15-814 Homework 2 Solutions

Task 1 Rdh

Solution: We proceed by structural induction on the type

Case =nat: We need to show the 3 conditions for & ..(e) to hold.
1. -+ e:nat holds by assumption.

2. We know B _..(€), i.e. there exists v & such that € —* v. Therefore, since we assumed
e— €, we also have e —* v by transitivity and de nition of —*.

3. This follows directly from the & ,..(€') assumption, since we are considering the same v.
Case = 1 — 2: We need to show the 3 conditions for & ,_, ,(e) to hold.
1. -+ e: 1 — 2 holds by assumption.

2. We know & |, ,(€¢), i.e. there exists v & such that € —* v. Therefore, since we
assumed e — €, we also have e —* v by de nition of —*.

3. Consider €' such that &8 ,(€”). We need to show & ,(ee ). Since , is structurally
smaller than ; — ,, we do this by showing the 3 premises of the inductive hypothesis.

(a) By the third condition of & ,_, ,(¢/), we have & , (¢ €’).

(b) We have -+ e: 1 — ,and -+ € : 1 (by assumptions). Therefore, - e " : , by
(App).
(c) Since e— €, we have e " — € €' by (App-S).

Therefore, &8 ,(e ") by L.H..

Task 2 dinfiliplpe:

Wbsthiri

Solution: In the proof, we will use o to denote composition of nite maps. For example, if
={X1—~emXx n—en}, '=X—oenx —~etthen "o ={Xf »€nx L~

€, X1~ e;nX n— en}. Weimplicitly assume that the variable names mapped by ; ' do
not clash. Furthermore, we will use (without proof) the congruence of —* with the congruence
rules, and the following lemmagT}

Lemma 1 (Simultaneous substitution decomposition) f |+ & vk
byl ity ad,
¢ ("o )&= "( ()
L gyt ket
B (Lam) effiijiiiity
HEH ‘o )e='( (eigm {X—=yy —=xly=x
b {xX—=yl{y = x}y)»= v.



Lemma 2 (Substitution) f I+ ,d ; 'Fe: A Uit
bdip "Fo(e):

Proof: The proof proceeds by induction on + e: (the case for (App) is omitted). (I write
the form of + e: followed by the rulename for each relevant case). Note that by de nition
of 8 ,whenever &8 (e), then -+ e: . This also implies that e is a closed term with no free
variables.

Case x : F x: (Hyp): By assumption, we have I x : , i.e. ={x, — e}
by de nition of I. In particular, we have & (€), but e= (x) by de nition of substitution on
variable x so we are done.

Case + z:nat (Z): We have (z) =z, so we show & ,..(z).
1. ‘\+ z:nat by (2).
2. zw by (Z-V) and z —* z by re exivity.

3. z | by (I-2).

Case I s(e) :nat (S): We need to show & ,..( (s(€))), i.e. & ,ac(s( (€))) by de nition of
substitution.

From the premise of the rule, we have I e: nat, and by assumption |- . By LH., we
have & ,..( (). By de nition of & .., we have -+ (€) : nat, (€)—*v forsomevt and

V.
1. -+ s( (e)) : nat by (S).
2. s( (e)) & by (S-V) and s( (e)) —* s( (e)) by re exivity.
3. s( (e)) | by (-S) (note that the premises of the rule are satis ed by what we have above).

Case + natrec(ejeg;® 1) :  (Rec): We need to show 8 ( (natrec(e;eg;® 1)),
i.e. 8 (natrec( (8); (e);¥ (e1))) by de nition of substitution.

From the premises of the rule, we have + e:nat, Fe: and X :naty : hLe;:
By assumption, we also have I+

By the substitution lemmaon x :naty : Fe: ,wehavex:naty : + (e): . By
I.H. on the rst two premises, we have &8 ..:( (€)) and & ( (ep)). From these, we also have
‘+ (e) :nat and -+ (&) : . Hence, -+ natrec( (€); (e);¥ (e1)): by (Rec).

From & ...( (e)), we also have (e) —* v for some v where v & and v |. By congruence
with (Rec-S), we have natrec( (€); (&);¥ (e1)) —* natrec(v; (e);¥ (&e1)).

Using closure under head expansion, itsu cestoshow & (natrec(v; (e);¥  (€1))). We
do this by nested induction on the v | judgement. Note that we have -+ (natrec(v; (&);¥ (&1))):

and -+ v :nat by type preservation.

Sub-case ({-Z): We have v = z, so natrec(z; (&);¥ (e1)) — (&) by (Rec-1Z). Since
& ( (e)), we have 8 (natrec(z; (ep);¥ (e1))) by closure under head expansion.

Sub-case (|-S): We have v = s(¢/) for some €y’ such that & —* v/, vVa and v’ |. By
inversion on the typing judgment for v, we have -+ € : nat. Therefore, & ...(€¢) by de -
nition. By the nested I.H. on v’ |, we have &8 (natrec(V’; (e);¥ (e1))). We also have
-+ natrec(€¢; (e);¥ (e1)): by (Rec), and therefore, 8 (natrec(€; (&);¥ (€1)))
by closure under head expansion and congruence with (Rec-S).
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