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Next, by Lemma B.1, for all ‘ = O
(

1
ε 2

)
the cosine principal angle cos � q(Uq; X`) can be lower

bounded as

cos (Uk; X`) = Ω

(√p−
√

k − 1

�
√

d

)
:

Note also that σm
σm−σk +1 log

(
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)
. 1

ε log
(
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)
. L .

Using the same argument as in the proof of Lemma A.5, we have∥∥∥A−XL+1X
>
L+1A

∥∥∥2

2
≤ ‖Σd−m‖22 + ‖H1Σm‖22 ;

where
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(
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>
k XL + U>d−mGL

)(
ΣkU

>
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)†(Im×m
0

)
:

Again by the same argument in the proof of 2.1, ‖H1Σm‖2 ≤ �� k+1. Lastly, by the definition of m
we obtain the desired result.

Lemma B.1 Fix � = O (1=log (�d )). If at each iteration the noise matrix G` satisfies

‖G`‖2 = O
(
� 2� k

)
and

∥∥∥U>q G`

∥∥∥ = O
(√p−

√
q− 1

�
√

d
· � 2� k

)
;

then for all ‘ = O
(
1=�2

)
the following holds with all but � −Ω(p+1−q) + e−Ω(d) probability:

tan � q (Uq; X`) = O

(
�
√

d
√p−

√
q− 1

)
; cos � q (Uq; X`) = Ω

(√p−
√

q− 1

�
√

d

)
:

Proof Apply Lemma A.7 with p = k and 
 = � 2.

Appendix C. Proof of results for distributed private PCA

Theorem C.1 (Distributed private PCA, Theorem 3.1) Let s be the number of computing nodes
and A(1); · · · ; A(s) ∈ Rd×d be data matrices stored separately on the s nodes. Fix target rank k,
intermediate rank q≥ k and iteration rank p with 2q≤ p≤ d. Suppose the number of iterations L
is set as L = Θ( σk

σk−σq +1 log(d)). Let "; � ∈ (0; 1) be privacy parameters. Then Algorithm 2 solves
the ("; �; �; M )-distributed PCA problem with

� = O

(
�
√

� (A)s log d log L
� k − � q+1

)
and M = O(spdL) = O

(
� k

� k − � q+1
spdlog d

)
:

Here assuming conditions in Theorem 2.2 are satisfied, � = "−1
√

4pL log(1=� ) and � (A) is the in-
coherence (Hardt and Roth, 2013) of the aggregate data matrix A =

∑s
i=1 A(i); more specifically,

� (A) = d‖U‖∞ where A = UΛU> is the eigen-decomposition of A.

Proof We prove privacy, utility and communication guarantees of Algorithm 2 separately.

25










	Introduction
	Preliminaries
	Definitions
	Bookmark Coloring Algorithm (BCA)

	Problem Formalization
	Our Approach
	Offline Indexing
	Hub Selection
	BCA Adaptation
	Compact Storage of the Index

	Online Query Algorithm
	RWR Proximity to the Query Node
	Upper Bound for the k-largest Proximity
	Candidate Refinement and Index Update


	Experimental Evaluation
	Datasets
	Index Construction
	Online Query Performance
	Search Effectiveness

	Related Work
	Random Walk with Restart
	Top-k RWR Proximity Search
	

	
	

