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Abstract

Democracy is a natural approach to large-scale decision-making that allows
people affected by a potential decision to provide input about the outcome.
However, modern implementations of democracy are based on outdated infor-
mation technology and must adapt to the changing technological landscape.
This thesis explores the relationship between computer science and democracy,
which is, crucially, a two-way street—just as principles from computer science
can be used to analyze and design democratic paradigms, ideas from democracy
can be used to solve hard problems in computer science.

Question 1: What can computer science do for democracy?

To explore this first question, we examine the theoretical foundations of
three democratic paradigms: liquid democracy, participatory budgeting, and
multiwinner elections. Each of these paradigms broadly redistributes power
from the few to the many: For instance, liquid democracy allows people to
choose delegates more flexibly and participatory budgeting enables citizens to
directly influence government spending toward public projects. However, be-
cause these paradigms are relatively new, their theoretical properties are rel-
atively unexplored. We analyze each of these three settings from the point of
view of computational social choice, which is a mathematical framework for
collective decision-making. In particular, we focus on a combination of robust-
ness, fairness, and efficiency with the end goal of providing actionable advice
for future iterations of these paradigms.

Question 2: What can democracy do for computer science?

Toward this end, we explore two settings in which democratic principles
can be used to augment approaches to making difficult decisions—in our case,
automating ethical decision-making and hiring in online labor markets. Both
of these problems are difficult in the sense that there is no universally agreed-
upon function to optimize, making them a poor fit for traditional approaches
in computer science. Instead, we try to emulate a world in which we can get
input from people in order to arrive at a “societal” decision. In each of these
settings, we first propose and analyze a theoretical approach that leads a single
decision, and then, in collaboration with HCI researchers, run experiments in
the real world to test the efficacy and practicability of our approaches in the
real world.
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Democracy is the worst form of government ex-
cept for all those other forms that have been tried
from time to time.

Winston Churchill

Introduction

Group decision-making is a fundamental challenge in human society. How should groups
of people (e.g., nations, states, cities, or neighborhoods) make collective decisions based
on heterogeneous opinions?

Democracy offers a compelling answer to this question: Let the people themselves
decide. Societies over the years have ascribed to this philosophy to varying degrees. The
ancient Greeks were early champions of democracy, and Athenians notably used democratic
processes like sortition (random selection from the public) and voting (soliciting structured
input from the public) at all levels of society. Since then, democracy has ebbed and flowed,
but mostly flowed. Global powers up until the 17th century were largely monarchies or
oligarchies, but John Locke’s liberal democratic framework espoused in his seminal work,
Two Treatises of Government [162], set in motion a democratic wave that has continued
into the 21st century.

However, although many countries have ostensibly embraced democratic principles, the
world is currently in a state of democratic retrograde, otherwise known as democratic back-
sliding. Implementations of modern democracy largely adhere to the model of representa-
tive democracy, where the general public may directly elect representatives in legislative
bodies, but these representatives may make decisions that do not accurately reflect the will
of the people. This, among other factors, has led to a marked decrease in trust in demo-
cratic systems in recent years. Notably, advances in technology have not been blameless
in this erosion of trust. In fact, social networks have led to increased division and greater
discord online by facilitating the creation of echo chambers, an increase in polarization,
and the proliferation of fake news.

All this is to say, humanity still has significant work to do in figuring out how to make
democracy “work” as a stable, harmonious decision-making paradigm in which people af-
fected by large-scale decisions get a say in what these decisions are. Luckily, despite the
rather negative picture painted by the foregoing paragraphs, not all hope is lost for demo-



cratic ideals. In particular, as new technologies develop, academics and practitioners alike
have turned to the new frontiers of digital democracy, or e-democracy, where technology is
explicitly used to promote and strengthen democratic practices. Throughout this thesis,
we hope to contribute to work in this vein, and the first part of this thesis focuses on the
theoretical analysis of democratic paradigms that redistribute power into the hands of the
people by allowing them to directly influence decisions.

However, the relationship between computer science and democracy is not a one-way
street: Just as we can ask how tools from computer science can help evaluate and design
new democratic paradigms, we can also ask how principles of democracy can help address
difficult problems in computer science. This line of research is related to participatory
artificial intelligence, wherein human values are taken into consideration in order to design
more democratic and ethical machine learning systems.

Overall, we hope to address the following broad questions.

Question 1: How can we formally analyze existing democratic paradigms with
an eye toward creating better iterations of these paradigms in the future?

Question 2: How can we apply democratic principles to augment traditional
computer science-based approaches in order to solve difficult real-world prob-
lems?

Background: Computational Social Choice

Computational social choice is an interdisciplinary discipline that combines tools from
social choice theory and theoretical computer science. Below, we provide a short overview
of relevant topics; please see [47; 211; 197; 94; 114; 199] for a significantly more detailed
introduction.

Social choice theory formalizes the problem of aggregating individual preferences to
make a collective decision. In general, most problems in social choice can be thought of
as preference aggregation, in which a mechanism receives a collection of opinions (e.g.,
ordinal rankings of alternatives) from agents and must return a single outcome, which may
take the form of a single winner, a subset of winners, or a complete ranking, among other
formats. Within this framework, notable branches of social choice include voting theory,
which concerns the design and analysis of voting rules that take opinions as input and
apply a well-specified mechanism (which can equivalently be thought of as a function) to
make a final decision; resource allocation and fair division, where a common resource must
be divided among a set of agents with different utility functions; and ranking systems, in
which the set of agents and alternatives coincide, i.e., agents provide ranking information
among themselves. Each of these topics will be touched upon in this thesis: Chapters 1,
3 and 4 primarily concern voting theory; Chapter 2 considers resource allocation; and
Chapter 5 involves ranking systems.

Computational social choice introduces tools from theoretical science like complexity
theory, approximation algorithms, and worst-case analysis to traditional social choice the-
ory. Early work in computational social choice focused on the computational complexity



of evaluating and manipulating voting rules; however, in this thesis, we focus on a com-
bination of the following topics, each of which is often a desideratum of mechanisms in
practice.

® Robustness: For our purposes, a voting rule is robust if it is resistant to noise. In
other words, we desire rules with guarantees that hold with high probability even
in the presence of perturbations. Chapters 1, 4 and 5 analyze mechanisms from the
perspective of formal robustness guarantees.

e Fairness and representation: Fairness has many definitions, depending on the con-
text. In the context of this thesis, we primarily consider proportionality, which
maintains that groups of people deserve some amount of representation in the out-
come of a decision in accordance with their size and/or cohesiveness. Chapters 2
and 3 explore notions of fairness and proportionality in participatory budgeting and
multiwinner elections, respectively.

e Strategyproofness: A voting rule is strategyproof if each agent is (weakly) best-off
reporting her true beliefs to the mechanism, i.e., dishonest manipulation has no
benefits. We often desire strategyproofness in order to incentivize good behavior
among agents. The work in Chapter 5 concerns the design of strategyproof peer
ranking mechanisms, both in theory and practice.

e Computability: Some problems we wish to solve are computationally intractable, and
voting rules must be computationally tractable in order to be useful. Therefore, in
some cases, we must turn our attention to polynomial-time approximation algorithms.
The work in Chapters 1 and 2 involves analysis of this flavor.

As an introductory note on voting theory, we note that many seminal results in the field
are negative. In particular, there are three fundamental impossibility results in the field
of voting theory: Condorcet’s paradox, Arrow’s Impossibility Theorem, and the Gibbard-
Satterthwaite Theorem. Condorcet’s paradox [88] states that, on a population level, ma-
jority judgments between pairs of alternatives may not be transitive; i.e., that there can
exist settings where alternative a is preferred to alternative b by at least half of the vot-
ers, b is preferred to ¢ by at least half of the voters, but over half of the voters prefer
¢ to a, causing a cycle. Arrow’s Impossibility Theorem [11] states that, under mild as-
sumptions (i.e., the rule is not a dictatorship and satisfies unanimity) and in settings with
at least three alternatives, every deterministic voting rule must violate a property known
as independence of irrelevant alternatives (IIA). Finally, the Gibbard-Satterthwaite Theo-
rem [116; 203] maintains that any deterministic, non-dictatorship voting rule for three or
more candidates is not strategyproof; i.e., that agents can benefit by misreporting their
preferences. These fundamental impossibility results mean that, in our work, we must
restrict either the domain of (strategic) voter behavior or weaken the theoretical results
we hope to prove.

Finally, we note that computational social choice has limitations inherent in its model
of decision-making. For instance, it is generally assumed that voters’ utilities do not change
throughout the process, i.e., that they possess the same values before, during, and after
voting. This is not necessarily the case in practice, and work on deliberation explicitly



takes this into account. Additionally, computational social choice does not provide guid-
ance about how to choose the set of alternatives over which voters opine, and the voting
format—e.g., approval, veto, knapsack, or ranked votes—necessarily restricts the amount
of information that voters can provide to any voting mechanism.

0.1 Structure

Part I: How computer science can help democracy

The first part of this thesis asks how computer science can help democracy. In particular,
we explore the theoretical foundations of three new democratic paradigms: liquid democ-
racy, participatory budgeting, and proportional multiwinner elections. On a high level,
both liquid democracy and participatory budgeting allow people to more directly influence
decision-making processes, and multiwinner elections allow people to choose committees
of winners instead of only a single winner.

For each of the three paradigms in this part, we focus primarily on one or more of three
theoretical desiderata of voting rules: robustness, fairness, and efficiency. In the context
of this thesis, the robustness of a voting rule is its resilience against worst-case noise,
fairness broadly refers to notions of proportionality and representation, and efficiency will
be measured in terms of utilitarian social welfare, or the sum of all agents’ utilities.

Liquid Democracy (Chapter 1) Liguid democracy is a collective decision making
paradigm that allows voters to transitively delegate their votes. Our first work on this
subject studied liquid democracy through an algorithmic lens [137]. In our model, there
are two alternatives, one correct and one incorrect, and we are interested in the probability
that the majority opinion is correct. Our main question is whether there exist delegation
mechanisms that are guaranteed to outperform direct voting, in the sense of being always
at least as likely, and sometimes more likely, to make a correct decision. Even though
we assume that voters can only delegate their votes to more informed voters, we show
that local delegation mechanisms, which only take the local neighborhood of each voter as
input (and, arguably, capture the spirit of liquid democracy), cannot provide the foregoing
guarantee. By contrast, we design a non-local delegation mechanism that does provably
outperform direct voting under mild assumptions about voters.

The above result corroborates a common critique of liquid democracy: Often, a small
subset of agents may gain massive influence. To address this, we propose to change the
current practice by allowing agents to specify multiple delegation options instead of just
one. Then, we seek to control the flow of votes in a way that balances influence as much
as possible. Specifically, we analyze the problem of choosing delegations to approximately
minimize the maximum number of votes entrusted to any agent, by drawing connections
to the literature on confluent flow. We also introduce a random graph model for liquid
democracy, and draw on prior work on the power of choice, which allows us to establish a
doubly exponential separation between the maximum weight of a voter in the case where
each voter provides a single delegation and the maximum weight of a voter in the case
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where each voter provides even two possible delegations [119].

District-Fair Participatory Budgeting (Chapter 2) Participatory budgeting is a
democratic paradigm in which local governments solicit input from their constituents to
make budget decisions about public funds. In practice, it often takes the form of cities
asking their residents to vote over a list of public projects to fund. Furthermore, cities
often use participatory budgeting on a district level, where each district in a city holds a
separate election to spend their portion of the budget (generally allocated proportionally
to population). However, district-level elections may yield poor social welfare because no
single district has enough money to fund large, widely beneficial projects. On the other
hand, making decisions solely based on global social welfare may be unfair to some districts:
A social-welfare-maximizing solution may not fund any projects preferred by a particular
district.

Thus, we study how to fairly maximize social welfare in participatory budgeting subject
to a district fairness, which is a fairness constraint that promises each district at least as
much utility as it would have received under a district-level participatory budgeting process.
We show that, although optimizing social welfare subject to district fairness is NP-hard,
we can efficiently construct a lottery over welfare-optimal outcomes that is district-fair in
expectation. Moreover, we show that, when we are allowed to slightly relax fairness, we can
efficiently compute a deterministic, almost-district-fair solution that is welfare-maximizing,
but which may overspend the budget by a small constant factor [125].

Proportionality in Multiwinner Elections (Chapter 3) Finally, we analyze mech-
anisms for multiwinner elections, where a group of agents, or voters, selects a committee
from a set of candidates based on the agents’ preferences. In our setting, each agent
expresses her preferences through an approval vote, where she designates a subset of can-
didates she approves for the committee, and all votes are then aggregated to select a
winning committee from the pool of candidates.

The property we would like to satisfy is that of proportionality, which intuitively says
that a ¢ < 1 fraction of voters who agree on a ¢ fraction of the alternatives should be able
to guarantee themselves control over a ¢ fraction of the committee. We propose a measure
of proportionality for elections where the size of the committee is not fixed beforehand and
hope to establish a clear separation between the theoretical guarantees of deterministic
and randomized rules under this notion of proportionality [108].

Part II: How democracy can help computer science

In the second part of this thesis, we ask how traditional democratic principles can help
solve hard problems in computer science. In particular, we explore virtual democracy,
which provides a principled approach to automating ethical decision-making, and impartial
peer ranking, in which we design mechanisms to leverage individual expertise in settings
with conflicts of interest.

In both of these settings, we try to solve problems that do not have clear objective
functions to optimize. For instance, when trying to automate ethical decision-making, the



very concept of morality differs from person to person depending on their worldview; the
same phenomenon holds when evaluating individual expertise and fit for a job. Therefore,
standard optimization techniques are not a good fit for these types of problems because we
often cannot even identify a widely agreed-upon metric over which to optimize. Instead,
we will design mechanisms that directly ask participants for their opinions and then use
these opinions in a principled way to make a final decision.

Virtual Democracy (Chapter 4) Virtual democracy is an approach to automate de-
cisions by learning models of the preferences of individual people, and, at runtime, ag-
gregating the predicted preferences of those people on the dilemma at hand. One of the
key questions is which aggregation method — or woting rule — to use; we offer a novel
statistical viewpoint that provides guidance. Specifically, we seek voting rules that are
robust to prediction errors, in that their output on people’s true preferences is likely to
coincide with their output on noisy estimates thereof. We prove that the classic Borda
count rule is robust in this sense, whereas any voting rule belonging to the wide family of
pairwise-majority consistent (PMC) rules is not [138].

In concert with our theoretical results, we have worked closely with a local nonprofit
organization in Pittsburgh, 412 Food Rescue, to build a framework for virtual democracy
that enables people to build algorithmic policy for their communities. Through this frame-
work, we study how to design algorithmic policy in order to balance varying interests in
a moral, legitimate way. Our findings suggest that the framework successfully enabled
participants to build models that they felt confident represented their own beliefs. Par-
ticipatory algorithm design also improved both procedural fairness and the distributive
outcomes of the algorithm, raised participants’ algorithmic awareness, and helped identify
inconsistencies in human decision-making in the governing organization [155].

Impartial Aggregation (Chapter 5) We study rank aggregation algorithms that take
as input the opinions of players over their peers, represented as rankings, and output a
social ordering of the players (which reflects, e.g., relative contribution to a project or fit for
a job). To prevent strategic behavior, these algorithms must be impartial; that is, players
should not be able to influence their own position in the output ranking. We design several
randomized algorithms that are impartial and closely emulate given (non-impartial) rank
aggregation rules in a rigorous sense [136].

We complement these theoretical results with a study of impartial algorithms applied
to online labor markets through HirePeer, a novel alternative approach to hiring at scale
we created that leverages peer assessment to elicit honest assessments of fellow workers’ job
application materials, which it then aggregates using an impartial ranking algorithm [148].
Surprisingly, we find that applying peer assessment to online hiring—even without impar-
tial ranking algorithms to remove conflicts of interest—was an accurate and pedagogically
beneficial practice.



If Internet is the new printing press, then what
is democracy for the Internet era? ... How can
we get our representatives, our elected represen-
tatives, to represent us?

Pia Mancini.

Liquid Democracy

In this chapter, we examine theoretical properties of liquid democracy, a demo-
cratic paradigm that allows for transitive vote delegation. First, in a model
with a ground truth, we demonstrate that a large class of decentralized del-
egation mechanisms for liquid democracy is susceptible to the concentration
of voting power in relatively few voters. We also demonstrate that a simple
centralized delegation mechanism for liquid democracy can avoid this problem.
Second, informed by the findings above, we turn our sights to centralized del-
egation mechanisms that effectively reduce the maximum weight of any voter.
In particular, we show that allowing voters to give multiple possible delegations
leads to a significant reduction in the maximum weight of any voter.

1.1 An Algorithmic Perspective on Liquid Democracy

Liquid democracy is a modern approach to voting in which voters can either vote directly
or delegate their vote to other voters. In contrast to the classic prory voting paradigm
[173], the key innovation underlying liquid democracy is that proxies—who were selected
by voters to vote on their behalf—may delegate their own vote to a proxy, and, in doing
so, further delegate all the votes entrusted to them. Put another way (to justify the liquid
metaphor), votes may freely flow through the directed delegation graph until they reach a
sink, that is, a vertex with outdegree 0. When the election takes place, each voter who did
not delegate his vote, but rather voted, is weighted by the total number of votes delegated
to him, including his own. In recent years, this approach has been implemented and used
on a large scale, notably by eclectic political parties such as the German Pirate Party
(Piratenpartei) and Sweden’s Demoex (short for Democracy Experiment).

One reason for the success of liquid democracy is that it is seen as a practical com-



promise between direct democracy (voters vote directly on every issue) and representative
democracy, and, in a sense, is the best of both worlds. Direct democracy is particularly
problematic, as nicely articulated by Green-Armytage [121]:
“Even if it were possible for every citizen to learn everything they could possibly
know about every political issue, people who did this would be able to do little
else, and massive amounts of time would be wasted in duplicated effort. Or, if
every citizen voted but most people did not take the time to learn about the
issues, the results would be highly random and/or highly sensitive to overly
simplistic public relations campaigns.”
Another example is polling the audience in Who Wants to Be a Millionaire, in which the
audience would like to help but sometimes gets the question wrong because people who
don’t know the correct answer systematically favor a specific incorrect answer.

By contrast, under liquid democracy, voters who did not invest an effort to learn about
the issue at hand (presumably, most voters) would ideally delegate their votes to well-
informed voters. This should intuitively lead to collective decisions that are less random,
and more likely to be correct, than those that would be made under direct democracy.

Our goal is to rigorously investigate the intuition that liquid democracy “outperforms”
direct democracy from an algorithmic viewpoint. Indeed, we are interested in delegation
mechanisms, which decide how votes should be delegated based on how relatively informed
voters are, and possibly even based on the structure of an underlying social network. Our
main research question is:

Are there delegation mechanisms that are guaranteed to yield more accurate
decisions than direct voting?

1.1.1 Overview of the Model and Results

We focus on a (common) setting where a decision is to be made on a binary issue, i.e., one
of two alternatives must be selected. To model the idea of accuracy, we assume that one
alternative is correct, and the other is incorrect. Each voter ¢+ has a competence level p;,
which is the probability he would vote correctly if he cast a ballot himself.

Voters may delegate their votes to neighbors in a social network, represented as a
directed graph. At the heart of our model is the assumption that voters may only delegate
their votes to strictly more competent neighbors (and, therefore, there can be no delegation
cycles). Specifically, we say that voter ¢ approves voter j if p; > p;+a, for a parameter a >
0; voters may only delegate to approved neighbors. In defense of this strong assumption,
we note that the first of our two theorems—arguably the more interesting of the two—
is an impossibility result, so assuming that delegation necessarily boosts accuracy only
strengthens it.

As mentioned above, we are interested in studying delegation mechanisms, which decide
how votes are delegated (possibly randomly), based on the underlying graph and the ap-
proval relation between voters. We pay special attention to local delegation mechanisms,
which make delegation decisions based only on the neighborhood of each voter. Local
mechanisms capture the spirit of liquid democracy in that voters make independent del-



egation decisions based solely on their own viewpoint, without guidance from a central
authority. By contrast, non-local mechanisms intuitively require a centralized algorithm
that coordinates delegations.

Recall that our goal is to design delegation mechanisms that are guaranteed to be more
accurate than direct voting. To this end, we define the gain of a mechanism with respect to
a given instance as the difference between the probability that it makes a correct decision
(when votes are delegated and weighted majority voting is applied) and the probability
that direct voting makes a correct decision on the same instance. The desired guarantee
can be formalized via two properties of mechanisms: positive gain (PG), which means that
there are some sufficiently large instances in which the mechanism has positive gain that
is bounded away from 0; and do no harm (DNH), which requires that the loss (negative
gain) of the mechanism goes to 0 as the number of voters grows. These properties are both
weak; in particular, PG is a truly minimal requirement which, in a sense, mainly rules out
direct voting itself as a delegation mechanism.

In Section 1.1.4, we study local delegation mechanisms and establish an impossibility
result: such mechanisms cannot satisfy both PG and DNH. In a nutshell, the idea is that for
any local delegation mechanism that satisfies PG we can construct an instance where few
voters amass a large number of delegated votes, that is, delegation introduces significant
correlation between the votes. The instance is such that, when the high-weight voters are
incorrect, the weighted majority vote is incorrect; yet direct voting is very likely to lead to
a correct decision.

In Section 1.1.5, we show that non-local mechanisms can circumvent the foregoing
impossibility. Specifically, we design a delegation mechanism, GREEDYCAP, that satisfies
the PG and DNH properties under mild assumptions about voter competencies. It does so
by imposing a cap on the number of votes that can be delegated to any particular voter,
thereby avoiding excessive correlation.

In conclusion, our work highlights the significance, and potential dangers, of delegating
many votes to few voters. Importantly, there is evidence that this can happen in practice.
For example, Der Spiegel reported! that one member of the German Pirate Party, a lin-
guistics professor at the University of Bamberg, amassed so much weight that his “vote
was like a decree.” Although recent work by Kling et al. [146] highlights the fact that,
in practice, high-weight voters vote reasonably and do not abuse their power, our results
corroborate the intuition that this situation should ideally be avoided.

1.1.2 Related Work

There is a significant body of work on delegative democracy and proxy voting [173; 221; 5].
In particular, Cohensius et al. [74] study a model where voters’ positions on an issue are
points in a metric space. In their version of direct democracy, a small subset of active
voters report their positions, and an aggregation method (such as the median or mean
when the metric space is the real line) outputs a single position. Under proxy voting,

Ihttp://www.spiegel.de/international/germany/liquid-democracy-web-platform-makes-professor-
most-powerful-pirate-a-818683.html



each inactive voter delegates his vote to the closest active voter. Cohensius et al. identify
conditions under which proxy voting gives a more accurate outcome than direct voting,
where the measure is proximity of the outcome to the aggregation method applied to all
voters’ positions.

To the best of our knowledge, there are only two papers prior to the initial publica-
tion of our work that provide theoretical analyses of liquid democracy. The first is the
aforementioned paper by Green-Armytage [121]. He considers a setting where, similarly
to Cohensius et al. [74], voters are identified with points on the real line, but in his model
votes are noisy estimates of those positions. Green-Armytage defines the expressive loss of
a voter as the squared distance between his vote and his position and proves that delega-
tion (even transitive delegation) can only decrease the expressive loss in his model. He also
defines systematic loss as the squared distance between the median vote and the median
position, but discusses this type of loss only informally (interestingly, he does explicitly
mention that correlation can lead to systematic loss in his model).

The second paper is by Christoff and Grossi [72]. They introduce a model of liquid
democracy based on the theory of binary aggregation (i.e., their model has a mathematical
logic flavor). Their results focus on two problems: the possibility of delegation cycles, and
logical inconsistencies that can arise when opinions on interdependent propositions are
expressed through proxies. Both are nonissues in our model (although the need to avoid
cycles is certainly a concern in practice).

Further afield, there is a rich body of work in computational social choice [47] on the
aggregation of objective opinions [76; 78; 96; 236; 235; 163; 192; 14; 15; 169; 64; 65; 193].
As in our work, the high-level goal is to pinpoint the correct outcome based on noisy votes.
However, previous work in this area does not encompass any notion of vote delegation.

One seminal result in the aggregation of objective opinions—in particular, when decid-
ing between two options, one of which is correct and the other of which is incorrect—is
the Condorcet Jury Theorem [123], which states that if voters are independent and each
have probability greater than 1/2 of choosing the correct outcome, then the probability
of choosing correctly approaches one as the size of the electorate increases. Note that the
Condorcet Jury Theorem is directly applicable to the setting of direct democracy, but not
immediately to the (weighted) setting of liquid democracy. Researchers have also stud-
ied voting rules in a networked setting, but without delegation, from the perspective of
maximum likelihood estimation [81; 80].

There are also several papers that have explored the theoretical foundations of liquid
democracy. Notably, a paper by Brill and Talmon [51] considers liquid democracy in
the setting of ordinal elections in which the electorate wishes to construct a complete
ordering over alternatives, as opposed to deciding a binary issue as in this work. In this
framework, each voter may specify a partial ordering over the alternatives and delegate
to others in order to construct a complete ranking. However, decisions made by delegates
may violate transitivity with respect to each voter’s partial ordering, and even checking
whether delegated votes satisfy transitivity is NP-hard. In order to circumvent issues of
transitivity, they introduce a novel class of voting rules for liquid democracy based on
distance rationalization, which take as input (perhaps intransitive) delegation graphs and
output the “closest” consensus profile.
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Bloembergen et al. [36] consider a game-theoretic version of liquid democracy in which
voters must determine whether or not it is rational to delegate their votes to others. They
introduce a delegation game in which each voter has a hidden true “type” that she knows
imperfectly, and the goal of each voter is to communicate her true type to the mechanism
either directly (by voting) or indirectly (by delegating). While this setting distills the
problem of finding delegates that represent one’s own opinion, it focuses on proving the
existence of Nash equilibria under certain assumptions and provides only weak performance
bounds in the setting we consider.

Finally, Abramowitz and Mattei [2] propose a variant of representative democracy that
incorporates ideas of liquid democracy by allowing voters to alter the voting weights of their
representatives depending on the issue at hand. Although this circumvents some issues of
liquid democracy—for instance, because delegations are no longer transitive, delegation
cycles cannot occur—the proposed system is considerably more constrained than general
liquid democracy.

1.1.3 The Model

We represent an instance of our problem using a directed, labeled graph G = (V, E, p).
V = {1,...,n} is a set of n voters, also referred to as wvertices (we use the two terms
interchangeably). F represents a (directed) social network in which the existence of an
edge (i,j) means that voter i knows (of) voter j. We denote the neighborhood of voter ¢
to be the set of neighbors that ¢ knows of, or N¢(i) = {j € V : ¢ knows of j}.

We assume that the voters vote on a binary issue; there is a correct alternative and an
incorrect alternative. Fach voter ¢ € V is labeled by his competence level p;. This is the
probability that ¢ has the correct opinion about the issue at hand, i.e., the probability that
1 will vote correctly.

Our setting is also parameterized by a € (0,1). Given this parameter and a labeled
graph G = (V, E, p), we define an approval relation between voters: i € V' approves j € V
if (i,j) € E and p; > p; + «. In words, ¢ approves his neighbor j if the difference in their
competence levels is at least than a. Note that the approval relation is acyclic because
a > 0. Denote

Ag(i) ={j € V : i approves j}.

Delegation Mechanisms

The liquid democracy paradigm is implemented through a delegation mechanism M, which
takes as input a labeled graph G, and outputs, for each voter i, a delegation probability
distribution over Ag (i) U{i} that represents the probability that ¢ will delegate his vote to
each of his approved neighbors, or to himself (which means he does not delegate his vote).

To determine whether a delegation mechanism M makes a correct decision on a labeled
graph G = (V, E,p), we use the following 4-step process (which is described in words to
avoid introducing notation that will not be used again):

1. Apply M to G to output a delegation probability distribution for each voter .
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2. Sample the probability distribution for each vertex to obtain an acyclic delegation
graph. Each sink i of the delegation graph (i.e., vertex with no outgoing edges) has
weight equal to the number of vertices with directed paths to 7, including ¢ itself.

3. Each sink 7 votes for the correct alternative with probability p;, and for the incorrect
alternative with probability 1 — p;.

4. A decision is made based on the weighted majority vote.?

We denote the probability that the mechanism M makes a correct decision on graph G via
this 4-step process by Py (G).

Local Mechanisms

We are particularly interested in a special class of delegation mechanisms that we call local
mechanisms. Intuitively, local mechanisms capture the natural setting where each voter
makes an independent delegation decision without central coordination or knowledge of
global properties about the delegation graph. Formally, a local delegation mechanism is
a delegation mechanism such that the probability distribution of each vertex ¢ depends
only on (a) the subset Ag(7) of neighbors that i approves, (b) an arbitrary ranking m; over
Ac(i), and (c) Ng(i), or ¢’s neighborhood. Note that the ranking m; does not have any
inherent meaning; it is simply a way to distinguish specific neighbors. In particular, local
mechanisms assume that each voter has knowledge of the identities of his approved and
non-approved neighbors; a local delegation mechanism is applied to m; and Ng(7) in order
to output a delegation probability distribution for voter i.

For instance, say that in a setting with o = 0.15, Alice (pajice = 0.6) has four neighbors:
Bob (ppey = 0.8), Carla (pcaria = 0.9), Dean (ppesn = 0.5), and Evelyn (pgyeryn = 0.7).
Alice approves of Bob and Carla, and let my;.. = Carla = Bob. Then, the local dele-
gation mechanism takes 745 and the set of Alice’s neighbors, and returns a probability
distribution over delegating to Bob, delegating to Carla, and voting directly.

Let us give some examples of local delegation mechanisms:

e Voters do not delegate their votes. This direct voting mechanism plays a special role
in our model, and we denote it by D.

e Each voter delegates his vote to a random approved neighbor, if he has any.

e Fach voter delegates his vote to a random approved neighbor, if he has approved
neighbors but has even more non-approved neighbors.

e Fach voter delegates his vote deterministically to a single approved neighbor (e.g.,
the first in his local ordering m;), if he has any. The ranking 7; is needed only in
order to enable this type of mechanism.

By contrast, the following delegation mechanisms are not local:

e Each voter delegates his vote to his most competent approved neighbor. (Voters
cannot distinguish between their approved neighbors, except through the information
given by the “arbitrary” ranking ;.)

2Ties can be broken arbitrarily.
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e Let there exist a distinguished voter with global identifier V;. If Vi appears in the
approval set of any voter, that voter delegates to V; with probability 1.

e Each voter delegates his vote only if all agents in his approval set have global iden-
tifiers that are even integers.

Desiderata

Recall that we are interested in comparing the likelihood of making correct decisions via
delegative voting with that of direct voting. To this end, define the gain of delegation
mechanism M on labeled graph G as

gain(M, G) = Py(G) — Pp(G).

We would like to design delegation mechanisms that have positive gain (bounded away
from zero) in some situations, and which never lose significantly to direct voting. Formally,
we are interested in the following two desirable axioms:

e A mechanism M satisfies the positive gain (PG) property if there exist v > 0,ny € N
such that for all n > ng there exists a graph G,, on n vertices such that gain(M, G,,) >
7.

® A mechanism M satisfies the do no harm (DNH) property if for all € > 0, there exists
ny € N such that for all graphs G,, on n > ny vertices, gain(M, G,) > —¢.

The choice of quantifiers here is of great significance. PG asks for the existence of
(large enough) instances where the gain is at least v, for a constant . By contrast, DNH
essentially requires that any loss would go to 0 as the size of the graph goes to infinity.
That is, there may certainly be small instances where delegative voting loses out to direct
voting, but that should not be the case in the large.

We note that PG and DNH are defined over worst-case instances. Another natural ques-
tion to ask is about the expected gain of delegation mechanisms: For a random graph and
choice of competence levels, is a given mechanism expected to outperform direct voting?
However, we leave this to future work.

1.1.4 Impossibility for Local Mechanisms

In our model, we make the strong assumption that voters can only delegate their vote to
other voters who are more competent than they are, and, in particular, delegation chains
can significantly boost the competence of any particular vote. Under this assumption, it
seems natural to expect that delegative voting will always do at least as well as direct
voting in every situation, and strictly better in some situations. This should intuitively
be true under local mechanisms, say, when each voter delegates his vote to an arbitrary
approved neighbor (if he has any). The following example helps build intuition for what
can go wrong.

Example 1. Consider the labeled graph G,, = (V, E,p) over n vertices, where E = {(i,1) :
i € V\A{1}}, d.e., G is a star with 1 at the center. Moreover, py = 4/5, p; = 2/3 for all
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i€ V\{1}, and o = 1/10. Then, as n grows larger, Pp(G,) goes to 1 by the Law of Large
Numbers, or, equivalently, by the Condorcet Jury Theorem [123]. By contrast, all leaves
approve the center, and a naive local delegation mechanism M would delegate all their
votes. In that case, the decision depends only on the vote of the center, so Py (G,) = 4/5
for alln € N, and gain(M,G,,) converges to —1/5. We conclude that M wviolates the DNH
property.

One might hope that there are “smarter” local delegation mechanisms, that, say, recog-
nize that when a voter only has one approved neighbor, his vote should not be delegated.
However, our first result shows that this is not the case: local delegation mechanisms
cannot even satisfy the two minimal requirements of PG and DNH.

Theorem 1.1. For any ag € (0,1) such that © € V approves j € V if (i,j) € E and
pj > pi + o, there is no local mechanism that satisfies the PG and DNH properties.

The first step in the proof is to better understand the way in which local mechanisms
are constrained. This is captured by the following lemma.

Lemma 1.2. Let M be a local mechanism. Then M satisfies the PG property only if there
exist k,m, p > 0 such that, if a voter approves k out of his m total neighbors, then the total
probability of delegation to any of these approved neighbors is exactly p.

Proof. Suppose that PG holds. Let v > 0 and fix a labeled graph G such that gain(M, G) >
v > 0. In order for this to be the case, there must exist some vertex ¢ that delegates with
positive probability p. Let k& be the number of neighbors in G that ¢ approves, and let m
be his total number of neighbors in G this yields the desired tuple (k,m, p).? O

The crux of the theorem’s proof is the construction of a graph that, from the local
viewpoint of many of the vertices, looks like the neighborhood prescribed by Lemma 1.2.
Specifically, a k-center m-uniform star consists of vertices called leaves that are each con-
nected to k central vertices (the centers) as well as m — k other leaves. Each leaf vertex has
competence level py, and each center vertex has competence level p., such that p. > p,+ .
We set the value of £ and m to be the values whose existence is guaranteed by Lemma 1.2,
which means that the construction of a k-center m-uniform star satisfies the property that
each leaf delegates to some center vertex with probability p. Throughout the proof, we
will let n. = k£ be the number of centers, and n, will denote the number of leaves.

At a high level, we show that the loss of any local mechanism can approach (1 — p.)*,
which is constant given k. We do this by constructing a graph that consists of a k-center
m-~uniform star with an independent disconnected component consisting of n, vertices
of competence level p;. We set the parameters so that the direct voting mechanism D
decides correctly with high probability. By contrast, under the local delegation mechanism
M, enough leaves delegate their votes to the centers so that if all centers were to vote
incorrectly, which happens with probability (1 — p.)¥, then M would decide incorrectly.
While the basic idea is simple enough, the formal construction is quite delicate, as many
different parameters must be carefully balanced.

3Note that the conclusion is invariant to the ranking ;.
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Figure 1.1: Graph G for n, = 6 leaves (shown in red), n. = 3 centers (shown in blue),
nqg = 24 disconnected vertices (shown in yellow), and m = 4.

Proof of Theorem 1.1. Let M be a local mechanism that satisfies PG. By Lemma 1.2, there
must exist at least one (k, m, p) tuple for M that satisfies the lemma’s conclusion. For any
ny prescribed by DNH and any ag, we can construct a graph G, with n > n; such that
DNH does not hold.

Let G be a graph of size n = n.+ ny+ng that consists of a k-center m-uniform star and
a disconnected component containing ny disconnected points (see Figure 1.1). Each center
has competence level p., each leaf in the star has competence level py, and each point in
the disconnected component has competence level p,;. Given (k,m,p), ni, and ag, note
that the following constraints must hold.

ne > m — ne (1.1)
n=ng+n.+ng>mn (1.2)
Pec > P+ Qp

We will prove that the construction above instantiated with the following parameter
values violates DNH for any input of (k,m, p), ni, and a = o + ¢’ for &’ = 1‘% > 0, for
sufficiently small ¢ (i.e., as 6 — 0).

We begin by defining the sizes of each component: n., ny, and ny.

ne ==~k (1.4)
nim
= 1.
e ad (15)
nim
= 1.
Uzi Cl a5 ( 6)
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Note that ng depends on a constant C, which, along with another constant o, is defined
next.

2

(nepeym) \* _
( - ) T (1.7)

T
4
2

Now, we define the competency values for each component, p., p;, and pg;. Note that there
is a range of acceptable compentency values for py.

In (

> (1.8)

14+«
. 1.9
) ' (1.9)
11—«
Dy = . (1.10)
ng ng nd Nd

Finally, we define 7, another constant that will be useful for establishing concentration
guarantees in the proof.

o (In 32) e (1.12)

The following claim asserts that the construction is feasible.

Claim 1. Cy > 0 and the range of values for pg in (1.11) is nonempty.

Proof. From above, we have

((pf;anQW\/TTZ))Q g
—1

Cy =
Ty

and rearranging terms yields

2/(Cy+ Ung+ k= %”W — pev/me.

Now, note that ny = Ciny and therefore (Cy + 1)ny + k = ng + ny + k = n. Additionally,
note that \/ng, = Z. Substituting this in, we have

o

and therefore

o/ = pelpne — 7) — av/i, (1.13)
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Now, we note that oy/n — kp. < oy/n and

\/ﬁ>\/n—k—(png—7)

because both k and pn, — 7 = 20+/n/p, are greater than 0, and n — k — (pny — 7) >
n—k—mny > 0. Now, from (1.13), we can conclude that

ovn —kp. < ovn=plpng—71) —0ov/n

<(PW—T)W—U\/”—’C—(PW—T),

which means

[(n/Q—nzm> oy/n — kpe <n/2—n£pe> (nep —7)pe —on/n—k — (ngp — 1)
Pad € + , +
ng ng ng nq

is non-empty, and our value for p, is admissible.
Lastly, we have to show that (' is itself admissible; i.e., that the following holds:

((pﬁpnepz\/ne) ) 2 k
2
1>0.

Ty

Rearranging and expanding, we obtain

Dengp
i A > 24/ k.
- Der/Tg = ng +

Now, note that both sides are positive as 6 — 0. Indeed, the right hand side consists of
positive terms and the left hand side simplifies to pgy/ne(py/ne/o — 1), which is positive iff
p/ne¢ > o, which is true as 6 — 0 because 1/ grows more quickly than In(2/4). Therefore,
squaring both sides yields

3/2

<P€Z€P)2 + (pe)*ne — Q(pg)zpa(ng) > 4(ng + k).

Now, substituting in our value for n,, we obtain

[(pf,p> <72?>r ‘o0 (ng) - 2(10;)2;) <n;?>3/z 4 <”;g”) k., (1.14)

As 6 — 0, (1.14) becomes dominated by the highest-order 1/§ term, and therefore is
always positive for any assignment to the other variables because the rest of them are
constrained to be strictly positive. O]

Because «,d € (0,1), the value of n, in (1.5) is greater than both n; and m, hence
constraints (1.1) and (1.2) are immediately satisfied. Moreover, constraint (1.3) is satisfied

by (1.9) and (1.10).
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Turning to the proof that DNH is violated, let corp, del,;, and nondely; be the random
variables corresponding to the number of correct votes under D, the number of delegated
correct votes under M, and the number of non-delegated correct votes under M. Addi-
tionally, let £, 7 (defined again below), and £ be as follows.

5
_ _(11122)717
)
T = _7(111 ;> W, and
B (ln g) (n—n.— (png — 7))

Our goal is to bound the expectations of corp, dely;, and nondely;. First, we examine
E[corp]. We would like to show that

E[corp] > n/2 +¢. (1.15)
Expanding out the expected value, this is equivalent to
PeNe + Peng + pang > nj2 + €.

From (1.11), we have

S n/2 —pme+e

Pa = P
ng
so it is sufficient to show that
n/2 —pme + €
pcnc-irpenri‘nd( / Sez )Zn/Z—l—a,
d

and simplifying yields p.n. > 0. This is true by Equation (1.9), because a and k are both
constrained to be strictly positive.
Next, we examine E[delys]. We would like to show that

Eldelns] = nep. (1.16)

This is trivial to see, as dely; is a sum of ny Bernoulli random variables with “success”
probability p.

Finally, we examine the “typical case” over nondely;, or E[nondelys|dely, = v] for all
integers v € [ngp — T, nep + 7]. Intuitively, this case considers the number of correct votes
cast by still-independent vertices after “enough” leaf vertices have delegated their votes.
If these votes do not make up a majority, then all centers voting incorrectly will cause the
entire graph to vote incorrectly. We would like to show that

E[nondelys|dely = v] <nj/2 —¢&. (1.17)
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for all integers v € [nyp — 7, ngp + 7]. Conditionally on dely; being in the prescribed range
above, we see that in the worst case, dely; = nyp — 7, meaning the fewest possible voters
delegate under this assumption. Given this, we would like to show that

pang + pe(ng — (png — 7)) <n/f2 =&

From Equation (1.11) we have

g < n/2 —pme+ (nep — T)pe — &

Ng

which yields

(n/2 — pen + (nup — T)pe — €)nd + pe(ne — (png — 7))

ng
<n/2-¢.

Simplifying yields 0 < 0—a tautology. This establishes Equation (1.17).

We now wish to bound the probability of corp, dely;, and nondel,; deviating by too
much. We use Hoeffding’s inequality [127], which states that given n independent Bernoulli
random variables X; € [0,1] and X = Y, X;, the following concentration bound holds:

Pr{|X —E[X]| >¢] < 2€Xp<_i€2>. (1.18)

First, we examine corp. From (1.18) and a straightforward substitution for ¢, we obtain

—2¢2
Pr (|corp — E[corp]| > €) < 2exp
n

Sz (1.19)

Likewise, for delys, from (1.18) and a straightforward substitution for 7, we obtain

—272
Pr [|dely; — Eldely]| > 7] < 2exp

7

2[—@“)”‘2

T

DO (N>

(1.20)

= 2exp

= 0.
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Finally, for nondel,;, we are interested in upper-bounding
Pr[|nondely; — E[nondelys|dely = v]| > & | dely = v,

for every integer v € [nyp — T,n4p + 7]. As before, we apply Equation (1.18), and, as it
turns out, we can derive an upper bound when del,; = nyp — 7. Therefore, we obtain that
for every v € [ngp — T, n0p + 7],

Pr [|nondely; — Elnondely|dely = v)| > € | delp = ]

< 2ex —2¢
- P n—mn.— (png—7)
2
2 l\/_ (ln 2)(”-”;—(,07L4—T))| (121)

n—mne.— (png—T)

where the denominator comes from the (worst-case) total number of non-delegated votes
under M.
From the above, we see that

Pricorp > n/2]
Pr[delyr € (nep — m,m0p + 7)]
Prlnondely < n/2 | delys = v

1—9, (by (1.15) and (1.19))
1—39, (by (1.16) and (1.20))
1-4, (by (1.17) and (1.21))

(A\VARAVAR VS

where the last inequality holds for all integers v € [ngp — 7, np + 7].

Therefore, the lower bound on the probability of D deciding correctly is py(G) > 1 — 6.
We can lower-bound the probability of M deciding incorrectly in order to upper-bound
Py (G). We slightly overload notation and let M be the event that M decides correctly,
and =M be the event that M decides incorrectly. Moreover, denote by V' the event that
delyr € [ngp — T,n4p + 7]. By definition, we have

Pr[=M] = Pr[=M|V]|Pr[V] + Pr[-M|=V] Pr[-V],
and because probabilities cannot be negative,
Pr[-M] > Pr[-M|V] Pr[V].
Now, because Pr[V] > 1 —9,
Pr[=M] > Pr[-M|V](1 — ¢).

Furthermore, we know that Pr[-M|V] is also lower-bounded by (1 — p.)" (1 — ¢) because
one setting under which M decides incorrectly is exactly when all centers vote incorrectly
and nondely; < n/2. It follows that

Pr[~M] > (1 - po)™(1— §)(1 - 8).
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Therefore, taking the complement, we have an upper bound on the probability of M voting
correctly of
Pr[M] <1—(1—p.)"(1-9)

and the total loss can be lower-bounded by
(1=0) = (1= (1 =p)"(1=6)") = (1—pe)(l—0)* 0.

As § — 0, this tends to (1 —p,)" = (1 — p.)*, which is constant and bounded away from
0. We conclude that M violates the DNH property. O

We note that even if each voter had access to a ranking of his approved neighbors by
competence, this impossibility still holds because the construction is such that all approved
vertices have equal competence.

1.1.5 Possibility for Non-Local Mechanisms

The main idea underlying Theorem 1.1 is that liquid democracy can correlate the votes to
the point where the mistakes of a few popular voters tip the scales in the wrong direction.
As we show in the theorem’s proof, this is unavoidable under local delegation mechanisms,
which, intuitively, cannot identify situations in which certain voters amass a large number
of votes. However, non-local delegation mechanisms can circumvent this issue. Indeed,
consider the following delegation mechanism.

input: labeled graph G with n vertices, cap C': N — N
1.V« V
2: while V' # () do
3: let i € argmax;.y/|Ag' (j) N V|
J— AZH (i) NV
if |J| < C(n) —1 then
J —J
else
let J' C J such that |J'| = C(n) — 1
end if
10:  vertices in J' delegate to i
1: V'« V'\{i}u{J'})
12: end while

Algorithm 1: GREEDYCAP

In words, the mechanism GREEDYCAP, given as Algorithm 1, receives as input a labeled
graph G, and a cap C which is a function of n. It iteratively selects a voter with maximum
approvals, and delegates votes to him, so that no more than C'(n)— 1 votes are delegated to
a single voter (that is, no voter can have weight more than C'(n)). All voters involved in the
current iteration are then eliminated from further consideration, which is why delegations
under this mechanism are only 1-hop.
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It is obvious that GREEDYCAP satisfies the PG property. Intuitively, for any value of
«, it is always possible to construct large instances of graphs where a few voters delegate
to more competent voters in a way that increases the probability of making the correct
decision overall. However, although it seems at first glance that it should satisfy DNH
as well (as it solves the excessive correlation problem), the following example shows that,
without further assumptions, it does not.

Example 2. Assume for ease of exposition that « < 1/3. For any odd n = 2k+1, consider
the labeled graph G,, = (V, E,p) on n vertices, defined as follows: E = {(1,2)} (i.e., the
only edge in the graph is from 1 to 2), py = 1/3, ps = 2/3, there are k vertices with p; = 1,
and k — 1 vertices with p; = 0. Even if C(n) = 2, GREEDYCAP would delegate the vote of
voter 1 to voter 2. Therefore, the mechanism decides correctly if and only if voter 2 votes
correctly, which happens with probability 2/3. By contrast, under direct voting, it is enough
for either voter 1 or voter 2 to vote correctly, which happens with probability 7/9. It follows
that the loss of GREEDYCAP is 1/9—a constant. We conclude that GREEDYCAP violates
DNH.

The reason the example works is that the outcome completely depends on voters 1 and
2, as the others vote deterministically (competence level 0 or 1). To avoid this problem,
we make the natural assumption that competence levels are bounded away from 0 and
1, i.e., voters are never horribly misinformed or perfectly informed. It turns out that
this additional assumption is sufficient to guarantee that GREEDYCAP satisfies the DNH

property.

Theorem 1.3. Assume that there exists B € (0,1/2) such that all competence levels are
in [8,1 — B]. Then for any difference in competencies o € (0,1 — 23), GREEDYCAP with
cap C : N = N such that C(n) € w(1) and C(n) € o(y/logn) satisfies the PG and DNH
properties.

We begin with a proof sketch, focusing on the DNH property (as PG is rather simple).
Given n voters, we denote the number of correct votes under direct voting and GREEDYCAP
by Xp and X, respectively, and consider two cases.

1. |E[Xp] — 2| > =

logn”

2. |E[Xp] -5 <2

logn*

In Case 1, the direct voting mechanism has mean far away from n/2. When E[Xp] <
n/2 —n/logn, we can show that Pp goes to 0 as n goes to infinity. This means that DNH
is satisfied for any value of Py;. In the case where E[Xp] > n/2 4+ n/logn, we can show
that Py, goes to 1 as n goes to infinity, which means that DNH is satisfied for any value
of PD.

In Case 2, the direct voting setting has mean close to n/2. From here, we consider two
subcases.

1. The number of voters who delegate is greater than n/g(n), where g(n) € o(logn)
and g(n) € w(C(n)?). Note that this yields—hence the upper bound on C(n) in the
statement of Theorem 1.3.

2. The number of voters who delegate is at most n/g(n).
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In Subcase 1, because a relatively large fraction of voters delegate their votes to more
competent neighbors, E[X,/] — E[Xp] is large enough to offset the simultaneous increase
in the variance of X,;, and, in the limit, Py, goes to 1. In Subcase 2, we again have
E[Xy] > E[Xp] due to delegation. Additionally, because so few voters delegate, the ratio
of the variance of Xj; and that of X converges to 1 as n approaches infinity, which means
that (in the worst case) the difference between Pp and Py converges to 0.

Before presenting the theorem’s detailed proof, we establish three useful lemmas that
establish uniform convergence as n grows large.

The first lemma is the Lindeberg Central Limit Theorem [161], reproduced below.
Lemma 1.4 (Lindeberg Central Limit Theorem [161]). Let {X,; :n > 1;i=1,...,k,} be
a triangular array of random variables with X1, . .., Xuk, independent for each n, E[X,,;] =
0, and i E[X2] = 1. If for each fived ¢ > 0,

kn
. 2 o
,}glolO;E [X21{|X0| > €} =0,
where 1 is an indicator random variable, then

kn,
Zn =3 X, — N(0,1).

i=1

In our proof, we will use the Lindeberg Central Limit Theorem to prove the following
key lemma, which states that we can treat arbitrary instances of liquid democracy like
normal distributions as the number of voters increases.

Lemma 1.5. Forall 5 € (0,1/2) and C(n) € o(y/n), for alle > 0, there is a constant ny €
N such that for alln > no, given arbitrary competencies py, . .., p, where each p; € (5,1—0)
for B € (0,1/2) and weights by, ..., b, such that each b; € [0,C(n)] and X", b; = n, we

have
Pr[X >n/2] — @ (EM)| <€,
Var[X]

where X represents the number of correct votes in liquid democracy with these competencies
and weights, and E[X] =YX, b; - p; and Var[X]| = 30, b2p;(1 — p;).

Proof. Let {Y,r : 1 < k < n} be a triangular array of independent Bernoulli random
variables where Y,,; has success probability p,, € [5,1 — ] for 5 € (0,1/2). Furthermore,
define {b,x : 1 < k < n} be a triangular array of nonnegative integers such that 0 <
b, < C(n) for all 1 < k < n and Y>}_, b,x = n. Lastly, define the triangular array

We will first show that the sum of all the X,,; random variables is approximately normal,
or

Zy=> Xo—Z~N (Z o E[Y2], > 02, Var[Yk]> : (1.22)
k=1

k=1 k=1
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In order to show Equation (1.22), define s2 = 3>}, Var[X,x] = Y5_, b2, Var[Y,;]. Let
o Vi B VarlYo

We must first show that the triangular array W, satisfies the preconditions of Lemma 1.4.
Note that X, ..., X, are independent because the {Y,;} are independent. Also, by def-
inition, E[W,;] = 0. Furthermore, we have

DR [% - E[Xnm?]

2
k=1 k=1 Sn

Wak =

_ 512 i E[(Xok — E[X])?]
_ 512 S 02, Bl (Vo — E[Yon])?

1
ey 02y Var(Yoy) k; ni: Var (Y]

=1.

Now, we must check whether the last precondition holds, i.e., whether

lim SR [W21{|[Wo| > €}] = 0.
k=1

We have
n n Xn _EXn 2
Jim, S (WAL (Wil > )] =t 3" [P =B 0y B > )
k=1 n

= lim —ankE{Ynk—E[ W)L {bok(Vok — E[Yar])| > €< 3] -

n—oo
Sn k=1

Let us now examine the 1 {|b,x(Yox — E[Yak])| > €- s, } term. On the left side of the
inequality, we have that

|0nr (Yo — E[Yai))| € o(v/n)

because by € o(y/n), and |V, — E[Y,k]| < max(5,1 — ) < 1 — 8 because we consider
B € (0,1/2). Furthermore, on the right side, we have

Sp = Z bnkpnk 1 - pnk)

v

Zbkﬁl— (Prk € (8,1 = 5))

> \/nB(l—p) (X5=1 bk = n)
€ Q(Vn).
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Therefore, as n approaches infinity, the probability that the left hand side exceeds
the right hand side goes to 0, satisfying the final precondition. We may now apply the
Lindeberg Central Limit Theorem to see that

Zy, =Y Wy — N(0,1) as n — oo.
k=1

By straightforward scaling and shifting arguments, as above, we see that this implies
that

Zn

> Xor — N (Z o E[Y2], > b2, Var[Y;J) as n — 0o,
k=1

k=1 k=1

as desired.

This means that all instances with arbitrary competence and weight values approach
a normal distribution as the size of the instance grows. We now must show uniform
convergence. In order to do so, first assume toward a contradiction that there exists an e
such that for infinitely many n, there exist b, and p, such that the resulting instance is
not within € of normal. Then, we may construct a sequence including all of these failing
instances, which would violate Equation (1.22). O

We also require the following simple lemma.

Lemma 1.6. Given a normally distributed variable X ~ N(E[X], Var[X]) with E[X] €

[fmins Hmaz] and Var[X] € [02,,,,,0%..], then the following is true.

man’ ¥ max

Case 1: if tmar >k :
Pr[X > k] < Pr]Y ~ N (fimaz; 02i) > k

Pr[X > k] > Pr[Y ~ N (tmin, 02,,,) > K]
Case 2: if tmae < k :

Pr[X > k] < Pr]Y ~ N (fmaz; 02r0s) > K]

max

Pr[X > k] > Pr[Y ~ N (tmin, 02,;,) > K]

—

Proof. For both upper bounds, we want to minimize the value of ® (IC\/;];E[[))((]]) Because ®

k—E{X]

V_a X It is clear

is monotonically increasing, this is equivalent to minimizing the value of
that & — fimae < kK — tmin. Now, if & — f4 < 0, then

k — HMmax < k — Mmax

Omin Omazx

However, if k& — 4 > 0, then

k — HMmax < k — Mmax

Omaz Omin
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k—E[X]
Var|X]

monotonically increasing, this is equivalent to maximizing the value of k E[X] As in the
above case, it is clear that k — pin > k — fimaz- Now, if k& — ptn < 0, then

For both lower bounds, we want to maximize the value of ® (

). Because @ is

Omazx Omin

However, if k& — i, > 0, then

Omin Omazx

]

Finally, by definition, Erf(co) = 1 and Erf(—oc0) = —1, where Erf(:) denotes the
(Gauss) error function,

Erf (2 /

\/_

We will use this fact repeatedly throughout the proof of the theorem, which we now turn
to.

Proof of Theorem 1.3. Given a total number of voters n, let us define two random vari-
ables, Xp and X, where Xp denotes the number of correct votes under the direct voting
mechanism D, and X, represents the (weighted) number of correct votes under GREEDY-
CAP. We are interested in comparing Pp = Pr[Xp > n/2] and Py = Pr[Xy, > n/2|.

Let V ={Vi,...,V,,...} be a sequence of independent Bernoulli random variables in
which V; represents the vote of voter i; i.e., each V; has success probability p; € 3,1 — 5]
for 5 € (0,1/2). Using V, we define a sequence of instances indexed by n, where each
instance consists of the first n voters in V. Let {02 : 1 <i <n} and {b¥ : 1 <i <n} be
triangular arrays of nonnegative integers that denote the weight of each voter under direct
voting and GREEDYCAP, respectively. Under direct voting, b2, = 1 for all 1 < i < n. Note
that, in this case, 0 < b2, < C(n) for all voters 4, and 37, bﬁ = n. Now, in the delegative
case, let bM wy,; for all 1 <4 < n, where w,; € Z> is the total weight accumulated by
voter i in instance n (note that voters who choose to delegate have weight zero). Because
each voter cannot accumulate weight greater than C'(n), we have that 0 < w,; < C(n) for
all voters 7, and >} wy,; = n.

Note that given a population of voters of size n, Xp = Y0, 02V, = S, V; and
Xu = bMV = >, wyV;. Now, because Xp and Xj; both satisfy the conditions

under Wthh Lemma 1.1.5 holds, we may apply Lemma 1.1.5 to establish that Xp and X,
are approximately normally distributed as n goes to infinity; i.e.,

Xp=>Vi=> N (ZE[%],ZVM[%]) as n — oo
i—1 i—1 i=1
and ., ., .,

Xy =) wyVi = N (Z wn E[V;], > w?; Var[%]) as n — oo.

i=1 =1 =1
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Therefore, we can use the following formulas.

o 1 (B
PDN/W2 PP p( AT )d (1.23)

~(« —E{XMW) .

n 1
Py~ / exp <
n/2 /27 Var[X ] 2 Var[X ]

Indeed, throughout this proof, we will assume that Pp and P, are exactly equal to these
quantities; this is because Lemma 1.1.5 says that as n goes to infinity, this approximation
becomes arbitrarily accurate.

Note that, from above, the PG property means that there exists € such that Py, —Pp > ¢
for at least one graph G, on n vertices for all suitably large n. Similarly, the DNH property
corresponds to Pp — Py < ¢ for all graphs G,, on n vertices for suitably large n and all
values of €. We show that these two properties hold.

For the PG property, we construct a simple family of examples where the property is
satisfied. Let the social graph G be composed of pairs of nodes with one competent voter
and one incompetent voter with an edge pointing to the competent voter. The competent
voters have competence 1 —  and the incompetent voters have competence 3. If the voters
vote independently, the symmetry between the competent and incompetent voters makes
it clear that Pp = 1/2. Under Algorithm 1, the incompetent voters all delegate to the

competent voters. We now have % independent voters who each have one vote of weight

2
two and competence 1 — . By the Condorcet Jury Theorem [123], it follows that Py,
approaches 1.

In the remainder of the proof, therefore, we focus on establishing the DNH property.

We first show that

(1.24)

Var[Xp] € [B(1 — B)n,n/4]. (1.25)

Indeed, Xp = >, V;, where V; is the Bernoulli random variable representing the vote of
voter i. In particular, V; ~ Bernoulli(p;), where p; € [5,1 — /3] is the competence level of
voter i. Because all voters vote independently, Var[Xp] = >, Var[V;], and

Var[Vi] = pi(1 — pi) € [B(1 - B), (1/2)°].
This establishes Equation (1.25).
Now, let us separate the instances into two cases:

1. |E[Xp] — 2| > =

logn*

2. |E[Xp] - 2| <2

21 — logn"

Case 1. In this case, we can give strong lower bounds on both Pp and P,,.

Subcase 1: E[Xp] < n/2 —n/logn. By Equation (1.25), Var[Xp] < n/4 < n. Because
E[Xp] < n/2, by Lemma 1.6 we have

v 1 )
Py < / e da. 1.26
P 2 \/2mn? ( )
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This is equivalent to

pD<1<Erf<ﬁ<2+bg”>> —Erf( v ))

2 2v/2logn V2logn

As n approaches infinity, both arguments go to infinity, and therefore (as Erf (oc0) = 1)
Pp approaches 0. This means that, no matter the value of P,;, DNH is satisfied.

Subcase 2: E[Xp| > n/2 4+ n/logn. We now examine the maximum possible value of
Var[X /] = YF, w?, Var[Vi], where w,; is the total weight accumulated by voter i and,
again, V; is the Bernoulli random variable representing the vote of voter i. Additionally,
Var[V;] € [B(1 — ), 1/4], and applying this yields

n

1
Var[ X ] < Z-ZwQ-

ni*
=1

Because each voter can accumulate at most weight C(n), by the convexity of x2, we can
see that this is maximized when the maximum number of voters have weight exactly C'(n).
Therefore, we have

[n/C(n)]
Var[ X ] < 1 > C(n)* <nC(n).
i=1

Because E[Xp| > n/2, by Lemma 1.6 we have

2
n n
,(z,7+ﬁ>

20 () dx. (1.27)

n 1
far = /’5 \/ZWnC(n)e

This simplifies to

1 vn(logn — 2) vn
Py > - |Erf | ———= Erf | — .
M7 ( ' (2\/20(71) logn M v2C(n)logn
As n approaches infinity, both arguments go to infinity, and P,; approaches 1. There-

fore, no matter what the value of Pp, DNH is satisfied.

Case 2. In this case, we split the argument into two further subcases:

1. The number of voters who delegate is greater than n/g(n), where g(n) is o(logn) and
w(C(n)?).

2. The number of voters who delegate is less than or equal to n/g(n).

Subcase 1: Due to delegation, we have E[X /] — E[Xp] > na/g(n). We can now bound

the mean by
n no

n
ElXyl > = - .
K] 2 2 logn g(n)
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Therefore, because g(n) = o(logn), E[X ] > n/2 as n increases. As before, we also know
that Var[X),] is bounded from above by nC'(n), and therefore, by Lemma 1.6,

B d. (1.28)

We would like to show that this integral goes to 1 as n goes to infinity.
This is equivalent to

1 iRl oA W Gl o ),
Erf Erf .
2 2nC(n) 2C(n)

Note that as n goes to infinity, the first argument goes to infinity and the second
argument goes to negative infinity when g(n) = o(logn). Therefore, Py goes to 1, satisfying
DNH.

Subcase 2: In this case, most voters remain independent. We will argue that although
the delegation does impact the variance, this impact will get arbitrarily small as n grows
larger, implying that the loss will get arbitrarily small.

Let us index the voters according to what happens in the delegation scheme. Let the
first ny indexed voters represent those who remain independent and do not get delegated
a vote. Let the next ns indexed voters be those who got delegated at least one vote.
Finally, the last n — ny — ny indexed voters are those who delegated their vote to another
voter. Based on our assumption above, we know that lim, . 7+ = 1; most voters remain
independent and unaffected by the delegation scheme.

Additionally, note that the mean will be slightly different in the two schemes, but this
to our advantage because the mean will improve in the delegation scheme due to “uphill”
delegation.

Therefore, given

—(2—E[X p])>
e 2Var[X p] d./L‘

n 1
Y L
5 /27w Var[Xp]

and

—(2—E[X 7])2
e 2 Var[X p/] dx’

n 1
PM:/ -
5 /27 Var[X ]

because E[X /] > E[Xp], we can say that

—(e—E[Xp))?

e 2Var[Xp] dx

i 1
pus [
5 /27 Var[X |

Now, we have to relate Var[X,| and Var[Xp]. Ideally, we want to show that they are
multiplicatively close to each other.
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We can decompose the variance of Xp.

Var[Xp| = sz —pi) + Z pi(1 — p;)

1=n1+1

Likewise, we can decompose the variance of X;.

ni1+ng n
Var[X ] = sz —pi)+ Y, wp(l—p)+ Y, O
i=ni+1 i=ni+n2+1
Therefore, we have
ni+nz
Var[X ] — Var[Xp| = Z (w2, — V)pi(1 — py)
i=ni1+1

n

- Z pi(l - pi)
1=ni+ng2+1
n1+n2

< Z (w’?u = Dpi(1 — pi)

1=n1+1
n
< 2 (max wy;? — 1)

- 4
L emy -,

~4 g(n)
where the last inequality holds because w,; < C(n), and ny, the number of voters who are
delegated to, is at most the number of voters who delegate, which is at most n/g(n) by

assumption.
This means that

Var[X ] < Var[Xp| + m(C(n) —1)
and therefore
Var[Xy] _ VarlXp] + - 55 (C(n)° — 1)
Var[Xp|] — Var[ D
s (C(n)* = 1)
— g9(n)
=1 4 Var[ X p]

Now, note that by Equation (1.25),
Var[Xp| > nB(1 — 5)

and therefore

Var[XM] S Var[XD] (1 +

A1 =5
— Var 1 Cn)P-1
= VarlXo) (1 gt 18— m) '
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Let
1 Cn)P-1
g(n) 4B(1—p)
and note that as n goes to infinity, 7 goes to 0 because we chose g(n) to grow asymptotically
more quickly than C(n)?.
Therefore, revisiting the original integrals, we have

n 1
Y L
5 /271 Var[Xp]

—(2—E[X p])>
e 2 Var[X p] dl‘

and

n 1 —(a—E[X p])?
PM 2/ e2Var[Xpl(1+n) dx
§ /2 Var[Xp(1+ 1)

Simplifying the above yields

_1 n—E[XD] n—QE[XD]
Pp = 2 (Erf( 2Var[XD]> — (2\/2Var[XD]>> (1.29)

n — E[Xp]
Erf
( (WVar[XDJ(l +n>)

. ( n—2E[X )] ))
2\/2 Var[Xpl(1+n)

Furthermore, again by Equation (1.25), we know that Var[Xp] € [3(1 — 5)n,n/4] and

therefore /Var[Xp|] = y/cn, where ¢ € [(1 — (3),1/4]. From this, note that as n goes to
infinity, the argument to the first error function in each expression goes to infinity.
Let

and

Py >

DN | —

(1.30)

ha () = n —2E[Xp]

2,/2Var[X )] (1.31)

be the argument to the second error function in (1.29), and let
. n—2 E[XD]
2\/2 Var[Xp|(1+n)

be the argument to the second error function in (1.30). As n goes to infinity, note that
the argument to (1.31) must go to one of four states: infinity, negative infinity, zero, or a
constant. In the case that it goes to infinity, negative infinity, or zero, the presence of the

extra \/11?7 term in (1.32) does nothing to change the sign of the arguments, and therefore

ha(n) (1.32)

they each converge to the same state (infinity, negative infinity, or zero) as n approaches
infinity. When the argument to (1.31) goes to a constant, note that as n goes to infinity,
1 goes to 0, and therefore the two converge once again.

We conclude that (an upper bound on) the difference between Pp and Py, converges
to 0, and hence DNH is satisfied. O

31



1.2 Minimizing the Maximum Weight of Voters in
Liquid Democracy

The foregoing section indicates that, even if delegations go only to more competent agents,
a high concentration of power might still be harmful for social welfare, by neutralizing
benefits corresponding to the Condorcet Jury Theorem. Concentration of power is also a
concern in real-world implementations of liquid democracy: Certain individuals, the so-
called super-voters, seem to amass enormous weight, whereas most agents do not receive
any delegations. As Kling et al. [147] describe, super-voters in the Pirate Party were so
controversial that “the democratic nature of the system was questioned, and many users
became inactive.” Besides the negative impact of super-voters on perceived legitimacy,
super-voters might also be more exposed to bribing. Although delegators can retract their
delegations as soon as they become aware of suspicious voting behavior, serious damage
might be done in the meantime. Furthermore, if super-voters jointly have sufficient power,
they might find it more efficient to organize majorities through deals between super-voters
behind closed doors, rather than to try to win a broad majority through public discourse.

While all these concerns suggest that the weight of super-voters should be limited, the
exact metric to optimize for varies between them and is often not even clearly defined. For
the purposes of this chapter, we choose to minimize the weight of the heaviest voter. As
is evident in the Spiegel article, the weight of individual voters plays a direct role in the
perception of super-voters. But even beyond that, we are confident that minimizing this
measure will lead to substantial improvements across all presented concerns.

Just how can the maximum weight be reduced? One approach might be to restrict the
power of delegation by imposing caps on the weight. However, as argued by Behrens et
al. [26], delegation is always possible by coordinating outside of the system and copying the
desired delegate’s ballot. Pushing delegations outside of the system would not alleviate the
problem of super-voters, just reduce transparency. Therefore, we instead adopt a voluntary
approach: If agents are considering multiple potential delegates, all of whom they trust,
they are encouraged to leave the decision for one of them to a centralized mechanism. With
the goal of avoiding high-weight agents in mind, our research challenge is twofold:

First, investigate the algorithmic problem of selecting delegations to minimize
the mazimum weight of any agent, and, second, show that allowing multiple
delegation options does indeed provide a significant reduction in the maximum
weight compared to the status quo.

1.2.1 Our Approach and Results

We formally define our problem in Section 1.2.3. In addition to minimizing the maximum
weight of any voter, we specify how to deal with delegators whose vote cannot possibly reach
any voter. In general, our problem is closely related to minimizing congestion for confluent
flow as studied by Chen et al. [68]. Not only does this connection suggest an optimal
algorithm based on mixed integer linear programming, but we also get a polynomial-time
(1 + In |V|)-approximation algorithm, where V' is the set of voters. In addition, we show
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that approximating our problem to within a factor of % log, | V| is NP-hard.

In Section 1.2.4, to evaluate the benefits of allowing multiple delegations, we propose
a probabilistic model for delegation behavior —inspired by the well-known preferential
attachment model [25] —in which we add agents successively. With a certain probability
d, a new agent delegates; otherwise, she votes herself. If she delegates, she chooses k many
delegation options among the previously inserted agents. A third parameter v controls
the bias of this selection towards agents who already receive many delegations. Assuming
v = 0, i.e., that the choice of delegates is unbiased, we prove that allowing two choices
per delegator (k = 2) asymptotically leads to dramatically lower maximum weight than
classical liquid democracy (k = 1) using an argument based on the “power of choice.” In
the latter case, with high probability, the maximum weight is at least Q(¢?) for some 3 > 0,
whereas the maximum weight in the former case is only O(loglogt) with high probability,
where ¢ denotes simultaneously the time step of the process and the number of agents. Our
analysis draws on a phenomenon called the power of choice that can be observed in many
different load balancing models. In fact, even a greedy mechanism that selects a delegation
option to locally minimize the maximum weight as agents arrive exhibits this asymptotic
behavior, which upper-bounds the maximum weight for optimal resolution.

In Section 1.2.5, we complement our theoretical findings with empirical results. Our
simulations demonstrate that our approach continues to outperform classical preferential
attachment for higher values of v. We also show that the most substantial improvements
come from increasing k from one to two, i.e., that increasing k£ even further only slightly
reduces the maximum weight. We continue to see these improvements in terms of maximum
weight even if just some fraction of delegators give two options while the others specify
a single delegate. Finally, we compare the optimal maximum weight with the maximum
weight produced by the approximation algorithm and greedy heuristics.

1.2.2 Related Work

Kling et al. [147] conduct an empirical investigation of the existence and influence of super-
voters. The analysis is based on daily data dumps, from 2010 until 2013, of the German
Pirate Party installation of LiquidFeedback. As noted above, Kling et al. find that super-
voters exist, and have considerable power. The results do suggest that super-voters behave
responsibly, as they “do not fully act on their power to change the outcome of votes, and
they vote in favour of proposals with the majority of voters in many cases.” Of course, this
does not contradict the idea that a balanced distribution of power would be desirable.

In recent years, there has been an increasing number of theoretical analyses of liquid
democracy. In the field of political theory, Blum and Zuber [38] give a normative justifi-
cation of liquid democracy. They consider two accounts of democracy, which differ in the
stated goal of a democratic system. In the epistemic framework, the success of a demo-
cratic system should lead to good decisions with respect to some objective notion of quality,
whereas, in the egalitarian framework, a democratic system should allow each individual to
impose her particular interests to the same degree. Blum and Zuber conclude that liquid
democracy improves upon purely representative democracy with respect to both metrics.
They see unequal voting weights as problematic and suggest public deliberation before a
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vote to attenuate this problem.

In the spirit of the egalitarian framework, Green-Armytage [121] justifies liquid democ-
racy in a spatial model of political preferences similar to facility placement. When an
agent has incomplete information about a topic, transitive delegations can help to express
her preferences more accurately by harnessing the expertise of like-minded, more qualified
agents.

In this paper, we consider a single delegation network. Other works allow agents to
specify different delegations for multiple interconnected issues, where the binary preferences
and outcomes are restricted to satisfy a propositional formula [72] or to correspond to bi-
nary comparisons in a ranking [51]. Both papers propose ways of reconciling contradictory
choices made by different delegates.

We also highlight related work that considers models of network formation and influence
attenuation in the context of liquid democracy. Bloembergen et al. [37] introduce a game-
theoretic model of delegation in order to study rational delegation behavior in liquid-
democracy networks. In their model, delegation networks might be formed by a best-
response dynamic or as Nash equilibria of a delegation game. Escoffier et al. [98] study a
similar delegation game with different incentives.

Boldi et al. [40] study a variant of liquid democracy in which a voter’s weight decreases
by a discount factor every time her vote is transitively delegated, penalizing long delegation
chains. They argue that this variant is more appropriate in online communities, where trust
relationships are typically less deep than in the real world. While not intended as such,
this variant of liquid democracy can also reduce the weight of super-voters, at least of
those who receive most of their delegations indirectly. However, such a variant violates the
principle of “one person, one vote” and incentivizes delegation outside of the system [26].
By contrast, our approach reduces the weight of super-voters while preserving each voter’s
individual influence.

1.2.3 Algorithmic Model and Results

Let us consider a delegative voting process where agents may specify multiple potential
delegations. This gives rise to a directed graph, whose nodes represent agents and whose
edges represent potential delegations. In the following, we will conflate nodes and the
agents they represent. A distinguished subset of nodes corresponds to agents who have
voted directly, the voters. Since voters forfeit the right to delegate, the voters are a subset
of the sinks of the graph. We call all non-voter agents delegators.

Each agent has an inherent voting weight of 1. When the delegations will have been
resolved, the weight of every agent will be the sum of weights of her delegators plus her
inherent weight. We aim to choose a delegation for every delegator in such a way that the
maximum weight of any voter is minimized.

This task closely mirrors the problem of congestion minimization for confluent flow
(with infinite edge capacity): There, a flow network is also a finite directed graph with a
distinguished set of graph sinks, the flow sinks. Every node has a non-negative demand.
If we assume unit demand, this demand is 1 for every node. Since the flow is confluent,
for every non-sink node, the algorithm must pick exactly one outgoing edge, along which
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the flow is sent. Then, the congestion at a node n is the sum of congestions at all nodes
who direct their flow to n plus the demand of n. The goal in congestion minimization is to
minimize the maximum congestion at any flow sink. (We remark that the close connection
between our problem and confluent flow immediately suggests a variant corresponding to
splittable flow; we discuss this variant at length in Section 1.3.)

In spite of the similarity between confluent flow and resolving potential delegations, the
two problems differ when a node has no path to a voter / flow sink. In confluent flow, the
result would simply be that no flow exists. In our setting however, this situation can hardly
be avoided. If, for example, several friends assign all of their potential delegations to each
other, and if all of them rely on the others to vote, their weight cannot be delegated to
any voter. Our mechanism cannot simply report failure as soon as a small group of voters
behaves in an unexpected way. Thus, it must be allowed to leave these votes unused.
At the same time, of course, our algorithm should not exploit this power to decrease the
maximum weight, but must primarily maximize the number of utilized votes. We formalize
these issues in the following section.

Problem Statement

All graphs G = (N, F) mentioned in this section will be finite and directed. Furthermore,
they will be equipped with a set V' of distinguished sinks in the graph. For the sake of
brevity, these assumptions will be implicit in the notion “graph G with V.

Some of these graphs represent situations in which all delegations have already been
resolved and in which each vote reaches a voter: We call a graph (N, E') with V' a delegation
graph if it is acyclic, its sinks are exactly the set V', and every other vertex has outdegree
one. In such a graph, define the weight w(n) of a node n € N as

win) =14+ > w(m).

(m,n)eE

This is well-defined because E is a well-founded relation on V.

Resolving the delegations of a graph G with V' can now be described as the MIN-
MAXWEIGHT problem: Among all delegation subgraphs (N', E’) of G with voting vertices
V' of maximum |N’|, find one that minimizes the maximum weight of the voting vertices.

Connections to Confluent Flow

We recall definitions from the flow literature as used by Chen et al. [68]. We slightly
simplify the exposition by assuming unit demand at every node.

Given a graph (N, F) with V, a flow is a function f : E — R>(. For any node n, set
in(n) = Xmmnyer f(m,n) and out(n) = ¥, mer f(n,m). At every node n € N\V, a
flow must satisfy flow conservation:

out(n) =1+ in(n).

Note that all nodes in V' are sinks in the graph, and thus have no outflow. The congestion
at any node n is defined as 1 4 in(n). A flow is confluent if every node has at most one
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outgoing edge with positive flow. We define MINMAXCONGESTION as the problem of
finding a confluent flow on a given graph such that the maximum congestion is minimized.

To relate the two presented problems, we need to refer to the parts of a graph (N, E)
with V' from which V' is reachable: The active nodes activey (N, E) are all n € N such
that there exists a path from n to a sink v € V using edges in E. The active subgraph is
the restriction of (IV, E) to activey (N, E). In particular, V' is part of this subgraph.
Lemma 1.2.1. Let G = (N, E) with V be a graph. Its delegation subgraphs (N', E') that
mazximize |N'| are exactly the delegation subgraphs with N' = activey (N, E). At least one
such subgraph exists.

Proof. First, we show that all nodes of a delegation subgraph are active. Indeed, consider
any node ny in the subgraph. By following outgoing edges, we obtain a sequence of nodes
nyngy ... such that n; delegates to n; 1. Since the graph is finite and acyclic, this sequence
must end with a vertex n; without outgoing edges. This must be a voter; thus, n; is active.
Furthermore, there exists a delegation subgraph of (N, E') with nodes exactly activey (N, E).
Indeed, the shortest-paths-to-set-V forest (with edges pointed in the direction of the paths)
on the active subgraph is a delegation graph.
By the first argument, all delegation subgraphs must be subgraphs of the active sub-
graph. By the second argument, to have the maximum number of nodes, they must include
all nodes of this subgraph. ]

Lemma 1.2.2. Let (N, E) with V be a graph and let f : E — Rx









Proof. Without the restriction on the outdegree, the problem is NP-hard [106]. We reduce
the general case to our special case.

Let G’ be an arbitrary directed graph; let s/, s),t|,t, be distinguished vertices. To
restrict the outdegree, replace each node n with outdegree d by a binary arborescence
(directed binary tree with edges facing away from the root) with d sinks. All incoming
edges into n are redirected towards the root of the arborescence; outgoing edges from n
instead start from the different leaves of the arborescence. Call the new graph G, and let
s1, S2,t1, to refer to the roots of the arborescences replacing s/, s}, |, t,, respectively.

Clearly, our modifications to G’ can be carried out in polynomial time. It remains to
show that there are vertex-disjoint paths from s; to ¢; and from s, to 5 in G iff there are
vertex-disjoint paths from s} to ¢} and from s to t} in G'.

If there are disjoint paths in G, we can translate these paths into G by visiting the
arborescences corresponding to the nodes on the original path one after another. Since
both paths visit disjoint arborescences, the new paths must be disjoint.

Suppose now that there are disjoint paths in GG. Translate the paths into G’ by visiting
the nodes corresponding to the sequence of visited arborescences. Since each arborescence
can only be entered via its root, disjointness of the paths in GG implies disjointness of the
translated paths in G'. O

Now, we can strengthen the hardness of approximation for MINMAXCONGESTION by
Chen et al. [68]. We believe the lemma is of independent interest, as it shows a surprising
separation between the case of outdegree 1 (where the problem is moot) and outdegree 2,
and that the asymptotically optimal approximation ratio is independent of degree. But it
also allows us to prove Theorem 1.8 almost directly.

Lemma 1.2.5. [t is NP-hard to approrimate the MINMAXCONGESTION problem to a
factor of % log, k, where k is the number of sinks, even when each node has unit demand
and outdegree at most 2.

Proof of Lemma 1.2.5. We adapt the proof of Theorem 1 of Chen et al. [68].

Let G = (V, E), s1, S2,t1, t3 be given as in Lemma 1.2.4. Without loss of generality, G
only contains nodes from which ¢; or ¢ is reachable, ¢; and t5 are sinks and all four vertices
are distinct. Let £ = [log, |V|] and k = 2¢. Build the same auxiliary network as that built
by Chen et al. [68], which consists of a binary arborescence whose k — 1 nodes are copies
of G. The construction is illustrated in Figure 1.2. For more details, refer to [68].

For ease of exposition, we describe our reduction as returning a flow network with
polynomially-bounded positive integer demands. Implicitly, the described network is sub-
sequently translated into one with unary demand; to express a demand of d at a node n
in our unit-demand setting, add d — 1 fresh nodes with a single outgoing edge to n.

Denote the number of nodes in the network by ¢ == (k—1)-|V|+k, and set & := ¢-¢p+1.
In [68], every copy of sy and ¢y has demand 1, the copy of s; at the root has demand 2,
and all other nodes have demand 0. Instead, we give these nodes demands of ®, 2® and
1, respectively. Note that the size of the generated network® is polynomial in the size of
G and that the outdegree of each node is at most 2. From every node, one of the sinks

4Even after unfolding our non-unitary-demand nodes.
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Figure 1.2: Auxiliary network generated from G, here for k = 16. Recreation of [68, Fig. 2].

S displayed as rectangles in Figure 1.2 is reachable. Since the minimum-distance-to-S
spanning forest describes a flow, a flow in the network exists.

Suppose that G contains vertex-disjoint paths P; from s; to t; and P, from sy to ts.
In each copy of GG in the network, route the flow along these paths. We can complete the
confluent flow inside of this copy in such a way that the demand of every node is routed
to ty or ty: By assumption, each of the nodes can reach one of these two path endpoints.
Iterate over all nodes in order of ascending distance to the closest endpoint and make sure
that their flow is routed to an endpoint. For the endpoints themselves, there is nothing to
do. For positive distance, a node might be part of a path and thus already connected to an
endpoint. Else, look at its successor in a shortest path to an endpoint. By the induction
hypothesis, all low from this successor is routed to an endpoint, so route the node’s flow
to this successor. If we also use the edges between copies of G and between the copies
and the sinks, we obtain a confluent flow. Each sink except for the rightmost one can only
collect the demand of two nodes with demand ® plus a number of nodes with demand 1.
The rightmost sink collects the demand from the single node with demand 2® plus some
unitary demands. Thus, the congestion of the system can be at most 2® + ¢.

Now, consider the case in which G does not have such vertex-disjoint paths. In every
confluent flow and in every copy, there are three options:

e the flow from s; flows to ¢ and the flow from s, flows to 1,
e the flow from s; and s, flows to tq, or
e the flow from s; and s, flows to ts.

In each case, the flow coming in through s; is joined by additional demand of at least
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®. Consider the path from the copy of s; at the root to a sink. By a simple inductive
argument, the congestion at the endpoint of the ith copy of G on this path is at least
(i + 1) - ®. Thus, the total congestion at the sink must be at least (¢ + 1) - ®. The lemma
now follows from the fact that

10g;l“(chﬂb):§(2<1>+¢)<(€+1)-<1>- -

Proof of Theorem 1.8. We reduce (gap) MINMAXCONGESTION with unit demand and out-
degree at most 2 to (gap) MINMAXWEIGHT with outdegree at most 2. First, we claim
that if there are inactive nodes, there is no confluent flow. Indeed, let n; be an inactive
node. For the sake of contradiction, suppose that there exists a flow f. Follow the positive
flow to obtain a sequence njns . ... By definition, none of the nodes reachable from n; can
be a voter. Since, by flow conservation and unit demand, each node must delegate, the
sequence must be infinite. As detailed in the proof of Lemma 1.2.2, a confluent flow with
unit demand cannot contain cycles. Thus, the sequence contains infinitely many different
nodes, which contradicts the finiteness of G.

Therefore, we can assume without loss of generality that in the given instance of MIN-
MAXCONGESTION, all nodes are active (as the problem is still NP-hard). The reduction
creates an instance of MINMAXWEIGHT that has the same graph as the given instance
of MINMAXCONGESTION. Using an argument analogous to the proof of Theorem 1.7 (re-
versing the roles of Lemma 1.2.2 and Lemma 1.2.3 in its proof), we see that this is a strict
approximation-preserving reduction. 0

1.2.4 Probabilistic Model and Results

Our generalization of liquid democracy to multiple potential delegations aims to decrease
the concentration of weight. Accordingly, the success of our approach should be measured
by its effect on the maximum weight in real elections. Since, at this time, we do not know of
any available datasets,” we instead propose a probabilistic model for delegation behavior,
which can serve as a credible proxy. Our model builds on the well-known preferential
attachment model, which generates graphs possessing typical properties of social networks.

The evaluation of our approach will be twofold: In Sections 1.2.4 and 1.2.4, for a certain
choice of parameters in our model, we establish a striking separation between traditional
liquid democracy and our system. In the former case, the maximum weight at time ¢ is
Q(t?) for a constant 3 with high probability, whereas in the latter case, it is in O(loglogt)
with high probability, even if each delegator only suggests two options. For other parameter
settings, we empirically corroborate the benefits of our approach in Section 1.2.5.

SThere is one relevant dataset that we know of, which was analyzed by Kling et al. [147]. However, due
to stringent privacy constraints, the data privacy officer of the German Pirate Party was unable to share
this dataset with us.
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(a) v=0

Figure 1.3: Example graphs generated by the preferential delegation model for & = 2 and
d = 0.5.

The Preferential Delegation Model

Many real-world social networks have degree distributions that follow a power law [153;
180]. Additionally, in their empirical study, Kling et al. [147] observed that the weight of
voters in the German Pirate Party was “power law-like” and that the graph had a very
unequal indegree distribution. In order to meld the previous two observations in our liquid
democracy delegation graphs, we adapt a standard preferential attachment model [25] for
this specific setting. At a high level, our preferential delegation model is characterized by
three parameters: 0 < d < 1, the probability of delegation; k£ > 1, the number of delegation
options from each delegator; and v > 0, an exponent that governs the probability of
delegating to nodes based on current weight.

At time t = 1, we have a single node representing a single voter. In each subsequent
time step, we add a node for agent ¢ and flip a biased coin to determine her delegation
behavior. With probability d, she delegates to other agents. Else, she votes independently.
If ¢ does not delegate, her node has no outgoing edges. Otherwise, add edges to £ many
independently selected, previously inserted nodes, where the probability of choosing node
Jj is proportional to (indegree(j)+1)7. Note that this model might generate multiple edges
between the same pair of nodes, and that all sinks are voters. Figure 1.3 shows example
graphs for different settings of .

In the case of v = 0, which we term wuniform delegation, a delegator is equally likely
to attach to any previously inserted node. Already in this case, a “rich-get-richer” phe-
nomenon can be observed, i.e., voters at the end of large networks of potential delegations
will likely see their network grow even more. Indeed, a larger network of delegations is
more likely to attract new delegators. In traditional liquid democracy, where k = 1 and
all potential delegations will be realized, this explains the emergence of super-voters with
excessive weight observed by Kling et al. [147]. We aim to show that for k£ > 2, the resolu-
tion of potential delegations can strongly outweigh these effects. In this, we profit from an
effect known as the “power of two choices” in load balancing described by Azar et al. [13].

For v > 0, the “rich-get-richer” phenomenon additionally appears at the degrees of
nodes. Since the number of received potential delegations is a proxy for an agent’s com-
petence and visibility, new agents are more likely to attach to agents with high indegree.
In total, this is likely to further strengthen the inherent inequality between voters. For
increasing 7y, the graph becomes increasingly flat, as a few super-voters receive nearly all
delegations. This matches observations from the LiquidFeedback dataset [147] that “the
delegation network is slowly becoming less like a friendship network, and more like a bi-
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partite networks of super-voters connected to normal voters.” The special case of v =1
corresponds to preferential attachment as described by Barabasi and Albert [25].

The most significant difference we expect to see between graphs generated by the pref-
erential delegation model and real delegation graphs is the assumption that agents always
delegate to more senior agents. In particular, this causes generated graphs to be acyclic,
which need not be the case in practice. It does seem plausible that the majority of delega-
tions goes to agents with more experience on the platform. Even if this assumption should
not hold, there is a second interpretation of our process if we assume—as do Kahng et
al. [137] —that agents can be ranked by competence and only delegate to more competent
agents. Then, we can think of the agents as being inserted in decreasing order of compe-
tence. When a delegator chooses more competent agents to delegate to, her choice would
still be biased towards agents with high indegree, which is a proxy for popularity.

It may be useful to note that the MINMAXWEIGHT approach based on confluent flow
does not require the underlying delegation graph to be acyclic, as the objective tries to
minimize the maximum weight of any voter over all possible delegation choices that max-
imize the total number of utilized votes. In this sense, unavoidable cycles result in lost
voting power.

In our theoretical results, we focus on the cases of k =1 and k£ = 2, and assume v = 0
to make the analysis tractable. The parameter d can be chosen freely between 0 and 1.
Note that our upper bound for k = 2 directly translates into an upper bound for larger &,
since the resolution mechanism always has the option of ignoring all outgoing edges except
for the first two. Therefore, to understand the effect of multiple delegation options, we can
restrict our attention to k = 2. This crucially relies on v = 0, where potential delegations
do not influence the probabilities of choosing future potential delegations. Based on related
results by Malyshkin and Paquette [167], it seems unlikely that increasing k beyond 2 will
reduce the maximum weight by more than a constant factor.

Lower Bounds for Single Delegation (k =1, v = 0)

As mentioned above, we first assume uniform delegation and a single delegation option
per delegator, and derive a lower bound on the maximum weight. To state our results
rigorously, we say that a sequence (&,,),, of events happens with high probability if Pr[E,,] —
1 for m — oco. Since the parameter going to infinity is clear from the context, we omit it.
Theorem 1.9. In the preferential delegation model with k =1, v =0, and d € (0, 1), with
high probability, the mazimum weight of any voter at time t is in Q(t%), where 3 >0 is a
constant that depends only on d.

Proof. 1t suffices to show that, with high probability, there exists a voter at every time ¢
whose weight is bounded from below by a function in Q(¢%).

For ease of exposition, we pretend that i, = log, ﬁ is an integer. We divide the ¢
agents into i,,,, + 1 blocks By, ..., B; .. The first block By contains agents 1 to 7 = Int,
and every subsequent block B; contains agents (721, 7 27].

6The same argument works for 4,4, = Llog2 ﬁj if we appropriately bound the term.
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We keep track of the total weight S; of all voters in By after the entirety of block B;
has been added. Furthermore, we define an event X; saying that a high enough number
of agents in block B; transitively delegate into By. If all X; hold, S;,_ . scales like a power
function. Then, we show that, as t increases, the probability of any X; failing goes to
zero. Thus, our bound on §;,,,, holds with high probability. The total weight of By and
the weight of the maximum-weight voter in By can differ by at most a factor of 7, which
is logarithmic in ¢. Thus, with high probability, there is a voter in By whose weight is a
power function.

In more detail, let ¢ == 1 and let @’ == (1 — &) d = 4. For each i > 0, let V; denote the
number of votes from block i transitively going into By. Clearly, S; = >7%_Y;. For i > 0,
let X; denote the event that .

T (1 + %/)Z_l

Y, >d
2

Bounding the Expectation of ¥; We first prove by induction on ¢ that, if X; through
X; hold, then

d\'
For i = 0, Sp = 7 and the claim holds. For ¢ > 0, by the induction hypothesis, S; 1 >

(1 df,)l*l B h . X
T(1+4 . By the assumption X;,

2\ 1
}/Z>d/7—(1_'_2)
Thus,
. N\ 1—1 . .
d/ i—1 T(l“‘%) d/ i—1 d/ d/ 1
=S5 +Y. >7|14+ — N 27— 714 = 1+—]=7{14+—] .
S; Sz1+1_r<+2> +d ) r<+2> <+2) T<+2>

This concludes the induction and establishes Equation (1.41).
Now, for any agent j in B;, the probability of transitively delegating into By is

d ZUGVQBO wj—l(v) Si—l

>d—-.
J—1 A
Conditioned on Xy, ..., X;_1, we can thus lower-bound Y; by a binomial variable Bin (7’ 2=t d %)
to obtain
i1
1 Sie S;_ T(1+%
ElY; | Xi,...,Xi] > 7274 L g2l > ¢ ( 2> .
TN 2 2

Denoting the right hand side by

i\ =1
T a
_ 09
M_d+>

note that X; holds if ¥; > (1 —¢) p.
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Failure Probability Goes to 0 Now, we must show that, with high probability, all X;
hold. By underapproximating the probability of delegation by a binomial random variable
as before and by using a Chernoff bound, we have for all ¢ > 0

52;1.

1+ d//2)i_1 >1—e 2.

PI'[Xl | Xl,. .. ,X,L',l] > Pr [BZTL <T2i1,d7— ( 9i ) > (1 — €)ILL
T

By the union bound,

) o bmaz 2 4. (144 /2)' )
Pr[3i,1 < i < ie such that X; fails] < Z e Z
i=1

We wish to show that the right hand side goes to 0 as t increases. We have

tmaz _52d7(1+d//2)i_1 . _€2d7' L
1 < <e i > (by monotonicity)
i—1
t _<2d .. .
— <log2 lnt) <t 1 > , (by definitions of 7,4z, T)

which indeed approaches 0 as ¢ increases.

Bounding the Maximum Weight Note that the weight of By at time ¢ is exactly .S;
Set z :=1+d'/2 > 1, which is a constant. With high probability, by Equation (1.41),

g d, tmaz . t logy
e > ] 4 — :x1°g2mt:(> :
- = ( 2) Int

maz *

Since x > 1, logyx > 0. For any 0 < 8 < log, z, % € Q(t?) with high probability.
Since By has weight 5; . and contains at most 7 voters, with high probability there is
some voter in By with that much weight. ]

Before proceeding to the upper bound and showing the separation, we would like to
point out that—with a minor change to our model —these lower bounds also hold for
v = 1. Consider a model in which the probability of attaching to a delegator n remains
proportional to (1 + indegree(n))”, but the probability for voters n is now proportional
to (2 + indegree(n))?.” If we represent voters with a self-loop edge, both terms just equal
degree(n)?, which arguably makes this implementation of preferential attachment cleaner to
analyze (e.g., [41]). Thus, we can interpret preferential attachment for v = 1 as uniformly
picking an edge and then flipping a fair coin to decide whether to attach the new node
to the edge’s start or endpoint. Since every node has exactly one outgoing edge, this is
equivalent to uniformly choosing a node and then, with probability %, instead picking its
successor. This has the same effect on the distribution of weights as just uniformly choosing
a node in uniform delegation, so Theorem 1.9 also holds for v = 1 in our modified setting.
Real-world delegation networks, which we suspect to resemble the case of v = 1, should
therefore exhibit similar behavior.

"Clearly, our results for v = 0 hold for both variants.

45



Upper Bound for Double Delegation (k =2, v = 0)

Analyzing cases with k > 1 is considerably more challenging. One obstacle is that we do
not expect to be able to incorporate optimal resolution of potential delegations into our
analysis, because the computational problem is hard even when k = 2 (see Theorem 1.8).
Therefore, we give a pessimistic estimate of optimal resolution via a greedy delegation
mechanism, which we can reason about alongside the stochastic process. Clearly, if this
stochastic process can guarantee an upper bound on the maximum weight with high proba-
bility, this bound must also hold if delegations are optimally resolved to minimize maximum
weight.

In more detail, whenever a new delegator is inserted into the graph, the greedy mech-
anism immediately selects one of the delegation options. As a result, at any point during
the construction of the graph, the algorithm can measure the weight of the voters. Suppose
that a new delegator suggests two delegation options, to agents a and b. By following al-
ready resolved delegations, the mechanism obtains voters a* and b* such that a transitively
delegates to a* and b to b*. The greedy mechanism then chooses the delegation whose voter
currently has lower weight, resolving ties arbitrarily.

This situation is reminiscent of a phenomenon known as the “power of choice.” In its
most isolated form, it has been studied in the balls-and-bins model, for example by Azar
et al. [13]. In this model, n balls are to be placed in n bins. In the classical setting, each
ball is sequentially placed into a bin chosen uniformly at random. With high probability,
the fullest bin will contain ©(logn/loglogn) balls at the end of the process. In the choice
setting, two bins are independently and uniformly selected for every ball, and the ball is
placed into the emptier one. Surprisingly, this leads to an exponential improvement, where
the fullest bin will contain at most © (loglogn) balls with high probability.

We show that, at least for v = 0 in our setting, this effect outweighs the “rich-get-richer”
dynamic described earlier:

Theorem 1.10. In the preferential delegation model with k =2, v =0, and d € (0,1), the
maximum weight of any voter at time t is log, Int + ©(1) with high probability.

Because the proof of Theorem 1.10 is quite intricate and technical, we only present a
sketch of its structure here. In our proof we build on work by Malyshkin and Paquette [167],
who study the maximum degree in a graph generated by preferential attachment with the
power of choice. In addition, we incorporate ideas by Haslegrave and Jordan [124]. Proofs
for the individual lemmas can be found in the full version of the paper [120].

For our analysis, it would be natural to keep track of the number of voters v with a
specific weight w;(v) = k at a specific point j in time. In order to simplify the analysis,
we instead keep track of random variables

Fi(k) = > w;(v),
veV
wj(v)>k

i.e., we sum up the weights of all voters with weight at least k. Since the total weight
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increases by one in every step, we have
Vj. F;(1) = j, and (1.42)
Vi, k. Fy(k) < J. (1.43)
If Fj(k) < k for some j and k, the maximum weight of any voter must be below k.
If we look at a specific £ > 1 in isolation, the sequence (Fj(k)); evolves as a Markov
process initialized at Fj(k) = 0 and then governed by the rule
1 with probability d (£)*

m

Foi(k) — Fn(k) = {k  with probability d ((F’"(k_l))Z - (Fm(k))Q) . (1.44)

m m

0 else

In the first case, both potential delegations of a new delegator lead to voters who already
had weight at least k. We must thus give her vote to one of them, increasing F,(k) by
one. In the second case, a new delegator offers two delegations leading to voters of weight
at least k — 1, at least one of which has exactly weight £k — 1. Our greedy algorithm will
then choose a voter with weight £ — 1. Because this voter is counted in the definition of
F;(k), F,(k) increases by k. Finally, if a new voter appears, or if a new delegator can
transitively delegate to a voter with weight less than k& — 1, then F,(k) does not change.

In order to bound the maximum weight of a voter, we first need to get a handle on the
general distribution of weights. For this, we define a sequence of real numbers (ay)x such
that, for every k > 1, the sequence FJT(k) converges in probability to ay. Set oy = 1. For
every k > 1, let ay be the unique root 0 < x < ay_; of the polynomial

ap(x,p) =da* +kd(p* —2°) — (1.45)

for p set to ag_1.° Since ax(0, 1) > 0 and ag(ag_1,ax_1) < 0, such a solution exists
by the intermediate value theorem. Because the polynomial is quadratic, such a solution
must be unique in the interval. It follows that the «; form a strictly decreasing sequence
in the interval (0, 1].

The sequence (ax) converges to zero, and eventually does so very fast. However, this
is not obvious from the definition and, depending on d, the sequence can initially decrease
slowly. In the full proof, we demonstrate convergence to zero, as well as show that the
sequence decreases at a rate in O(k2). Based on this, we choose an integer kg such that
the sequence decreases very fast from there. In the same lemma, we define a more nicely
behaved sequence (f(k))k>k, that is a strict upper bound on (ay)g>k, and that is contained
between two doubly-exponentially decaying functions.

Lemma 1.2.6. For all k > 1, ¢ > 0 and functions w(m) such that w(m) — oo and
w(m) < m (for sufficiently large m),

(k)

Pr|3j, w(im) < j <ms.t. J >ap+¢e| — 0.

8The equation 0 = ag(x,p) can be obtained from Equation (1.44) by naively assuming that
F5 (k)
j

Fj(k=1)
J

converges to a value p and
recurrence.

converges to z, then plugging these values in the expectation of the
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Proof sketch. The proof proceeds by induction on k. For k& = 1, the claim directly holds.
For larger k, we use a suitably chosen ¢ in place of € and wy in place of w for the induction
hypothesis. With the induction hypothesis, we bound the w term in the recurrence
in Equation (1.44). Furthermore, all increments Fj(k) — Fj_1(k) where FJ]%YC) >y, holds
can be dominated by independent and identically distributed random variables 7.
Denote by 7 the first point j > wg(m) such that @ < aj + 5. The n; then dominate
all increments Fj(k) — F;_1(k) for wy(m) < j < m. Using Chernoft’s bound and suitably
chosen § and wy, we show that, with high probability, 7 < w(m).
Fj(k)

Because of this, if @ > i + ¢ for some j > w(m), the sequence (T) must
j

eventually cross from below oy, + 5 to above ay, + ¢ without in between falling below ay,.
On this segment, we can overapproximate the sequence by a random walk with increments
distributed as 7;. Since the sequence might previously decrease below ay, an arbitrary
number of times, we overapproximate the probability of ever crossing ay, + € for j > w(m)
by a sum over infinitely many random walks. This sum converges to 0 for m — oo, which
shows our claim. O

The above lemma gives us a good characterization of the behavior of (Fj(k)); for any
fixed k (and large enough 7). To prove an upper bound on the maximum weight, however,
we are ultimately interested in statements about Fj;(k(m)), where k(m) € ©(log,Inm)
and the range of j varies with m. In order to obtain such results, we will first show in
Lemma 1.2.7 that whole ranges of k simultaneously satisfy bounds with high probability.

As in the previous lemma, we can only show our bounds with high probability for
J past a certain period of initial chaos. We will define a function, ¢(m, k), that takes
a role similar to w(m) in Lemma 1.2.6. The function ¢(m,k) gives each k a certain
amount of time to satisfy the bounds, depending on m: Let p(m) = (Inlnm)3 and define
o(m, k) = p(m) C?""" where C is an integer that is sufficiently large to satisfy

2 C1
1 1 In(—— ) +—). 14
nC’>maX(,cl, n(l—d>+2) (1.46)

In the above, ¢, is a postive constant defining the lower bound on f(k).
Additionally, let k.(m) be the smallest integer such that

T > . (1.47)

Note that C2""™ < m because increasing the double exponent in increments of 1 is
equivalent to squaring the term. By applying logarithms to C2*™™" > \/m and ¢ <
m, we obtain log,logrm — 2 < k.(m) < log,logom — 1, from which it follows that
k«(m) = logy Inm + ©(1).

Lemma 1.2.7. With high probability, for all kg < k < k.(m), and for all p(m, k) < j < m,

Fy(k)
i S S (k).
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Proof sketch. Let G be the event

Gr = {VJ} p(m, k) < j < m. ﬂﬁk) < f(k)}-

Our goal is to show that G; holds for all k£ in our range. In the spirit of an inductive
argument, we begin by showing Gy, with high probability and then give evidence for how,
under the assumption Gy, G is likely to happen. Instead of an explicit induction, we
piece together these parts in a union bound.

The base case Gy, follows from Lemma 1.2.6 with w(m) = ¢(m, ko) and € := (ko) — -

For the step, fix some k > kg, and assume G,. We want to give an upper bound on
the probability that G, happens. We split this into multiple substeps: First, we prove
that, given Gy, some auxiliary event £(k + 1) happens only with probability converging to
0. Then, we show that £(k + 1) C Gp,1 where £ denotes the complement of an event &.
This means that, whenever the unlikely event does not take place, Gy, 1 holds. This allows
the step to be repeated.

If G;, does not hold for any ko < k < k.(m), then Gy, or one of the £(k) must have
happened. The union bound converges to zero for m — oo, proving our claim. O]

As promised, the last lemma enables us to speak about the behavior of Fj(k(m)). We
will use a sequence of such statements to show that, with high probability, F;j(k(m)) for
some k(m) does not change over a whole range of j:

Lemma 1.2.8. There exists M > 0 and an integer r > 0 such that, for jo(m) =
(Inlnm)™, Fo,(k.(m) + 1) = Fj,om)(ki(m) + r) holds with high probability. In addition,
there is 3 > % such that, with high probability,

Ejomy (k(m) + 7 — 1) < jio(m)' 7. (1.48)

Proof sketch. We finally get a statement about Fj(k.(m)): By choosing different %k for
different 7 in Lemma 1.2.7, we obtain a constant §y > 0 such that, with high probability,

Fi(k, .
Vi, Inlnm < 5 < m. M <j .
J

We now increase 3y until it is larger than % Set r(, = 0 and M, := 1. In fact, we obtain

a stronger proposition of the form

F.(k, !
v, (lnlnm)Mi <j<m. i (m) + i)
J

holding with high probability to obtain, for some M;,; > 0 and with high probability,

F; (k. +1
V4, (Inlnm)M+ < j <m. sk (m) ,+ ri+l)
J

< j—ﬁi

< b

If weset ;. ==7r;+1and f;11 = % B;, we can repeatedly apply this argument until some
B > % Let M, r" and § denote M;, i and (;, respectively, for this i. If, furthermore,
r =1+ 1, Equation (1.48) follows as a special case.
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We then simply union-bound the probability of Fj(k.(m) + r) increasing for any j
between jo(m) and m. Using the above over-approximation in Equation (1.44) gives us an
over-harmonic series, whose value goes to zero with m — oc. O

We can now prove Theorem 1.10. Let @); denote the maximum weight after ¢ time
steps.

Proof of Theorem 1.10. By Lemma 1.2.8, with high probability, Fy, (k.(m)+7) = Fj,m)(k«(m)+
r). Therefore, we have that with high probability

Fop (ki (my )+7“) Ejg(m) (R (m) +7)

Fjoam)(ks(m) +7 —1) (by monotonicity)
< ]0( ) (by Equation (1.48))
= ((lnlnm)M)
)M—&-l‘

1-p
< (lnlnm

For any j and k, @); < max{k, F;(k)}. Since, for large enough m, k.(m) +r <
(InInm)M*1 the maximum weight Q,, is at most (Inlnm)**! with high probability. This
result holds for general m, so we are allowed to plug in jo(m) for m. Then, Qj,m) <

(Inln jo(m))™*'. Moreover, (In 11(1;7‘0(771))(]\“1)2 < jo(m) for sufficiently large m because
M is a constant and polylogarithmic terms grow asymptotically slower than polynomial
terms. Rewriting this yields

Qjomy < (Innjo () )" < jig (m) /M, (1.49)

Now, note that k.(m) +r > (jo(m)l/(M“)) for large enough m. Therefore, Equa-
tion (1.49) implies that, with high probability, a graph generated in jy(m) time steps
has no voters of weight k.(m) + r or higher. In other words, with high probability,
Fjo(m)(ki(m)+1) = 0, so with high probability F,,(k.(m)+7) = 0 (again by Lemma 1.2.8).
This means that the maximum weight after m time steps is also upper-bounded by k. (m)+
r = logy Inm + O(1). O

1.2.5 Simulations

In this section, we present our simulation results, which support the two main messages of
this paper: that allowing multiple delegation options significantly reduces the maximum
weight, and that it is computationally feasible to resolve delegations in a way that is close
to optimal. x Our simulations were performed on a MacBook Pro (2017) on MacOS 10.12.6
with a 3.1 GHz Intel Core i5 and 16 GB of RAM. All running times were measured with
at most one process per processor core. Our simulation software is written in Python 3.6
using Gurobi 8.0.1 to solve MILPs. All of our simulation code is open-source and available
at https://github.com/pgoelz/fluid.
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Multiple vs. Single Delegations

For the special case of v = 0, we have established a doubly exponential, asymptotic sepa-
ration between single delegation (k = 1) and two delegation options per delegator (k = 2).
While the strength of the separation suggests that some of this improvement will carry
over to the real world, we still have to examine via simulation whether improvements are
visible for realistic numbers of agents and other values of .

To this end, we empirically evaluate two different mechanisms for resolving delegations.
First, we optimally resolve delegations by solving the MILP for confluent flow with the
Gurobi optimizer. Our second mechanism is the greedy “power of choice” algorithm used
in the theoretical analysis and introduced in Section 1.2.4.

In Figure 1.4, we compare the maximum weight produced by a single-delegation process
to the optimal maximum weight in a double-delegation process, for different values of ~
and d. Since our theoretical analysis used a greedy over-approximation of the optimum,
we also run the greedy mechanism on the double-delegation process.

These simulations show that our asymptotic findings translate into considerable dif-
ferences even for small numbers of agents, across different values of d. Moreover, these
differences remain nearly as pronounced for values of v up to 1, which corresponds to clas-
sical preferential attachment. This suggests that our mechanism can outweigh the social
tendency towards concentration of votes; however, evidence from real-world elections is
needed to settle this question. Lastly, we would like to point out the similarity between
the graphs for the optimal maximum weight and the result of the greedy algorithm, which
indicates that a large part of the separation can be attributed to the power of choice.

If we increase v to large values, the separation between single and double delegation
disappears. In Figure 1.5a, for v = 2, all three curves are hardly distinguishable from
the linear function d - time, meaning that one voter receives nearly all the weight. The
reason is simple: In the simulations used for that figure, 99% of all delegators give two
identical delegation options, and 99.8% of these delegators (98.8% of all delegators) give
both potential delegations to the heaviest voter in the graph. There are even values of
v > 1 and d such that the curve for single delegation falls below the ones for double
delegation. This can be seen in Figure 1.5b, where 87.7% of voters give two identical
delegation options. Since adding two delegation options per step makes the indegrees grow
faster, the delegations concentrate toward a single voter more quickly, and again lead to
a wildly unrealistic concentration of weight. Thus, it seems that large values of v do not
actually describe our scenario of multiple delegations.

As we have seen, switching from single delegation to double delegation greatly improves
the maximum weight in plausible scenarios. It is natural to wonder whether increasing k
beyond 2 will yield similar improvements. As Figure 1.6 shows, however, the returns to
increasing k quickly diminish, which is common to many incarnations of the power of
choice [13].

Evaluating Mechanisms

Already the case of k = 2 appears to have great potential; but how easily can we tap it?
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Figure 1.4: Maximum weight averaged over 100 simulations of length 5000 time steps each.
Maximum weight has been computed every 50 time steps.
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Figure 1.5: Maximum weight averaged over 100 simulations, computed every 50 time steps.

Figure 1.7: Optimal maximum weight
averaged over 100 simulations. Voters
give two delegations with probability p;
elseone. =1,d=0:5.

Figure 1.6: Optimal maximum weight for
di erent k averaged over 100 simulations,
computed every 10 steps. =1,d=0:5.

We have observed that, on average, the greedy power of choice mechanism comes
surprisingly close to the optimal solution. However, this greedy mechanism depends on
seeing the order in which our random process inserts agents and on the fact that all
generated graphs are acyclic, which need not be