml =c-AAr,

1<i<j<m

for some positive constants C' and N depending only on n and S.

Proof: First note that z := [],,_,<,,(Ai—A;) € K, since [[,;_;<,,(Ai—A;) is stable

under the Galois group Gal (K /K) where K is the splitting field of the characteristic

polynomial of A. If v ¢ S, A € SL,,(O,) where O, denotes the valuation ring of K,;

hence |\; — Aj|, <1 for each 1 < i # j < m. It follows that szgZS |z, < 1. On the

other hand, by the product formula, we have [],., |2|, = 1. Hence [], s |x|, > 1.
To show (b), in view of (a) it suffices to note that

A — Ajl, < 2A(A)

foreach 1 <i < j <n. O

5 The Main Proposition

Motivation. In the sequel we would like given two matrices to produce words of
bounded length whose entries satisfy certain conditions. Fix a valuation v € Vi and
rescale the given matrices so that their norms are less than 1. Given N and ¢, there
always exists a subspace V = V(N,¢,v) C M,(K,) of minimal dimension such that
every word of length at most N, is within € of V. (It is possible that V = M, (K,)).
Roughly, the assertion of the main proposition (see Proposition 5.1 below) is that
with the appropriate choice of constants we can choose V' to be an algebra (i.e. is
closed under matrix multiplication). This implies strong restrictions on V', some of
which we will discuss in §6.

The group T(A,v). Let A = diag(Ay, Ag,...,\,) be a diagonal matrix, and let
K’ D K be the field generated by the elements of A over K. We assume n! > [K': K].
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Let v € S be a valuation. Let T' = T'(A,v) < SL,(K]) to be the subgroup of the
diagonal defined by T = {diag(t1, t2,...,t,) € SL,(K]) : t; =t; whenever \; = \;}.
Note that any element which commutes with A commutes with all of T" as well. We
remark that since there are only finitely many extension fields of degree at most
n! of K, (cf. [Kob84] chapter III) there are only finitely many possibilities for T
independent of the specific element A.

The T-blocks of B. Let W;; be the eigenspaces for both right and left action of T'
on M, (K}), so that for Cy; € Wy, S*Cy;S' = AN.Cjj for any S = diag(Ay, -+, Ay) in
T'. In particular, if 7" is the whole diagonal subgroup of SL,,, then each W;; is spanned
by the elementary matrix F;;. As another example if T' = {diag(¢,¢,t™2) : t€ K/}
then

Wi = Wi = Wy = and Wy =

O ¥ ¥
S * %
o O O
o O O
o O O
S % *
*x O O
*x O O
o O O
o O O
o O O
*x O O

Note that by the choice of T', W;; with respect to T is the same as those with
respect to the single element A.

For a matrix B € SL,(K}), define B;; = pry, (B)/| Bll,, where pr denotes or-
thogonal projection of M, (K] ) onto W;;. We call the B;; the blocks of B with respect
to the torus 7. Observe that B;; Bs; = 0 unless j = s; hence any nonzero word in the
T-blocks of B is of the form B; ;, Biy, - - - Bi,i,,, for some 1 <y, -+ i,41 < m (here
m is equal to the number of different eigen-values of A and in particular m < n). In
the rest of this paper the notation B;; always denotes the blocks of B with respect to
some torus of the diagonal subgroup which will be specified whenever used. For an
n x n matrix X, the notation X7 means its transpose as usual.

We can now state

Proposition 5.1 (Main Proposition). Let K’ D K be a field extension with K’ :
K] <nl. Let A € SL,(K") be a diagonal element which is conjugate to an element of
SL,(Ok(S)) and let T = T(A,v). For eachv € S, let B € SL,(K]). For any € > 0,
there ezists a subalgebra &,(€) C M, (K)) normalized by T' such that

(a) for any word w in the blocks of B (with respect to v) of length at most 2",
d,(w,E,(€)) < e,

where d,(w, V) = inf,ey ||[w — v||,.
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(b) for any 0 € M, (K)), there ezists a word W,(€) in A and B of length at most
227" such that

. 10, X)|»
0N 2 e A 8] (s KT oey )
Xeé&(e)\{0} H HV

where the inner product (-,-) is gien by (X,Y) = Tr XY, ry is a positive
constant depending only onn, K and S, and c is a positive constant depending
only onn, K, S and e.

Remarks. If § is almost orthogonal to &,(¢) the statement (b) is vacuous.
In the course of the proof we will first prove an alternative version of assertion
(b), namely,

(b") for any 0 € M, (K)), there exists a word W,(¢) in the blocks of B of length at
most 272 such that

—r 67X v
0. WD = e A Bl | sup 1O aq) )
. PR

where r1 1s a positive constant depending only onn, K and S, and c is a positive
constant depending only on n, K, S and €.

The assertion (b’) is essentially the statement that &, (¢) viewed as a subspace is of
minimal dimension among all subspaces satisfying (a). Indeed, if there is an element
v € &,(€) which is almost orthogonal to all the words in the blocks of B of length at
most 2"°*2, then we can choose # = v (and X = v), contradicting (b’).

The rest of this section consists of the proof of Proposition 5.1. The proof relies on
a concept of an almost-algebra. Roughly, an almost-algebra is a subspace of M,,(K)
which is “almost” closed under matrix multiplication. In §5.1 we make a precise
definition and show that any almost-algebra is close to an algebra. In §5.2 we show
how to obtain an almost-algebra which will lie close to the words generated by any
given finite collection of elements (which in our case will be the blocks of B). This
almost-algebra will then be close to an algebra V' which will satisfy the conditions (a)
and (b’) of Proposition 5.1. It will also be normalized by 7', since all the blocks of
B are normalized by T'. Finally, in §5.3, we show how to get the condition (b) from
(b’). This is done by a direct argument using the Vandermonde determinant.

14



5.1 Almost algebras

Let k£ be a local field (with char k& = 0) endowed with an absolute value | - |. For
A € M,(k), we set ||A|| = [(A, A)|'/2, where the inner product (-,-) was defined in
Proposition 5.1. Since this norm is equivalent to the one defined in Section 2 (in fact
they coincide when k is non-archimedean), we do not need to distinguish them for our
purpose. Let d(A, B) = ||A — BJ| denote the associated distance function on M, (k).
Considering the canonical projection 7 : M,,(k) — {0} — P(M,(k)), for subspaces V;
and V, of M, (k), we define d(V1, V3) to be the Hausdorff distance between 7(V; —{0})
and 7(V, — {0}).

For a subset A C GL,(k), we say that a subspace V' of M, (k) is normalized by A
if AVA™' =V for all A € A.

For € > 0, we say that a subspace V' of M, (k) is an e-almost subalgebra if

d(XY,V)

sup o < €,
xyevvioy [IXI- 1Yl

where, as usual, the distance between a vector z and a subspace V is given as
inf ey ||z — .

Lemma 5.2. If there exists an orthonormal basis {A;, ..., An} of a subspace V C
M, (k) such that d(A;A;,V) < € for all 1 < i,j < m, then V is an n* - e-almost
subalgebra of M, (k).

Proof. Consider arbitrary elements X,Y € V. Then for some z;,y; € k, we have
X = Z?il ZEZAZ andY = ZZZI yzAz Let Cij € V such that d(AZAJ, V) = d(AZA], Ozg)
Note that [ XY =, 2,Cill < eyl 14— Cyll < m2[ XY [le. Since

m < n?, V is an n* - e-almost subalgebra. O

Theorem 5.3 (Almost algebras are close to algebras). There exists an increasing
function h : Rt — RT, depending only on n, with h(e) — 0 as € — 0 such that for
any e-almost-subalgebra V- C M, (k) there exists a subalgebra & C M, (k) such that
d(V, &) < h(e). Moreover if V is normalized by a subset T of SL,(k), we may take
E. to be normalized by T as well.

Proof. (This proof was suggested to us by G. Margulis.) For a subspace V' of M,,(k),
define n(V) = 1 if there is no subalgebra of M, (k) of dimension same as that of V;
otherwise set (V') to be

inf{d(V, &) : & is a subalgebra of M, (k) with dim & = dim V'}.
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For any € > 0, define
h(e) = sup{n(V) : V is an e-almost-algebra in M, (k)}.

Clearly h is an increasing function on RT. We only need to show that h(e) — 0 as
e — 0. Suppose not. Then there exist § > 0, a sequence ¢, — 0 and a sequence V,, of
en-almost-subalgebras such that for any n, n(V;,) > 4. But by the compactness of the
Grassmannian variety of M, (k), there is a subsequence of {V,,} which converges to V.
It is then easy to see that V' must be an algebra and hence 7(V,,) — 0, which yields
a contradiction. In the case when V' is normalized by 7, we modify the definition of
n(V') so that we take the infimum only over those subalgebras which are normalized
by 7. Then it is easy to see that the resulting subalgebra V' is also normalized by
7. O

5.2 Almost algebras generated by a finite set.

Lemma 5.4. Let T be a torus in SL,(k), i.e., a commutative subgroup consisting
of semisimple elements. Consider matrices By, ..., By, € M,(k) such that for each
1<i<m,||B <1 and AB;A™" is a scalar multiple of B; for each A € T. Then
for any € > 0, there exists a subalgebra E. C M, (k) normalized by T such that

e for any word w in By, .-, B, of length at most PARES
dw, &) < ¢
o for any 0 € M,(k), there exists a word w in By,--- , By, of length at most 27+
such that

xesaqor  IX||

(0,0)] > c- ( sup LK _ 2e||e||) , (5)

where ¢ is a positive constant depending only on n and €.

Proof. Let ¢¢ = €. For each 0 < r < n? 4 1, let us choose constants €, >
0 as big as possible so that e, < €2 /(3n%2%), €41 < e€”’ /(n?27°t1), and
h(3n*227e ¢, 1) < ¢,/(3n%). In the following proof, a word means a word in
By,--+,B,,. Foreach 1 <r <n?+41, let

f(r) = inf{j € N| there exists a subspace V,, C M, (k) of dimension j normalized
by T and such that d(V,,w) < ¢, for any word w of length at most 2". }
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If f(1) =0, then || B;|| < ¢ for each 1 <1 < m, and hence it suffices to take & = {0}
to prove the claim. Suppose that f(1) > 1. By construction, the function f is
increasing, and is bounded by n?. Hence there exists a minimal integer 1 < r < n?+41
such that f(r) = f(r+1). Fix a subspace V,41 C M, (k) of dimension f(r) such that
d(Vy41,w) < €,41 for any word w of length at most 27+1.

Claim 5.5. The subspace V,i 1 is an 3n'22" e 2" ¢, -almost subalgebra of M, (k)
normalized by T, and for every 0 € M, (k), there exists a word w of length at most 2"

such that
2
€€y 10, v)]
0, w)| > . sup —€|lo]] | . 6
0wl 2 g <Uevr+1\{o} o] 191 ©)

Proof of claim. For a subspace W of M, (k), the notation pry, means the projection
map of M, (k) to W. For simplicity, let p = pry, . By the definition of f, for any
word w of length at most 2"+, we have

Ip(w) = wl| < €&p1.

We now pick words wy, ... wy) of length at most 2" inductively as follows: w; is a
word of length at most 2" of maximal norm, and for each 2 < j < f(r), denoting by
W;_1 the subspace spanned by {wy,...,w;_1}, let w; be a word such that the norm
[ Plyy (w;)]| is maximal among all words of length at most 2". Clearly each W;_; is
normalized by T

Note that for each 1 < j < f(r), Herﬁl(wj)H > €, since, otherwise, all the
words of length at most 2" would be within ¢,-distance to the subspace W;_; where
Jj—1=dimW;_; < f(r), contradicting the definition of f. Let W; C V., denote
the subspace spanned by the projections p(w;), - -, p(w;).

Then

Iprews = (p(wi) | = d(p(w;), Wi_y)

€
> d(w;, Wi_y) — d(wj, p(w;)) = € — €41 > E)

Hence the vectors p(w;), 1 < j < f(r), form a basis for V,;;, and the determinant of
the matrix, say (), whose rows are the vectors p(w,) is at least 6:}2 / 27" (cf. Lemma
7.5). Thus if X = ng z;p(w;) for some z; € k, then

max |z;| < det(Q) M| Xl < 2" (1X ), (7)
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using [|p(w;)]] < ||w;|| <1 for each 1 < j < f(r). On the other hand,
d(ww;, Vigy1) < €41;  hence  d(p(w;)p(w;), Vig1) < 3€41.

Thus for any X; = >, cijp(w;) and Xp = > co;p(w;) in Vi4q of unit norm, we
have

d(X1 X2, Vi) < Z crica;d(p(wi)p(w;), Vii1)

1<, j<f(r)

202n2 _—2n? 462n? _—2n?
< f(r)27 e " 36,41 < 30 27 €, M6y

It follows that V.., is an 3n422"" e-2"%¢, 1 -almost-subalgebra of M, (k).
Let 6 denote the orthogonal projection of ¢ to V;.;. Then, since 6 and 6 differ by
an element of V.2, we have (6, v) = (0, v) for all v € V, ;. Hence
0,v ~
ap L0y
vevipn\fo} |Vl

If [|6]| < €]|6]], then there is nothing to prove. Hence, we may assume that 1] >
€)|0]]. We may write § = ) z;p(w;). Taking inner product with § we obtain,

1617 = > @i{p(w;). 0).

Hence there is a j such that |z;(p(w;), 6)| > #HQNHQ Then, in view of (7), we have

(p(uwy), B)] > —2 4],

n22n?
Hence

n2

€, ~
[0, wid| = {0, p(w;))| = {0, wj — p(w)))| = 555 101 — ersa 0]

2 2

n n

€ ~ €ril ~ € ~
> 28] - 8] > 1]
where the last inequality is justified on the choice of ¢, made in the beginning of the
proof.
This proves the claim. O

Proof of Lemma 5.4. Note that by the choice of ¢,, € < 3n%22"*¢2""¢, ;. Hence
by Theorem 5.3, there exists an algebra &, such that

d(Vey1,€) < h(3n*2" €6, 11) < &/ (3n°) < e.
Now, (5) follows from (6). O
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5.3 Proof of Proposition 5.1

Proposition 5.1 (a) and (b’) follow from Lemma 5.4. To complete the proof we need
to show how to deduce (b) from (b’).

Fix € > 0. Consider the subalgebra & C M, (K]) and N, as in Lemma 5.4. Let
0 € M,(k), as observed before we may assume that ||@]| > €||0]|, where 6 denotes the
orthogonal projection of 6 into &. (Otherwise (b) is vacuous).

Then for some 2 < r < 2°*2 4 1, there exists an r-tuple (41, ,1,) of positive
integers with 1 <i; <m for each 1 < 7 <1 such that

(6, X1,

|<‘97 Bi1i2Bi2i3 cee Bi'rflir>| > C-  sup T
Xe&\{0} X[

Note that for any positive integers 0 < ky,--- k. <m — 1,
Te(0" AMBARB ... BA*) = B[, > AN T(6],, BiiiyBisiy - Bi_yi,)

iril
(8)
where the sum is taken over all the r-tuples I = (i, - - - ,4,) such that 1 <i; < m for
all1 <5 <r.
Let (HTB)[ denote TI'(Q?;“ BiligBigig, c. Bi;uﬂr)? that is

(HTB)I = <97 BilizBiQig “ee Bir_lir>-

For each multi-index L = (I3,---,l,) and I = (41,---,i,) where 0 < [; <m —1
and 1 <1i; <mforeach 1 <j <r, let

Dip= A=A A

and
C(L) =Tro"A"BA2B ... BA"™.

Thus (8) can be rewritten as

C(L) =By > Di(6"B);

If we set the m X m-matrix

11 1
Y A1 >\‘2 Am
APttt !



then the m” x m"-matrix D whose I L entry is D;;, = )\1@ coincides with the Kronecker
tensor product ®"X. Since det X = [[ic; jc(Ni — Aj), det D = [[ 1o (N —
A

In view of Lemma 4.2, [|[D7!||, < CA(A)M, where C and M are positive constants
depending only on n,m, L and S (note that the dependency on r is resolved to that
on N, but N is again dependent only on n,m, L and S.)

Therefore
B max |97 B)il, < C - A4 - max | (L),
e ¢ ot g, o 160.X)
max |C(L)]y > e = - A(A)™" - | Bl S IR
where K ranges over the multi indices (Iy,--- ,[,) with0 < {; <m—1forall1 <j <r.

Note that r — 1 > 1, since r > 2. Noting that C'(L) = Tr(§T A" BA2B--- BAl") and
that the word A"BA™ ... BA" is of length less than m(2%°*2 + 1) for any L, set
E,(€) = E.. Since m(27°12 +1) < 22" the claim is proved. O

6 Algebras

In view of §5, we need a result on the subalgebras of M, (k), where k is a local field.
Denote by D the diagonal subgroup of SL, (k). In this section, we fix a subtorus 7'
of D.

We say that an algebra is unipotent if it is nilpotent and its exponentiation is
a unipotent group. Note that if an algebra is not unipotent, then it contains an
element of non-zero trace. On the other hand, for any unipotent algebra, there exists
an element o € SL, (k) such that conjugation by « contracts each element in the
algebra by a given factor. The following proposition is a quantitative version of the
combination of these assertions.

Proposition 6.1. For any 0 < n < 1 there exist constants d; > 0 and dy > 0
(depending only on n and n) such that for any subalgebra € of M, (k) normalized by
T, one of the following holds:

(1) There exists X € £ with | Tr X| > dy|| X||.

(2) There exists g € SL, (k) in the centralizer of T with max(||g|, |l ||) < da such
that for all X € &€, ||gXg7|| < n|| X]|.
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The rest of the section consists of the proof of Proposition 6.1.

Let € be a subalgebra of M, (k) normalized by T" and let m = dim €. Let G denote
the Grassmanian of m-dimensional subspaces of M, (k). Let R C G denote the subset
consisting of subalgebras which are normalized by T'. Tt is easy to see that R is closed
in G. Denote by R* the subset of R consisting of unipotent algebras. Then R" is
also a closed subset of G. Note that for a subalgebra £ € R, £ belongs to R" if and
only if Tr X =0 for all X € £.

Lemma 6.2. Suppose § > 0. Let £ be a subalgebra of M, (k) normalized by T. Then
at least one of the following holds:

(a) For some constant d > 0 depending only on T and §, there exists an element
X € & such that | Tr X| > d - || X]].

(b) d(&,R") < 6.

Proof: Let F C R denote the complement of the open d-neighborhood of R* in R.
Then F is a compact subset of G. Note that for each Ey € F, there exists X € Ejy
with | Tr X| > 0. Then, by compactness of F, there is a constant d > 0 depending
on ¢ and on T such that

Tr X
inf  sup g > d.

E0€F Xegy\{0} 1 X]|
O

Lemma 6.3. For any unipotent subalgebra & of M, (k) and a diagonal subalgebra T
normalizing &, there exists g € SLy (k) such that ||gl|,[lg7"]] < 1, g€og™" is contained
in the upper triangular subalgebra and gTg~! is contained in the diagonal subalgebra

of M, (k).

Proof: Let e, --,e, denote the standard basis in £". Let 0 =V, C V; C --- C
V. = k™ be the flag associated with &. (L.e., &V; € Vi_y with V_; = 0). Let
k" = E1@---@ E, be the decomposition of k™ into the eigenspaces of T corresponding
to the distinct eigenvalues. Then since T normalizes & we have

Vi =@, (Vin E;) for each i. (9)
For each 1 < j <'s, consider the flag F} in E; given by
OCcE;NViC---CE;jNV, =Ej.

21



Let L; be a flag in E; of same type as F; compatible with the basis E; N{ei,...,e,}.
There exists an element h € SL, (k) such that ||h]| < 1, |h7Y]] < 1, hE; = E; and
hL; = Fj for each j. Observe that by (9) the basis hey, hea, ..., he, is compatible
with the flag0 =V, Cc V4 C --- C V, = k™. Le., there is a permutation matrix w such
that the basis fi = wheq, fo = whes, ..., f,, = whe, is such that for each 1 < i < r
Vi = Span{ fi, f2, .-, faimv, }. With respect to this basis & is upper triangular and
T is diagonal. The element g = wh satisfies the assertions. O

Lemma 6.4. For any 0 < n; < 1, there exists a constant dg > 0 (depending only
on n and 1) such that for any unipotent algebra & normalized by T', there exists an
element o € SL, (k) which commutes with T such that max (|||, ||| ™) < d3 and

laXa ™| <m||X]|| for all X € &.

Proof: Let T denote the linear span of T over k. Since & is normalized by T', by
the previous lemma, for some g € SL, (k) such that |g|| < 1, |[¢7 ]| < 1, g€g™?
is contained in the upper triangular subalgebra and ¢7¢~' C D. Now we can find
an element § € D which contracts each element in the strictly upper triangular
subalgebra by the factor of n;, and the norm of (3 is bounded by a constant depending
only on n and 1. Now for all X € &, ||g7 189X g '8 gl < m- || X]||. Set a = g~'3g.
Since ¢T'g~! C D and D is commutative, g~ Dg centralizes T'. Since o € g~ 'Dg, we
finish the proof. O

Proof of Proposition 6.1. Let n; = 1/2, and let d3 be as in Lemma 6.4. Pick
§ = n/(3d3). Let d; > 0 be such that Lemma 6.2 holds with d; instead of d. Now
suppose (1) of Proposition 6.1 does not hold. Then (b) of Lemma 6.2 holds, hence
there exists a unipotent algebra & normalized by 7" such that d(€, &) < d. Let v in
the centralizer of T be as in Lemma 6.4. Now for any X € £ with || X|| = 1, there
exists Xy € & with || Xo|| =1 and || X — Xo|| < 6. Then,

laXa | < JlaXoa™ || + [ X — Xo)a™|
< | Xoll + llallllell X — Xol
<+ d3s
<.

Thus (2) of Proposition 6.1 holds. O
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7 Properties of SL,,(Ok(S))

In this section we prove some simple consequences of Lemma 4.2. We continue to use
the same notation K, S, A(-) etc. as in §4.

7.1 A lower bound for the maximum eigenvalue of a semisim-
ple element.

The aim of this subsection is to show:

Proposition 7.1. There exists an n > 0 depending only on n, K and S such that
A(A) > 1+ n for any semisimple element A € SL,(Ok(S)) of infinite order.

Set S, to be the subset of S consisting of all archimedean valuations in S.

Lemma 7.2. Let G = [[,cs SLy(K,). Then there exists an e-neighborhood O of
the identity in G such that if (h,Bh,')yes.. € O for some h, € GL,(K,) and the
characteristic polynomial of B has coefficients in the set Ok of algebraic integers,
then B is unipotent.

Proof: Clearly the map ¢ sending (g,) € G to (f,(X)) for f, being the characteristic
polynomial of g, is a continuous map from G to [[, K,[X]. Note that the diagonal
embedding of Ox[X] is discrete in [], K, [X]. Hence there exists a neighborhood V' of
¢(e) such that the only element of V' intersecting the diagonal embedding of Ok [X]
is ¢(e). Noting that ¢((g,)) = ¢(e) implies that each g, is unipotent, it suffices to set
O to be ¢~ 1(V). O

Lemma 7.3. For any § > 0, and for any diagonal matriz diag(b,e*™1 ...  b,e* %) €
SL,(C) where by are positive reals and 0 < 0, < 1 for all 1 < I < n, there exists
1§d§52% such that for all 1 <1 <mn, df; < mod 27.

Proof: Let R,, be the subdivision of [0, 1], identified with R/Z, into m = } subinter-
vals of equal length §. Consider the box [0, 1]” x [0, 1]" and R,, X R,,, which are m*"
subsets of size 6*" in [0, 1]*". Letting 6 = (61, - - ,6,,), consider [-6 for 1 < < m**+1,
Then by pigeon-hole principle, for some 1 < [; < ly < m?*! [, -0 and [, - § must
be in the same box in R, X R,,. Hence the size of (I3 — ;) - 6 is at most §. Since
1 <y —1; <m?, this proves the claim. O
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For each v € S, set A, (A) = max{|\|, : A: an eigenvalue of A}.

Proof of Proposition 7.1: Let € be as in Lemma 7.2 and d be as in Lemma 7.3
with respect to §. Let K’ D K be the splitting field of the characteristic polynomial
of A. Since for each v € S, K], C C and S, is finite, we may assume, after replacing
A by a suitable power of A with a bounded exponent depending on d and |S.|, that
the arguments of each eigenvalue of A is at most € mod 27. Note that since A is of
infinite order, any power of A is non-trivial. Suppose that for some non-archimedean
v eS8, A(A) > 1. Then in fact, A,(A) > 7¥/™ for 7 being the uniformizer of the
field K, since [K! : K,] < n!. Now suppose that A,(A) = 1 for all non-archimedean
v € S. It follows that all eigenvalues of A are contained in the maximal compact ring
O, of K|,. Let f denote the characteristic polynomial of A. Since the coefficients of
f are contained in K N O., C O, for all non-archimedean v € S, f in fact belongs to
Ok[X]. By applying Lemma 7.2, we now have an archimedean valuation v € S and
a constant € > 0 depending only on n, S such that |A — 1|, > € for some eigenvalue
of A. Since the argument of A is less than £, it follows that |A — 1|, > 1+ 7 for some
1 depending on e. O

7.2 Effective Diagonalization
In this subsection, we prove the following:

Proposition 7.4. Fiz v € S. Let K/, be a finite extension of K, and C, € SL,(K))
be a semisimple element which is conjugate to some matriz C' € SL,(Ok(S)) over
GL,(K]). Then there exists a matriz X, whose columns consist of linearly indepen-
dent unit eigenvectors of C, (so that X, 1C, X, is diagonal) and

1%, I < Dy - AC)M - (IG5
where Dy, My and My are positive constants depending only on n and S.
The proof relies on the following standard lemma:

Lemma 7.5. Let k be local field with an absolute value |-|. Letn > 1 and vy,--- v,
be linearly independent unit vectors in k™. For any ¢ > 0 and 1 < 5 < n, consider
the following conditions:

1. I(c) : | det(vy, -+ ,vn)| > ¢
2. 1Li(c): for any 1 <i < j and any permutation o on {1,---,j},

[P e (o)l =

24



where V7 denotes the subspace spanned by vyg, -+ Vo) for 1 < i < j and

7

Vier = {0}.
3. 1Ii(c): for any ay,--- ,a; € k,

J
|l > .
H;%%H = Clngl?ng‘%’

.

Then we have I(c) = 1L,(c), I(c) = II(c) and I,(c) = I(c").

Proof: Note that det(vy, -+, v,) = [, || pr(v'il)L(va(i))H. Since || Pr(ye )t (Voiy)]| <
1 for each 1 < i < n, we obtain that || pr(v_il)L(va(i))H > c under assuming I(c). Now

assume II;(c). Let W; denotes the subspace of k" spanned by vy, - -+, v;_1, Vit1, - -+ , V;.
Note that for each 1 <17 < 7,

J J J
1> awill® = [T prw, (Q_ aswn)lIP + T prws (D @) [P = Jal - || prygs (v3) |-
=1

i=1 =1

Since || pryy o (v;)]| > ¢ by IL(c) and 1 <4 < j is arbitrary, we have

J
I ZaiviH > ¢ max |a;.
P 1<i<j

The implication II,(c) = I(c*) is clear. O

Proof of Proposition 7.4. Let ~,---,7, denote the eigenvalues of C,, and let
vy, ...,0, denote corresponding unit eigenvectors, so that C,v; = v;v;. We assume
that if v, = 7, then v; and v; are orthogonal. Let X, be a matrix whose columns
consist of the v;’s. Note that [| X ||, < m for some constant M depending
only on n.

Then by Lemma 4.2, for each v; # v,

i — il = d- A(C)Y

for some bounded positive constants d and N. We may clearly assume that d < 1.
By Lemma 7.5, it suffices to show that

I pr(viﬂrl)L(vi)H,, > (4 A(C)~=IN|C |- foreach 1 < i< n
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(here I denotes the identity permutation). We proceed by induction on i. For i = n,
it is clear. Assume that for £+ 1 <i < n,

e )+ @il = (&)= A(C)~ DN ||, | )
d
2

> (&) AC)EIN G R,

Hence by Lemma 7.5, for any xy. 1, -+, 2, € K,, we have

10D 2wl > ()" 771 AC)"FDNC [ max i,
i=k+1 o

Write

n

- (ve) + Z a;vi, (10)

i=k+1

Uk = PR,

where a; € K,,. Now by applying C,, to both sides of (10) we obtain
Gl - bt s @l > bty ()l

= lwprgy p@+ >, alm =il

k+1<i<n,vi#vk

> |l Z a; (v — Yi)villw
k+1<i<n,v;#vg
> n—k—1 (n—k—1)N n—k—1)
4 (4 AC) VA CEINC D max i,
On the other hand, from (10) we have

n- 1@;0;\&1!” >1—|prg )l(vk)Hu-

Since d < 1, A(C) > 1 and ||C,|| > 1, we have
L Lode () AC) NG [0 <2
We deduce that
IPr, e @l = 3d - ()" AC)T" PG ;7Y
= (5" AC) NG, P

This proves the claim. O
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8 The steps of the proof

Preliminary Reductions. Let I' be an infinite finitely generated subgroup of
GL,(C) which is not-virtually solvable. By Proposition 4.1 we may assume that
I' € SL,,(Ok(S)) where K is a number field, S is a set of valuations containing the
archimedean ones, I" is unbounded in [], ¢ SL, (/) via the diagonal embedding and
the Zariski closure H of I" in GL,(C) is connected and simple.

Furthermore, in view of the Selberg Lemma [Sel60] we may assume that I' is
torsion free.

An element g € H is called H-regular if the multiplicity of the eigenvalue 1 of
Ad(g) is minimum possible in H where Ad denotes the adjoint representation of H.

It is well known that the set of all H-regular elements is a Zariski dense open
subset in H and each H-regular element is semisimple and hence diagonalizable over
GL, (K’) for some finite extension field K’ of K (cf [Bo, 12.2]).

In the following, let S be an arbitrary finite generating set of T'.

8.1 Step 1.

For each 1 <1i <n — 1, p; denotes the i-th wedge product representation of SL,, and
set [; = dim(p;).

The following proposition will provide us with two elements of I' denoted A and
B. In Steps 2-4, will construct long words in A and B.

Proposition 8.1. For any Ny € N, there exists a bounded constant My such that
Bgs(My) contains H-regular elements A and B with the property that for each 1 <
1 <n—1,

1. all words in p;(A) and p;(B) of length at most Ny are p;(H)-regular.

2. no pair of the above elements lies in a common parabolic subgroup of SL;, not
containing p;(H) unless they, as words in a free group, commute.

Proof: Let @); be the subset of H x H consisting of the pairs (gi, g») such that all
words in p;(g1) and p;(g2) of length at most Ny are p;(H )-regular and none of those
two words lie in a common parabolic subgroup of SL;, not containing p;(H) unless
they, as words in a free group, commute. Since each (); contains a Zariski open subset
in H x H, so does Q := N[ Q;.
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Since I x I is Zariski dense in H x H, by Proposition 3.2, there exists a bounded
constant M; such that Bgxs(M;) NQ # O for any finite generating set S of I'. Hence
Bgs (M) contains A, B desired as above. O

8.2 Step 2.

In the following sections, we let A, B be elements of I' as in Proposition 8.1 for
NO - 2n2+3'
Our aim in this section is to prove the following proposition:

Proposition 8.2. For some positive bounded constants C, and ry there exists a word
B’ in A and B of length at most 22 which involves B non-trivially, and for each
v € S there exists x, € SL,(K]) (where K, is the splitting field of the characteristic
polynomial of A) such that x, Az, is diagonal, and we have

AB') > Cy-AN(A)™ max |z, B, .-

Remarks. Note that since z, Az, ' is diagonal, ||z, Az, || = A(A). Hence,
o B'2y < ACA)™ [l By |

for Ny = 2m°+2, Hence, the assertion of Proposition 8.2 is roughly that it is possible
to replace B by a word B’ in A and B of bounded length such that after common
conjugation A becomes diagonal, and B’ has the property that its biggest eigenvalue
becomes comparable to the norm.

We now begin the proof of Proposition 8.2. We identify the Weyl group of SL,
with the set of permutation matrices.

There exists § € GL,,(K’) so that §Ag~! is diagonal. Fix any v € S. There exists
an element g, € GL,(K’) such that the eigenvalues of the diagonal matrix g, Ag;*
are non-increasing, i.e.,

gl,Ag;1 = diag(M1ny, 5 Amdn,,)

where |A\i], > -+ > |Ap|, and >, n; = n.
Set )
A, :=g,Ag,' and B, :=g,Bg,".

Let T, = T(A,,v). Note that given I" and v there are only finitely many possibil-
ities for 7T, independently of A and B. Hence any constant which a priori depends on
T in fact depends only on I' (i.e. is bounded in the sense of the introduction to §8).
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Definition 8.3. Let A, B € SL,(K) with A diagonal. Let Z(T") C SL,(K]) denote
the centralizer of T'= T'(A,v). We say that B is balanced with respect to A if

IBll, <2 inf [«Bz ..
z€Z(T)

Let h, € Z(T) be such that hyéyhljl is balanced with respect to A,. Set
B, := h,B,h;".
Note that A, = h, A,k and
A(A) =max{|\|, |1 <i<m,veS}>1
since det A = 1.

Lemma 8.4. There exists a word B,, in A, and B, of length at most on?+2 (which
involves B,, mon-trivially) such that

]Tr(é,,)],, > C - AL B (11)

where C' and r1 are bounded positive constants.

Proof: Fix 0 < n < 1/32. Let d; and dy be as in Proposition 6.1 with respect to 7.
Let 0 < € < d;/2 be such that d3e < 1/32 and ne < 1/32. Let &,(¢) be a subalgebra
of M,,(K]) as in Proposition 5.1 with A and B replaced by A, and B, respectively.

We now claim that alternative (2) of Proposition 6.1 cannot hold for & = &, (e).
Indeed, let g be as in Proposition 6.1 (2). By assertion (a) of Proposition 5.1 there
exists B* € &,(¢) such that |B, — B*||, < ¢||B,||,. Then

lgBug™ Il < lgB*g™ Il + llg(B, — B )g~*|l,
<l Bl + llgllllg™ 1 1B, — Bl
< || B*|l, + dzel| B |,
<n(l+e)|By, + d%‘fHBVHV
< /DBl

Since ¢ centralizes A,, this contradicts the fact that B, is balanced with respect to
A,. Therefore assertion (1) of Proposition 6.1 holds. Now we apply Proposition 5.1
with @ = I (the identity matrix). Since ¢ < d;/2, (11) follows from part (b) of
Proposition 5.1. ]
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In this subsection we have constructed A, and B, in SL,(K]) for some finite
extension field K, of K, for each v € § such that [K], : K] is bounded by a constant
depending only on n.

Let 11 € S be such that

| Bu, ., = rlr}eag( 1By ]].-

~ Let B be as in Lemma 8.4 with respect to the valuation ;. By construction of
B, clearly there exists B’ € SL, (Ok(S)) such that for each v € S,

B=ux,Bx" (12)
where x, = h,g,. Since A(B') > 1 Tr(B,,)|,,, we have completed the proof of
Proposition 8.2. ]
8.3 Step 3

In this subsection, our goal is the following:

Proposition 8.5. There exist bounded constants my, ¢ and M such that for any
given finite generating set S of I' C SL,(Ok(S)) there exist two H -reqular elements
A, B € Bs(my) not lying in a common parabolic, such that for each v € S, there
exists a finite extension field K, of K, and an element y,, € GL,,(K,) such that each
A, =y, Ay is diagonal and

= > . /M
A(A) = max[|A |, = ¢ - max || B, ||, (13)

Note that B’ is H-regular by Proposition 8.1. Set X, € GL,(K) to be a matrix
whose columns are unit eigenvectors of B satisfying

1X, !, < D - AB)™ | BI|"
for each v € § as in Proposition 7.4.

Lemma 8.6. We have

maxe |4, > max [ B}, or
Il{lgg( HX;lBX,,H,, > D' rlr}eag( HerlAVXVHi/M
where M, D' and M’ are bounded constants.
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Proof: Set Ny = 2"°*2_ Let M be a positive integer bigger than r + 1 where r; is
as in Proposition 8.2. If A(A) > ||B,,||"™, then there is nothing to prove. Suppose
that A(A) < ||B,,||'/™. Consider X;'BX, and X, 'A,X,. Note that

max || X, 'BX, ||, = A(B).
veS
By applying Proposition 8.2 and by the assumption, we have

max || X BX, [l = Cr - ACA) Byl = Co - 1By 77214,

ve

On the other hand, Proposition 7.4 with notations M;, Ms and D; there implies for
each v € S,

magi HXll_lAVXVHV < ma‘g( HXV_IHV AL < Dy 'A(B/)MlHBVHVMQA(A)
ve ve

< l)1 X A(A)M1N1+1 X HBVIHIJ/V11M1+M2 < l)1 . C{Wl X HBVI"1(111\41N1+1)/M+N1M1+M2

by the assumption. Since —r;/M + 1 > 0, we can find bounded constants M’ and D’
such that .

max | X, 1B, X, |, > D' - max || X, 4, X, ||

veS veS

O

Proof of Proposition 8.5. If the first inequality in Lemma 8.6 does not hold, we
simply need to replace A, by X, 'B, X, and B, by X, '4,X,.

8.4 Step 4.

In this subsection we aim to satisfy the remaining conditions of Proposition 2.5. Note
that (L2) is already satisfied in view of Proposition 8.5. It remains to satisfy (L1)
and (L3).

Let vy € S be such that ||A,,]|,, = max,es || A, ||, which is equal to A(A).

Using Proposition 7.1 (note that I' is assumed to be torsion-free), we may assume
that ||A,,|l,, > 4!, after taking a suitable power by a bounded exponent. By
conjugating I" by a Weyl element, we may also assume that the diagonal entries of
A,, are in decreasing order with respect to the absolute value | - |,,. For the sake of
simplicity, we omit the subscript v in the notation | - |,, for the rest of this section.

We now need the following easy lemma:
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Lemma 8.7. For any diag(ay,---,a,) € SL,(K],) where |og| > |aipa| for each

1<i<n-—1, we have
(max ‘Oéi‘ ) > %‘a”l/(n—l).
(2

’Qi+1’

Proof: Suppose that |a;| < $|oq|™ Y|y 4] for each 1 < i < n— 1. It follows

that, using Hz ’OQ’ = 1, ‘041’ ngignfl ’042‘ < 271%1‘@1" Hence ngignfl ‘al‘ < 2”%1’
or equivalently |a,| > 277! which contradicts the assumption that a; is in norm
decreasing order. 0

Write A,, := diag(Ay, -+, A,). Let 1 < i < n — 1 be the smallest integer such
that \

> L\ V0D > 9
Aig1] M -

By taking the i-th wedge product of p;, we obtain that a bounded power of p;(A,,)
and p;(B,,) satisfies (L1). Without loss of generality, we may assume that p;(A,,)
satisfies (L1). Note that the elements p;(A,,) and p;(B,,) satisfies (L2) by (13) and
the choice of 1y and 7.

Proposition 8.8. Let k be a local field with an absolute value | - |. Then for any
matriz D in SL,,(k), the (1,1)-entry (D?)11 of the power D? for some 1 < g < m
satisfies

[(D) | = ¢l DY*

for some constants s > —oo and ¢ > 0 depending only on n.

A

Assuming Proposition 8.8, we have p;(B,,) and p;(A,,) satisfies (L3). Indeed it
is easy to see that they also satisfy (L1) and (L2) from the fact that A,, and B,
satisfy those. Hence we produced a ping-pong pair using words of bounded length in
the given set of generators. This completes the proof of the main theorem.

Proof of Proposition 8.8. Let yp(z) = > 1", a;z' be the characteristic polynomial

of D. Note that oy = 1. We then have yp(D) = 0. Hence if we write D? = ((D9);;),
then >~ a;(D")11 = 0 and hence Y., o;(D")1; = —1. Hence for some 1 < ¢ < m,
|ag(D) | = 1/m

which implies that |(D9);,| > || D||~%. This proves the proposition.
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