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a  b  s  t  r  a  c  t

The  bronchial  network  of  the mammalian  lung  consists  of  millions  of  dichotomous  branches  arranged  in  a
highly complex,  space-filling  tree.  Recent  computational  models  of  branching  morphogenesis  in the  lung
have helped  uncover  the  biological  mechanisms  that  construct  this  ramified  architecture.  In this  review,
we  focus  on  three  different  theoretical  approaches  – geometric  modeling,  reaction-diffusion  modeling,
eywords:
uantitative models
orphodynamics
echanobiology

uring patterns

and  continuum  mechanical  modeling  – and  discuss  how,  taken  together,  these  models  have  identified
the  geometric  principles  necessary  to  build  an efficient  bronchial  network,  as  well  as  the  patterning
mechanisms  that  specify  airway  geometry  in  the developing  embryo.  We  emphasize  models  that  are
integrated  with  biological  experiments  and  suggest  how  recent  progress  in  computational  modeling  has
advanced  our  understanding  of  airway  branching  morphogenesis.

©  2016  Elsevier  Ltd.  All  rights  reserved.
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. Introduction

In nature, tree-like networks abound. Their forms are embod-
ed in the shapes of multitudinous plants, but they also constitute
he basic architecture of many organs in the bodies of animals. The
idneys, the vasculature, and the lungs all contain branched net-
orks of tubes. The complexity of these anatomical structures has

eguiled scientists for centuries, and, to this day, the principles that

province of experimental biology. But, over the years, mathemat-
ical modeling has also uncovered some of the mechanisms used
to create branched, biological networks. The advent of comput-
ers enabled scientists to build numerical models that could test
whether simple, recursively applied “rules,” enacted in a computer
program, were sufficient to create complex, space-filling trees. The
pioneering work of Benoît Mandelbrot – specifically, his introduc-
tion of the concept of fractals [1] – proved particularly influential.
etermine the geometry of different branched networks are not
ully understood.

Historically, the study of branching morphogenesis – the for-
ation of tree-like structures in the body – has largely been the

Abbreviations: 2D, two-dimensional; 3D, three-dimensional; FGF, fibroblast
rowth factor; SHH, sonic hedgehog.
∗ Corresponding author at: 303 Hoyt Laboratory, William Street, Princeton, NJ
8544, United States.

E-mail address: celesten@princeton.edu (C.M. Nelson).

ttp://dx.doi.org/10.1016/j.semcdb.2016.06.003
084-9521/© 2016 Elsevier Ltd. All rights reserved.
Fractal geometries are self-similar, since their structure is repeated
across both large and small length scales. (Consider a small branch
of a botanical tree, which often represents a miniaturized version of
the entire tree itself.) Fractals are thought to underlie the formation
of many branched networks in nature [1], an idea that has spawned
several studies of the geometric scaling laws that describe tree-like
structures in the body. Other (more recent) computational work
has sought to understand how these networks originate inside

the developing embryo, to determine how the biological patterns,
which specify the creation of branched organs in the body, arise
anew.

dx.doi.org/10.1016/j.semcdb.2016.06.003
http://www.sciencedirect.com/science/journal/10849521
http://www.elsevier.com/locate/semcdb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.semcdb.2016.06.003&domain=pdf
mailto:celesten@princeton.edu
dx.doi.org/10.1016/j.semcdb.2016.06.003
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Fig. 2. Geometric models of the bronchial tree. (A) Schematic of the geometry of
a  branch bifurcation, where d0 is the diameter of the parent branch, d1 and d2 are
the  diameters of the two  daughter branches, and �1 and �2 represent the angles of
the  daughter branches with respect to the direction of the parent branch. Modi-
fied  from [11] with permission. (B) Mandelbrot’s 2D fractal model of the bronchial
tree. Reprinted from [1]. (C) Different 2D fractal trees of varying fractal dimen-
sion Df . Note that the network geometry becomes more space filling as Df → 2,
the Euclidean dimension of a plane. Modified from [13] with permission. (D) 3D
model of the human airway tree, which uses fractal-like rules, includes >50,000
ig 1. A resin cast of the human lung, showing the architecture of the bronchial tree
white). In the left lung, the pulmonary veins (blue) and arteries (red) interdigitate
ith the bronchial network. Figure from [54], licensed under Creative Commons.

Here, we focus on the formation of a specific branched net-
ork, the bronchial tree in the mammalian lung, often considered

 paradigm of biological complexity [2]. Likely for this reason, the
rchitecture of the airways is also one of the most quantitatively
tudied. Abundant geometric measurements, made from poly-
eric casts of bronchial trees in several mammalian species, have

evealed that the airways are comprised of many generations of
ichotomous branches, arranged in a highly ordered, space-filling
ree (Fig. 1) [3,4]. In humans, this tree has, on average, 23 gener-
tions [5]. That is, a hierarchy of 22 branch points separates each
istal alveolus, the lung parenchyma where gas exchange occurs,
rom the trachea, the inflow tract where air first enters the lungs.
emarkably, the overall branching pattern is highly stereotyped,
eaning that the geometry is largely identical amongst individ-

als [6]. In the 1980s, the apparent self-similarity of this pattern
rompted Mandelbrot to use computer modeling to suggest that
ractal geometry might underlie the formation of the bronchial tree
1]. Ever since, scores of applied mathematicians, physicists, and
ngineers have used different theoretical approaches to explain
ow the ramified geometry of the lung might form. Many have
ndorsed the fracticality of branching morphogenesis, while oth-
rs have focused on biological patterning in the embryo, seeking to
etermine the spatiotemporal cues that regulate airway branching
uring development.

In this review, we discuss three different theoretical frameworks
 geometric modeling, reaction-diffusion modeling, and contin-
um mechanical modeling – and highlight the insights into airway
ranching that have resulted from models from each class. We  dis-
uss the kinds of questions that these approaches are well suited
o answer, as well as the questions that, perhaps, they are not.
hroughout, we emphasize models that are integrated with bio-
ogical experiments and make recommendations for how theory
nd experiment might be combined in a more coordinated way in
he future.

. Geometric models

Geometric measurements of tree-like structures date back at

east to the observations of Leonardo da Vinci, who claimed that,
n actual (botanical) trees, the cross-sectional area of the trunk is
qual to the sum of the cross-sectional areas of the branches within
ach generation [1]. From this initial observation, it follows that at
branches, and matches morphometric data from human lungs. Modified from [16]
with permission.

each bifurcation the diameter of the parent branch, d0, should be
related to the diameters of the two daughter branches, d1 and d2, by
the relation d0

n = d1
n + d2

n, where n is the diameter exponent (in
this case, n = 2) (Fig. 2A). This kind of geometric scaling is present in
many botanical and animal trees. In each case, the branch geometry
is thought to optimize the function of the network, to efficiently
convect the flow of air, for instance, in the case of the bronchial tree,
or of blood in the case of the vascular system, and several different
optimality principles have been proposed to explain their form [7].

In the cardiovascular system, for instance, Murray suggested that
networks of blood vessels tend to minimize power dissipation due
to viscous fluid flow and proposed a diameter exponent of n = 3 for
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essel bifurcations in the case of laminar flow [8]. Similar optimality
rinciples have been used to explain the branch angles (�1 and �2)
bserved within symmetric and asymmetric bifurcations (Fig. 2A)
9–11].

Detailed morphometric analysis of the bronchial tree has
evealed a similar geometric scaling. Using casts of human lungs,

eibel and Gomez [5] reported that the average diameter of the
th generation of airways, d (z),  follows the scaling law d (z) =
0 × 2−z/3, which is consistent with Murray’s law for symmetric
ranching [9,12]. The self-similarity of this scaling prompted Man-
elbrot to suggest that fractal geometry might be able to explain the
ranched structure of the airways [1]. He used a two-dimensional
2D) computer model to build a dichotomous fractal tree that was
oth self-similar (each branch a miniaturized version of the entire
etwork) and space-filling (the branches tending to occupy the full
xpanse of the model area), qualities that recapitulated aspects of
ronchial geometry (Fig. 2B).

Fractals reveal new levels of structural detail at increasing levels
f magnification, so their geometry is characterized not by tradi-
ional Euclidean dimensions (e.g., a line being one-dimensional),
ut rather by the fractal dimension Df , which is given by Df =

og N/ log (1 − r) where N is the number of branch segments and r <
 is the similarity ratio, the fractional reduction in length, between
arent and daughter branches [1,13]. For a planar bronchial net-
ork, as Df approaches a value of 2 (i.e., the Euclidean dimension

f a plane), the network becomes more space-filling (Fig. 2C) [13].
andelbrot noted further that, for three-dimensional (3D) fractals,

f n and Df have values close to 3, the network is (1) efficient for
ow (i.e., the network bifurcations obey Murray’s law for laminar
uid flow) and (2) optimally space-filling, both physiologic require-
ents of the pulmonary architecture [1].
In these initial models, fractal growth was not constrained by

n imposed, external boundary, and the network, though lung-like,
id not match the basic morphology of the lung, which lacks square
dges and orthogonal branch angles. If fractal growth, however,
as constrained to a region bounded by a pleural cavity-shaped

ontour, the fractal airways matched the gross morphology of the
ung more closely [13]. It was also found that the scaling features
f fractals could explain many of the species-specific differences in
ung morphometry [2,4,14]. Then, extending this work, Béla Suki
nd colleagues demonstrated that fractal-like rules could be used
o construct complex 3D models of airway branching (with >50,000
ranches) [15,16] (Fig. 2D). These models showed remarkable
uantitative agreement with the architecture of human lungs, the
odels reproducing, for the most part, the distribution of branch

iameters measured using casts of human bronchial trees. The
xperimental measurements used for comparison, however, were
ypically the mean values of the branch diameters. This despite the
act that the structure of the bronchial tree contains considerable
ariability, or randomness, and that many individual branches devi-
te significantly from these mean values. Stochastic, fractal-based
odels that more fully capture the randomness intrinsic to the

ronchial tree have yet to be developed.
Still, taken together, geometric models offer profound insight

nto the “rules” that are capable of generating lung-like archi-
ectures. The information needed to build complex anatomic
tructures need not itself be complex. Rather, local, recursively
pplied rules, operating across different length scales, can produce
ranched networks similar to the airways of the lung. But what are
he biological mechanisms that underlie these rules? They cannot
ecessarily be inferred from geometric, or fractal-based, models
lone [17]. Is the stereotyped branching pattern observed in the

ung indicative of a hard-wired genetic program? Or could dynamic

icroenvironmental cues, manifest at different spatial scales and
uring different stages of branching, regulate the cellular behaviors
hat drive airway morphogenesis? To answer these questions, other
velopmental Biology 67 (2017) 170–176

computational approaches have been used to determine the pat-
terning mechanisms that might control airway branching during
development.

3. Reaction-diffusion models

In the early mouse embryo, the lung bud forms as an out-
pocketing of foregut endoderm at embryonic day 11. Initially, the
airway epithelium has a wishbone-shaped geometry and is later
sculpted by a sequence of branching events to create the complex
network of airways (Fig. 3A) [6,18,19]. Branching morphogenesis in
the lung is highly stereotyped, and it is thought that three conserved
branching modes, used in different combinations throughout lung
development, determine the overall branching pattern (Fig. 3B)
[6,20]. Each of these modes – domain branching, planar bifurcation,
and orthogonal bifurcation – is conceptualized as a kind of morpho-
genetic subroutine, a modular, branching algorithm controlled by
the genes that regulate lung development [6].

But it is unclear exactly how these branching modes are speci-
fied, and several computational studies have attempted to uncover
the mechanisms that control airway patterning. A layer of undiffer-
entiated mesenchyme surrounds the branching epithelium, and a
vast network of reciprocal signals regulates the branching process.
Key pathways include those downstream of fibroblast growth fac-
tor (FGF), sonic hedgehog (SHH) and bone morphogenetic protein
[19,21]. Still, despite this molecular complexity, FGF10 has emerged
as a key regulator of airway branching [22], and the spatial pat-
tern of FGF10 expression in the mesenchyme has been suggested
to specify branch locations [23,24]. New epithelial branches are
thought to extend toward regions of focal expression of FGF10 in
the mesenchyme that induce localized proliferation in the adjacent
epithelium and drive branch outgrowth (Fig. 3C). As the branch
extends, the domain of FGF10 expression in the mesenchyme then
splits, in a similar manner, to direct a new bifurcation event in the
epithelium (Fig. 3C). Motivated by this idea, most recent computa-
tional studies of lung development have focused on explaining the
expression patterns of FGF10 in the mesenchyme, and how these
patterns might toggle between different branching modes.

Hirashima and colleagues used a reaction-diffusion framework
to argue that the geometry of the tissue influences the pattern of
FGF10 expression [25]. In particular, they suggested that varying
the distance between the mesothelium, which is the outermost
boundary of the embryonic lung, and the growing epithelial branch
toggles a split localization pattern of FGF10 in the mesenchyme
(Fig. 3D) [25]. Other more recent modeling efforts have suggested
that Turing patterns – stationary biochemical patterns created by
molecules that react and diffuse at different rates [26] – can gen-
erate distributions of FGF10 expression that correspond to each of
the different branching modes [27–29]. For simplicity, the com-
plex molecular network controlling lung development was pruned
to a core signaling module, consisting of FGF10, SHH, and the SHH
receptor Patched (Fig. 3E). These few interacting components were
sufficient to generate Turing patterns of FGF10 expression reminis-
cent of domain branching and terminal bifurcations in 2D (Fig. 3E),
and it was  argued that differences in the rate of epithelial growth
could toggle between these two  branching modes [27]. Using geo-
metrical datasets derived from 3D reconstructions of embryonic
lungs [30], these reaction-diffusion simulations were extended to
3D and, when combined with geometrical effects, used to predict
the patterns of gene expression that, inferred largely, and qualita-
tively, from in situ hybridization experiments in fixed embryonic

mouse lungs, are thought to control the program of airway branch-
ing [29].

Recent experiments, however, have challenged the require-
ment for a specific spatial distribution of FGF10 expression in
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Fig. 3. Reaction-diffusion models of pattern formation in the developing lung. (A) Developing mouse lungs stained for E-cadherin to show the branched airway epithelium
at  different stages between embryonic day (E) 11 and 16. Modified from [6] with permission. (B) The pattern of the murine bronchial network can be described by three
branching modes, used in different combinations throughout lung development: domain branching, planar bifurcation, and terminal bifurcation. Modified from [20] with
permission. (C) Focal expression of FGF10 in the pulmonary mesenchyme is thought to stimulate localized proliferation (green) in the airway epithelium and specify the
outgrowth of a new branch, which then (in turn) is thought to bisect the region of FGF10 expression, and so on, and so on. (D) Reaction-diffusion simulations for the split
localization of FGF10 in the pulmonary mesenchyme. Varying the distance between the epithelial branch and the outer boundary of the lung toggles between different FGF10
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ocalization patterns. Modified from [25] with permission. (E) Reaction-diffusion mo
atched (P). Simulations suggest that Turing-type patterns of FGF10 expression, wh
orm  in the pulmonary mesenchyme. Modified from [27], licensed under Creative C

he mesenchyme. Without a doubt, FGF10 is necessary for lung
evelopment [31,32], but if it is overexpressed ubiquitously in
he pulmonary mesenchyme of FGF10−/− mice, which otherwise
ack FGF10, relatively normal branching morphogenesis is recov-
red [33]. Other experiments have shown that cultured epithelial
xplants, denuded of mesenchyme, will branch in 3D gels of
econstituted basement membrane protein, even though recipro-
al signaling has been disrupted [34,35]. These studies suggest that
ther, perhaps non-biochemically-mediated, mechanisms also reg-

late airway branching, mechanisms that might act redundantly to
ny morphogenetic cues based on gradients of FGF10.
sed on a core signaling network, consisting of FGF10, SHH (S), and the SHH receptor
rrespond to domain branching (top) and bifurcation (bottom), can spontaneously

ons.

4. Physical models

For decades, scientists have acknowledged a role for mechani-
cal forces during lung development [36,37]. The formation of new
epithelial branches, for example, has long been thought to occur
through the action of forces caused by a specific pattern of growth
within the airway epithelium [37–39]. This thinking, however,
relied heavily on an assumed intuitive grasp of the mechanics
of branching morphogenesis, which often involves large defor-

mations, heterogeneous tissues, and can be deceptively complex
[37,40,41]. Recent modeling efforts have therefore worked to estab-
lish a more quantitative framework to understand the physical
mechanisms of branching. Combined with ex vivo culture experi-
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Fig. 4. Physical models of airway branching morphogenesis. (A) Simulation of viscous fingering during early lung development. Model is rigidly bound along the two straight
sides,  but free to expand along the third. Modified from [42] with permission. (B) Schematic of airway branching morphogenesis in the absence of mesenchyme. Epithelial
explants branch in culture when embedded in 3D gels of reconstituted basement membrane protein (Matrigel). Proliferation is spatially uniform prior to the formation of new
branches. Modified from [37] with permission. (C) Continuum mechanical model for airway branching in the absence of mesenchyme: a growing epithelial layer supported
by  a viscoelastic foundation. Constrained epithelial growth (εg > 0) produces a compressive force (Ng ) within the epithelium, which leads to a mechanical instability and
produces folds (or buckles) of a characteristic wavelength (�cr ), similar to the branches observed experimentally in culture (traced red contours on right). The characteristic
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avelength is tuned by the amount of epithelial growth (εgcr ). Modified from [35] w
hicken  lung. In simulation, apical constriction of cells within the airway epithel
ormation of a new epithelial branch. Modified from [48] with permission.

ents, these models have revealed that, in addition to biochemical
ignals, mechanical forces can also control branching morphogen-
sis in the lung.

Pioneering computational work by Lubkin and Murray sug-
ested that, if embryonic tissues behave as simple fluids, a physical
echanism known as viscous fingering could generate early gen-

rations of branching in the embryonic mouse lung [42]. First
bserved by Saffman and Taylor in a Hele-Shaw cell, a fluid-
lled chamber consisting of two parallel plates separated by a
hin interstitial space, viscous fingering occurs along the inter-
ace between two fluids of different viscosity [43]. The initially
mooth interface spontaneously develops finger-like protrusions
hat extend (or penetrate) into the more viscous fluid. In the embry-
nic lung, Lubkin and Murray hypothesized that a difference in
iscosity between the epithelium and mesenchyme might cause
he epithelium to penetrate, or branch out, into the surround-

ng mesenchyme, producing the first generations of branches [42]
Fig. 4A). The ratio of viscosities between the two tissue layers was
roposed to influence the dynamics of branching [44].
ermission. (D) 3D finite element model of the airway epithelium in the developing
efined by the growth parameter G1, generate mechanical forces that initiate the

Although there is a precedent for treating some embryonic tis-
sues as fluids [45], strong experimental data demonstrating that
tissues in the developing lung actually behave this way is lacking. In
fact, indirect evidence seems to suggest the contrary. In embryonic
mouse lungs, the airway epithelium contains residual mechanical
stress [46] and retains its tubular structure if the surrounding mes-
enchyme is removed [34], observations that suggest a solid-like
material behavior, at least on relatively short time-scales. In addi-
tion, dissected epithelial explants will branch in the absence of
mesenchyme when cultured in 3D gels of reconstituted basement
membrane protein [34,35], further challenging the notion that dif-
ferences in tissue viscosity control branching morphogenesis in the
lung.

Even so, the viscous fingering hypothesis highlights an impor-
tant point. Every aspect of branching morphogenesis need not be
specified completely by molecular cues. Rather, since branching is

(after all) a physical process, simple physical laws might also be
able to explain the emergence of complex, branched forms during
development.
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Recent work from our group has shown that a physical insta-
ility, produced by constrained epithelial growth, determines the
ranching pattern in airway epithelial explants cultured in 3D gels
f reconstituted basement membrane protein [35]. In these experi-
ents, the mesenchyme surrounding the epithelium was  removed,

long with any biochemical template (resident therein) that might
pecify the locations of new branches. The explants nonetheless
nderwent robust branching morphogenesis [34,35]. Interestingly,
owever, no pattern of localized proliferation, which is thought
o drive branch outgrowth, was apparent before the formation of
hese branches (Fig. 4B) [35,47]. A simple theoretical model consist-
ng of a growing epithelium supported by a viscoelastic foundation
representing the surrounding gel) was used to investigate the

echanics of branching (Fig. 4C). Folds, or “buckles,” of a spe-
ific wavelength were predicted to form along a uniformly growing
pithelial layer (Fig. 4C). The model also predicted that variations
n the rate of epithelial growth could modulate the wavelength
f these folds and thereby tune the locations of new branches,

 prediction consistent with later experiments [35]. Thus, taken
ogether, these findings suggest that simple physical principles
an control the formation of patterned epithelial structures during
orphogenesis.
Still, a conserved physical mechanism does not appear to shape

he airways in embryos of different species [37], even though many
f the molecular cues that (also) regulate branching are them-
elves conserved [19]. In lungs of the developing chicken embryo,
or instance, branches are initiated by active changes in cell shape
ithin focal regions of the airway epithelium (Fig. 4D) [48]. A con-

ractile network of actomyosin, which spans the apical surface of
hese cells, constricts to reduce the apical surface area and gener-
te wedge-shaped epithelial cells [49,50]. A continuum mechanical
odel of the developing airway epithelium (Fig. 4D) has shown

hat the forces generated by apical constriction can initiate new
pithelial branches, but are insufficient to drive branch outgrowth,
ven if cell proliferation is included [48]. In this combined exper-
mental/computational study, all model parameters were rooted
n data from experiments using cultured embryonic chicken lungs
48], and the authors’ results suggest that other forces, perhaps gen-
rated by cells in the pulmonary mesenchyme [46], also contribute
o the mechanics of airway branching.

Other recent computational work has suggested that fluid shear
orces, generated by peristaltic contractions in the layer of smooth

uscle that surrounds the embryonic airways, may  also regulate
ranching morphogenesis [51,52]. Throughout early development,
he lumen of the embryonic lung is filled with fluid, and abun-
ant qualitative data suggest that peristaltic contractions, which
ove this fluid around within the bronchial network, play a func-

ional role in lung development (e.g., pharmacological inhibition of
irway peristalsis impairs the growth of explants in culture [53]).
till, direct experimental data, which demonstrate a clear, instruc-
ive role for fluid forces in airway branching morphogenesis, are
acking, and the hypothesis – though an intriguing one – warrants
urther computational and experimental investigation.

. Conclusions

In reality, of course, branching morphogenesis in the lung is con-
rolled by a multiplicity of factors, be they physical, biochemical or
eometrical, and it is useful to recall that any computational frame-
ork is a simplification, a reduced mathematical representation of

 biological system, albeit one that can unsnarl knotty experimental

esults or make non-intuitive experimental predictions.

All models of branching morphogenesis have their limitations.
eometric models give us the “rules” to build a bronchial tree but
o not necessarily address the biological mechanisms underlying

[
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those “rules.” Reaction-diffusion models attempt to explain pat-
terns of gene expression in the developing lung, but often overlook
how the morphogenetic structures, for which they are assumed to
be a biochemical template, are actually formed. Physical models
reveal how simple mechanical principles can give rise to complex
morphogenetic forms, but often disregard the panoply of molec-
ular cues that also regulate biological processes. Going forward,
it would be interesting to determine how these different compu-
tational frameworks might be united to take advantage of their
respective strengths. How might reaction-diffusion modeling be
combined with continuum mechanics, for instance, to understand
how biochemical and biophysical cues interact to specify the airway
branching pattern?

Of course, the strongest computational models are those whose
assumptions are firmly rooted in, and whose results are later tested
by, rigorous experimental data. Robust geometric measurements
are available for the architecture of mature mammalian lungs, but
similarly robust, quantitative data for embryonic lungs are lack-
ing. High-resolution, spatiotemporal maps of FGF10 expression
in the pulmonary mesenchyme, or detailed measurements of the
mechanical properties of the airway epithelium, for example, have
not (to our knowledge) been reported. The scarcity of these data
can complicate attempts to test the predictions of even the simplest
theoretical model.

Still, despite these limitations, computational modeling is a
powerful tool, one uniquely poised to make sense of the complex-
ity inherent in biological systems. In the lung, these models have
shown how geometric, biochemical, and physical cues can direct
the creation of a ramified bronchial tree. Uniting the strengths
of different computational frameworks and integrating their use
with biological experiments will help us continue to uncover the
mechanisms used by nature to build a functional set of lungs.
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