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Misbehaving M athematical Programs:
Post Optimality Procedures and GAM S Related Software

Mathematica programming is afrequently used tool in agriculturd economics andyss. During
the past 40 years many papers and books have discussed applications, solution methods, and model
formulation techniques. However, few papers discuss model verification and repair.

Some authors have addressed the topic while dedling with other issues. For example, McCarl
and Apland (p. 162), in their paper on vaidation, state that “incons stent data, bad coefficient
placement, incomplete structure and/or an incorrect objective function” can cause improper model
results. However, they do not give guidance as to problem detection. In an associated paper, McCarl
(p. 161) dates, “If the modd has faled [vaidation] discover why....Repair the modd and [solve it
agan|.” Panndl (p. 222) argues that “It can be extremdly difficult and time consuming to cbey ...
[McCarl’'s smpleingructions” However, Pannell while stating that verification has been given
“cursory treatment” (p. 20-22) ligs the following approaches without providing implementation
details(p. 238-40):

a) search for bugs in the matrix;
b) add congtraints to force activities to correspond to expected levels,
) vary right hand sides,
d) drop out matrix components,
e) do awide ranging sengtivity anadyss, and
f) use McCarl and Apland’ sfeasihility test.
The purpose of this paper is to expand upon McCarl and Apland, and Pannell as well as a number of

others (Greenberg(1993,1994); Chinneck; Andersen and Andersen) providing systematic,

compuiterized gpproaches for the detection of modd flaws.



The procedures herein are available in computerized form linked to GAMS. GAMS (Brooke,
Kendrick and Meeraus) isthe most widely used method for implementing mathematica programs by
agricultural economigts. The package is cdled GAMSCHK and is available through the web page
agrinet.tamu.edwmccarl. The GAMSCHK software has both pre- and post-solution processorsto aid
in discovering mode problems. This manuscript only covers post-solution checking.t

Background

Many modelers finish their modd and submit it to a solver only to find that the modd is
infeasible, unbounded, or worse yet, optima with an unredigtic solution. Generaly, such problems are
caused by the litany of difficulties mentioned in McCarl and Apland, or Pannell (p. 228) including
moddswith:

a) incorrect coefficients due to typing, Sgn, units of measurement, calculation flaws,

omissions, or improper placement;

b) improper condraintsin terms of inequality forms, coefficient/congtraint omissons,
unneeded redundancies, flawed coefficient caculations, or incluson of binding but
irrdlevant condraints;

) an improper set of variables with irrdevant variables included, relevant variables
excluded or improperly entered variables in terms of coefficient Signs, placements or
magnitudes, and

d) adructure that causes solversto fail.

This paper discusses methods for discovery of the above cases excepting solver falure. The
presentation will concentrate on using knowledge of the problem, mathematica programming theory,

and solution information to systematicaly discover difficulties.
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Problematic M odel Substructures—the Cause of Difficulties

Flawed mode structura characteristics cause flawed solutions. Greenberg, in a series of
papers (1993,1994,1996), defined the concept of forcing substructures, wherein a subset of constraints
and associated variables forces a set of variablesto equal particular values. A related concept was
developed by Chinneck who defined an irreducible infeasible set as a set of congraints that when
anyone is removed changes amode from being infeasible to being feasble. Herein, a broader term
“problematic substructure” (PS), is used to refer to a portion of aformulation where the associated
variables, condraints, and coefficients cause an improper solution.

Linear Programming Theory

It is useful in this paper to employ severd linear programming theoretica results. These are
presented following the notation in Hadley or Bazarra, Jarvis and Sherdi. Consider alinear

programming problem with dack variables (S) added:

1 Maximize § ¢ X % & 0 (S
D _lJ R . | I
Subject to g aX; % S " b fordli
)
X, S $ 0 fordlij

I

At optimdity given identification of a basis matrix (B) and the associated basic dements from
the objective function (Cg), an expression for the optimal shadow prices on the i equation is:

() u =(Cg BY),



while an expression for the reduced cost of the | varigbleis:

) Jl-uiqj&cj$0

Note that for basic variables equation (3) equas zero and that equation (2) arises from the solution of

that system. Also note that any feasible solution must satisfy the origind set of condtraints and thus:
(4) § & X &b " &S fordli
]
while the optima vaues of the basic varidbles are given by:
5) Xg = B™h.
Findly, following the development in Chapter 3 of McCarl and Spreen and differentiating (5) we get an

expresson for the margina effect of the right hand sde changes.

MXB "B &1
Mb
Equations 2-6 are used in explaining the procedures below.

(6)

Adopting an Example

The discussion of how to fix misbehaving modelsis best facilitated by having one. The example
in Figure 1 will provide the base for later illugrations. This example has two farms, each of which can
feed cattle and grow crops. The feeding requirements, livestock costs, and find sale weights, codts,
crop yields, and sale prices differ by farm. Crops can be transported between farms. Land can be

rented on each farm. In the solution the variable labded PROFIT is maximized. A GAMS formulation

appearsin Appendix A.



Unbounded M odels

The solution report on an unbounded linear program is often lacking information. More
information can be gained by artificidly bounding the problem, then using solution information to find the
PS. In particular, following the suggestion in both McCarl and Apland; and Brooke, Kendrick and
Meeraus, alarge upper bound is assgned to dl variables that have desirable objective function vaues
which are not aready bounded. Given a problem with the structure in (1), then for al variables with ¢
> 0 impogtion of large positive upper bounds will render the problem bounded. The resultant needed
bounds, where M isavery large number are:
@) X; # M for al j whereg >0
The mode is then solved and the solution examined for variables which equd the large bound.
However, those variables only compose part of the PS. In particular, suppose alarge bound is active
inthe K™ row. Also suppose that the right hand side (the M value in equation 7) equals the right hand
side which would generate the expected solution variable values (X®) plus 10*°. Then via(5) the
optima vaue of the badic variablesis

_(11 y (lk y (lm- bl
! 1

(8) Xg " B¥b " [Gq ¥V Gu ¥ Gl | b %200 X2% 100,
! !
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where (j, istheik™ dement of B %, and (| isthe vector from the k™ column of B 2. Thus, the



solution is composed of numbers of the magnitude expected plus (| coefficients timesthe largeterm in
the bound. Viaequation 6 the (;, give the expected change in the i basic variable when the K™ right
hand side is changed by one unit. Consequently, the (| vector indicates how the ateration of the large
bound affects each basic varidble. The variables with large solution values are those which are
associated with the origina unboundedness and form the PS.

Thisisbest illugtrated by example. The Figure 1 example is made unbounded by dropping the
congtraints on maximum rented land and enter the cattle price on Farm 1 in cents per pound, making a
units error(see lines 87-88 in the gppendix). Under these circumstances the model 1ooks like thet in
Figure 2. That modd is unbounded, so bounds are included on the revenue producing cattle
production and crop sde variables. (Seelines 89-90 of the appendix)

The resultant solution is appended around the edges of Figure 2. The feed cattle dternative on
Fam 1lisa itslarge upper bound. But dso notice: @) large crop acreages on Farm 1, and b) large land
rental on Farm 1.

The PSis composed of the variables with large vaues and involves cattle feeding, crop
growing, and land rentd dl on Farm 1. One then would examine only those variables and any rows
where more than one of them appears. A modder would then find the unboundedness cause
immediately apparent. Namely the PSis in the huge objective function coefficients for fed cattle which
arise ether because of the cattle sde price, improper unitsfor cattle sdle weight (if the sde weight were
in hundred weight the problem would disappear), and/or the lack of upper bounds on renting land.

Thisisindicative of the generd approach to finding difficulties in unbounded models of the type

in ()2 The approach isasfollows:



Step 1 Given an unbounded modd add larger upper lower boundsto al profitable
variadles (in amaximization problem thiswould be dl variables with a postive

objective function vaue).
Step 2 Solve the modd.
Step 3 Seeif any of the large upper bounds that were added are binding. If not

terminate the unboundedness finding procedure. If S0, go to step 4.

Step 4 Sdlect variables and dacks whose solution vaues in absolute value are grester
than or equal to atolerance which is st to be substantidly greater than the
expected order of magnitude of the solution variables. Examine that set of
variables and eguations as well as any interrdating congraints to find the cause
of the unboundedness.

Step 5 Fix the model and reexecute the procedure.

Severd notesare in order about this procedure. Firgt, the bounds must be large enough so that
they will cause the solution to have unredigticaly large vaues for some varigbles. This may take
experimentation either increasing the bound vaue or rescaling other model components. Second, a
variant of this procedure can be utilized in GAMS where one bounds only the objective function
variable (the variable named PROFIT in the example). However, such a procedure will only find one
case of the unboundedness a atime. When multiple bounds are added multiple unbounded cases can
be found in one pass. Third, GAMSCHK facilitates this procedure, and when run in “NONOPT”
mode it automatically: a) identifies dl variables which need bounds when an unbounded mode is
present, and b) displays the names of variables or equations where the optimal solution values exceed a
tolerance in an optima solution. In turn, the user can use GAMSCHK to extract the potential PS
equations and variables. Fourth, asillustrated above, the problematic structure can involve multiple
interrelated model elements. Experience shows that in problems with thousands of variables and
equations one may find 5-6 variables and condraintsin the PS. Reduction to asmall PS makes finding
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the PS cause rdatively smple. Fifth, the above example shows the potentid complexity of PSswhich
cause unboundedness. The unboundedness could have been caused by improper cattle sde weights,
cattle prices, or land renta limits. Unboundedness does not necessarily occur strictly because of the
variable which the solvers report as unbounded or which hit the large upper bound, but rather may
occur because of interrelaionships with other variables. Sixth, the burden involved in adding bounds
when usng GAMS s not high because one can include statements such as in lines 89-90 which add
boundsto dl variablesin an variable block.

Infeasible M odels

Infeasibility causing PS can be found using the traditiond Big “M” artificid variable gpproach
with the added step of shadow price examination to find the full PS. In using Big M the modd is
augmented with artificia variables added to any congraint which is not satisfied when the origina
problem decison variables are equd to zero. Thisincludes al congraints which require asum of the
decison variablesto be: a) greater than or equa to a positive right hand side; b) less than or equd to a
negdtive right hand sde; and ¢) equd to anon-zero quantity. The artificiad variables dso have an
associated large pendty codt in the objective function, which makes them highly undesirable to havein
the optima solution.

When the origind problem isinfeasible, then one or more of these added artificias will be
nonzero. The presence of nonzero atificias in the bass distorts the shadow price and reduced cost
solution. Shadow pricesin alinear programming mode are given by C;B.  When some dementsin
Cy arelarge pendties associated with artificids then some shadow prices and reduced costs will dso
be affected receiving large values®. The constraints and nonnegativity conditions/bounds associated with

these large vaues are the infeagibility causng PS.



Again thisis best illustrated through example. Modds are infeasible because congraints are
mutudly inconggtent. The example is rendered infeasible by increasing the land requirement for catle
up to 10 (asinline 93 of the appendix). Artificid variables are ds0 defined for the cattle minimum sales
requirements’.

The solution shows large shadow prices for Farm 1 land, maximum rented land, and minimum
cattle sales, aswell aslarge crop growing reduced costs. The PSinvolves this set of congtraints and
nonnegativity conditions. Namely, the cattle sdles condraint on Farm 1 cannot be satisfied with 10 units
of land used per head given the availability of owned and rented land aong with the nonnegativitiy
restrictions on the crop variables. Repair of this problem could entail: @) reduction of the cattle land use
requirement, b) increase in the land available, and c) respecification of the mode to include pasture land
and shift in the cattle land requirement to that resource. Thisisagain illudtrative of the generd nature of
PSs. In particular, the cause is not dways the congraint in which the artificid varidble is active (i.e., not
the minimum cattle sales from Farm 1), rather the cause usudly involves the interaction of severd
congraints.

A generd gpproach for finding infeasibility causing PS:

Step 1 Take an infeasible modd and enter artificid variablesin al equationsthat are

not feasible when the variables are sat to zero. Add Big “Ms’ for the artificia

variablesin the objective function. Artificia variables could aso be needed for
positive lower bounds and negative upper bounds.

Step 2 Solve the modd.

Step 3 Seeif any of the artificid varidbles are in the badis, if not, terminate.  If 0, go
to step 4.

Step 4 Find al equations as well as variable upper and lower bounds with shadow

pricesthat arelarge in dbsolute vadue. These arethe PS. Examine them and
the variables therein to find data errors.
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Step 5 Fix any errorsthat are found, and repesat the process if needed.

Severd comments are in order about the above procedure. Firgt, the Big “M” pendties must be
large enough to digtort the shadow prices and this may take severd iterations elther increasing the M
vaue or rescaling other modd components. Second, if infeasibility causing congtraints are redundarnt,
this procedure may not discover dl of the PSin onepass. Third, in the above example, a part of the
PS involved the lower bounds on the crop growing variables. The modd would like to drive those
variables negative which would make them a source of labor. PSs may include upper and lower
(including nonneggativity) bounds indicating that reduction of the lower bound or increase of the upper
bound would help dleviate the infeashility. One occasiondly has to take the discovery of these items
with a“grain of sdt”. Fourth, the above procedures can be used easily, but are not needed if oneis
using asolver that has Chinneck’ s 11S capability. In particular, the GAMS CPLEX verson has|1S
capabilities. Use of Greenberg’'s ANALY ZE (1993) aso substitutes for the above procedures. Fifth,
GAMSCHK will both identify congtraints where artificia variables are needed as wdll as find equations
and variables with shadow prices and reduced costs greater in aosolute vaue then atolerance. Sixth,
ultimately, the resolution of any infeasibility will require manud examination of the condraintsto find the
PS cause. Use of the above procedure alows one to restrict attention to asmall model subset.
Seventh, addition of the artificids is more complicated than the bounds above but can ill be doneina
reaivey few statements using the agebraic capabilities of GAMS.

The Big M method is covered in many texts and papers, however, those authors do not discuss
how to find the infeasibility causing congtraints. Greenberg (1994) suggests the use of Phase | shadow

prices from the linear programming solver to diagnose infeagbility and it turns out thet the artificid
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variable digortion will occur in the rows with Phase 1 shadow prices. Findly, note that this gpproach is

the dud to the large bounds approach, namely placing

atifiddsin the primd is equivaent to putting large bounds on the dud or the converse.
M odeswith Unrealistic Solutions

Unfortunately, unbounded and infeasible cases are typicaly the easy cases of modd diagnoss.
One receives obvious natification from the solver that there is something wrong and can find the PS
after adding artificids or bounds. More difficult cases arise when one gets an “optima solution”, but
discovers that the solution substance is unredligtic. This often necessitates arather involved mode
investigation, and always requires expectations about the appropriate levels of variables and shadow
prices.

An unredigtic optima solution can emerge through unredistic alocation or vauation
information. A mode that contains unredigtic alocation information has faulty levels for some variables
and/or dacks. A modd with unredlitic vauation information contains faulty reduced costs and/or
shadow prices.

Modders can find unredigtic solution causing PS through examination of ether: @ vauation
information using what is caled budgeting herein or b) dlocation information using a process cdled row
summing heren.

Finding causes of Unrealistic Solutions through Budoeting

If the solution contains improper va uation information, then the shadow prices are wrong as
may be some reduced costs (asin equation 3). Shadow prices are determined by the solution of the
reduced cost equations (3) for the basic variables. Thus, the causes of faulty vauation information can

be discovered by examining the reduced cost calculations. For the j™ variable thisis done by creating
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an expanded version of the reduced cost caculations as follows.

Item g Shadow Price Product
Objective function G -1 -G
Name for equation 1 &y, W Uy &
Name for equation 2 &y, W W 3y,

! ! 1
Name for equation m A Uy, Un 8
Reduced cost -- -- Eiug-¢

Thistable has arow for each equation in which the ™ variable has a non-zero a;, and includes the g;,
the shadow price for the equation(y), and their product. In turn, the products are added, yielding a
reproduction of the reduced cost. For example when budgeting, say, corn production, you would
record each resource used in corn production, the amount a unit of corn production uses, and the
resource prices. Then multiply usage by price yidding total cost for each resource, and add up to get
reduced cost.

A modd with an unredigtic optima solution isillustrated by modifying the corn yield for farm 2
0 it is pounds rather than bushels, and zeroing the minimum cattle sae requirement (Figure 4 and
gppendix lines 95-96). Modd solution yields the information that appears around the edges of Figure
4. A symptom of the model problemsis found in the $8055 reduced cost of producing Farm 2 cattle.
Normd returnswould likdly fall in the range from $150 to $200 per head. The question then iswhy
doesit cost so much to grow the cattle? Table 1 pand acontains a budget for that varigble.

This cattle variable produces objective function income () of $153.2 per unit, uses 38.48 units
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of corn, 0.74 units of hay, 0.5 units of land, and produces 1 unit of cattle sdes. The shadow prices and
product columns shows the net revenue of $153.2, is counterbalanced by use of 38.48 units corn worth
$2.29/bushel amounting to $88.04 worth of corn, hay worth $39.62, and 0.5 acres of land worth
$16,160/acre or $3,080 in total. Summing the reduced cost of raising cattle is $8,054. The land vaue
is problematic, since land contributes most of the $8,054 opportunity cost, and is valued at $16,160.
Thus, the land shadow price merits further examination.

Shadow price vaues are derived from the parameters of the basic variables. Land isso
vauable, because of abasic variable that usesland. In thismodd, the basic variable using farm 2 land

is corn production, which is budgeted in pand b, Table 1.

Corn exhibits a $240 cogt, ayidd, and use of land. The $16,400 opportunity cost of land is
shown to be mainly counter balanced by an unreditic 7168 bushd yield which isvalued a $2.29.
Thus, the land distortion and the original reduced cost symptom occurs because of the excessively high
cornyield. A modder would then correct that problem, solve the model again and repeet the
procedure if other solution irregularities were found.

The generd budgeting approach entalls the following:

Step 1 Examine the shadow prices and the reduced cost solution to see if any elements
are unredidic.
Step 2 If an unredlistic reduced cost has been found then budget that variable and

examine to seeif thereisadataerror or an excessvely high shadow price. If a
data error isfound in the mode, correct that problem, resolve the model, and
go to Step 1. Otherwise go on to step 3.

Step 3 Given an unredlistic shadow price has been found, budget the basic variables
that have non-zero coefficients in the associated equation. Examine those
budgets to find ether additiona unredistic shadow prices or adata error which
is causing the unredigtic shadow price.

Step 4 If another unredigticaly high shadow price is found, then go to step 3 and
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budget another basic variables which uses that resource and iterate through until
adataerror isfound.

Step 5 When adata error is found correct the model, resolve and go to Step 1.

Part of this procedure may involve making sure the appropriate congraints are binding for a
variable. In particular, if acondrant that isfet to be binding is not binding or an a; is missing, one may
need to ether: investigate the congraint through row summing as discussed below, add amissng
condraint, or add missing coefficients.

The above procedure is meritorious of severad comments. First, budgeting always requires
problem knowledge as well as expectations about the proper vaues of shadow prices and coefficients.
One mugt understand the mode to debug it. Second, one identifies the PS by finding unredistic
shadow prices and then tracing through the modd to find coefficient errors, missng coefficients,
congraints that should be binding, and other errors. The overadl PSis each of the variables budgeted
coupled with each equation associated with an improper shadow price. Third, the budgeting procedure
has been implemented in the GAMSCHK software. Using that software, one can request that selected
variables be budgeted or that al variablesthat fdl into particular equations can be budgeted. Attention
can aso be restricted to binding equations and basic variables. Fourth, note the analogy between this
procedure and traditiond financid budgeting. When doing financid budgeting, one ordinarily takes per
unit resource usages, mulltiplies them by prices, then accumulates to come up with abottom line. The
procedure hereis exactly andogous, with the prices used being the shadow prices derived by the
Solver.

Finding Causes of Unrealigic Solutions through Row Summing

The dua approach to budgeting isto look at the primd dlocation. When looking a primd
dlocation one searches for unredigticaly high or low variable solution vaues. Variable vaues arise
through the solution of binding condraints asin equation 4. Thus, to discover why variables have
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unredigtic vaues, onelooks a the condraints. Row summing involves systematic recongtruction of

congraint activity. The basic table for row summing the i equation is:

Variable Coefficients | Solution Levels Product
Names
X1 a1 Xl* a:Xy
X2 a2 Xy 3,X;
1 ! ! !

X an Xp* anXp*
Sum -- -- EjaX*
RHS — — b

Slack -- -- bi-E; g;X*

The table has arow for each variable that falsinto the equation, the g;, the optimal variable
vaue(X;") and the product (g;X;"). In turn, the products are summed, the right hand side recorded and
the dack computed. The symptom that causes the use of row summing is an unredigticaly high vaue of
adecison variable and/or dack.

Toillugrate row summing the example in Figure 4 isreused. Net profits of $12,867,960 are
excessve, thus the objective function isrow summed (Table 2, pand A).

The objective function row sum shows the profits comes largely from the $13,747,853 farm 1
cornsde. A row sum on the Farm 1 corn baance, appearsin Table 2, pand B. That showsthe
5,728,272 bushds sold on Farm 1 arises largely from corn transported from Farm 2. Table 2, pand C
shows arow sum for the corn balance on Farm 2, and reveals that so much corn can be shipped
because of the excessive yidd of corn on Farm 2. Thus, the underlying PS involves the sdles and the

two baance eguations.
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In generd, row summing is employed via the following steps.

Step 1 Find avarigble or a dack with an unreasonable solution leve, if there are none
stop.

Step 2 Choose an equation that is likely to revea some information where thet varigble
has coefficients.

Step 3 Row sum that equation to discover other variables with unredigtically high

solution values and/or coefficient errors. If errors are discovered fix the
problem, resolve the moddl and go to Step 1. Otherwise, go to Step 4.

Step 4 If other variables with unreasonable solution values are discovered, select
equations for row summing that contain those variables and go back to Step 2.

The row summing procedure alows systematic exploration of the alocation information to see
how vaues of some variables are balanced off against vaues of other varigbles. 1t dso can be used to
find incidence of excessve resource use in the modd.

Severd comments can be made on this procedure. Firgt, one can use budgeting and row
summing independently or collectively to discover PS. Second, GAMSCHK will automaticaly
construct row sums on any named equation or any equations wherein a named variable has coefficients.
GAMSCHK can be limited to binding equations and basic variables. Third, one must have
expectations about gppropriate solution vaues to identify problems. Fourth, row summing may be
coupled with expectations about proper structure to find missing coefficients, and/or variables aswell as
mis-specified coefficients.

Concluding Comments

The procedures presented herein give theoretically based ways to find problematic
substructures that result in unboundedness, infeasibility, or unredigtic optima solutions in mathematica
programming modes. The unboundedness and infeasibility procedures rely on model augmentation,
coupled with andlyss of the shadow price or dlocation information. The unredigtic optima solution
procedures provide systematic ways of examining models to identify the source of problems. They may
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aso be used in @ther the unbounded and infeasible cases.

The procedures may be utilized on nonlinear, mixed integer, or linear programming moddls. In
the case of nonlinear model's one needs to solve the modd and then employ the procedures as opposed
to employing the procedures on the initid formulation. This is recommended since codes such as
GAMS employ a Jacobian based representation using aloca Taylor series expansion around the
current point. Once the modd is solved, the Taylor series expansion is based on the current solution
and is more accurate than it is before solution. GAMSCHK marks nonlinear coefficients to inform
usersthat local values are present.

In mixed integer cases, the procedures can be used in astraight forward manner. However,
one must redlize that the shadow prices could be distorted because of the noncontinuous nature of the
feasible solution space and the solution agorithm wherein often congraints are artificialy imposed to
generate an integer solution.

The procedures discussed above are dl implemented in the GAMSCHK software thet is
distributed fredly through the web-page referenced in the bibliography (McCarl). The procedures
discussed above involve post optimality evauations of potentid structura problems. GAMSCHK dso

contains pre optimality evauation procedures.
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Figure 1.

Base Example M odel

Feed Cattle Move Crops Grow Crops Sell Crops
% Farm 1|Farm 2|Farm 1to Farm| Farm 2to Fam1 Farm 2 Fam 1 Farm 2 Rent Land RHS
T 2 Farm 1
Con | Hay |Corn | Hay | Corn | Hay |Corn | Hay |Corn | Hay | Corn | Hay |Fam1l|Farm?2
Profit Accounting 1 ]-18 -153| .11 4 A1 4 250 20 240 1% | -24 55 205 -50 | 100 100 =0
Corn 39 1 -1 -130 1 # 0
Fam1
Cropon Hay 0.75 1 -1 -55 1 # 0
Hand
Corn 385 -1 1 -128 1 # 0
Farm 2
Hay 0.74 -1 1 -4.8 1 # 0
Land Farm 1 05 1 1 -1 # 100
Farm 2 05 1 1 -1 # 100
Min. Fam 1 1 $ 50
Cattle
Sold Fam2 1 $ 50
Max Fam1l 1 # 200
Rented
Land Fam2 1 | # 700
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Figure2. Unbounded Example
Feed Cattle Move Crops Grow Crops Sell Crops
- Fam 1|JFarm| Farm 1to |Farm2to | Fam1 Farm 2 Farm 1 Farm 2 Rent Land RHS Shad
je 2 Farm 2 Farm 1 Slack 1adow
& Price
Corn |Hay |Corn |Hay JCorn|Hay |Corn |Hay |Corn |Hay |Corn |Hay Falrm Fa2rm
Profit Accounting 1 -76415 -1531.11 4 11 4 |250 220 240 195]-24 -55 -205 -50 |100 100 = 0 0 1
Corn 39 1 -1 -130 1 # 0 0 2.69
Fam1
Crop on Hay 0.75 1 -1 -55 1 # 0 0 58.18
Hand
Corn 3B5] -1 1 -128 1 # 0 0 258
Fam 2
Hay 0.74 -1 1 -48 1 # 0 0 59.43
Land Fam1 05 1 1 -1 # 100 0 100
Farm 2 05 1 1 1| # 100 0 90.28
Min. Farm 1 1 $ 50 let6 | O
Cattle
Sold Fam2 1 $ 50 0 -36.21
Rexed
Lan
Upper Bounds -- let6 let6| -- - - -1- - - - 1et6 let6 let6 let6| - --
Optimal Level 7etl0 | 1let6 50 | O 0 6689 0 [3et5 leth 67 8 0 0 0 0O [%t5 O
Reduced Cost 0 0 0 |-2 275 0 5250 0 O 0 O |let6 let6 let6 let6] O -9.72
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Figure3. Infeasible Example

Feed Cattle Move Crops Grow Crops Sell Crops
Artificial
Rent Land Shad
£ |Famil|Farm| Fam1to | Fam2to | Fam1 | Fam2 | Fam1l | Fam2 Catle | rys Slac ado
£ 2 | Fam2 | Fam1 K w
Price
Farm |Farm|Farm|Farm
Corn|Hay |Corn | Hay |Corn JHay |Corn |Hay |Corn| Hay [Corn |Hay 1 5 1 5
Profit Accounting 1 185 153111 4 11 4 |20 220 240 195 |-24 -55 -205 -50 | 100 100 |let6 let6] = O 0 1
Corn 39 1 -1 -130 1 # 0 0 277
Fam1
Crop on Hand Hay 0.75 1 -1 -55 1 # 0 0 65.46
Corn 385] -1 1 -128 1 # 0 0 2.66
Farm 2
Hay 0.74 -1 1 -48 1 # 0 0 61.46
Land Fam 1 10 1 1 -1 -1 # 100 0 let+5
Farm 2 10 1 1 -1 -1 | # 100 0 100
Min. Cattle Fam 1 1 $ 50 let6 | -let6
Sold
Farm 2 1 $ 50 0 -944.49
Max Fam 1 1 1 # 200 0 99903
Rented Land
Farm 2 1 1 | # 700 476 0
Optimal Level 2et7 ] 30 50| 0 0 1170 225| O 0O 24 12|10 0 O 0 |200 437120 O
Reduced Cost 0 0 0]-2 -8 0 0 }lets5-let5 0 0 |-37 -105 -61 -115| O 0 | O -letf
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Figure4.

Unrealigic Optimal Example

Feed Cattle Move Crops Grow Crops Sell Crops
£ |Fami|Fam2|Famito |Fam2to | Fam1 | Fam2 | Fam1 | Fam2 [ REMLad | gy Qoo | Shedow
o Fam2 Farm 1 Price
Corn|Hay | Corn |Hay |Corn| Hay |Corn} Hay |Corn |Hay |Corn|Hay [Farm 1JFarm 2
Profit Accounting 1 185 153 |11 4 A1 4 |250 220 240 195 | -24 55 -205 -50 | 100 100 = 0 0 1
Corn 39 1 -1 -130 1 # 0 0 240
Fam1
Crop on Hand Hay 0.75 1 -1 -55 1 # 0 0 55
Corn 3B5 | 1 1 -7168 1 # 0 0 229
Farm 2

Hay 0.74 -1 1 -4.8 1 # 0 0 51
Land Farm 1 05 1 1 -1 # 100 0 96.49
Fam 2 0.5 1 1 -1 # 100 0 16160
Min. Cattle Fam 1 1 $ 0 157 0

Sold
Farm 2 1 $ 0 0 0
Max Farm 1 1 # 200 200 0

Rented Land
Fam 2 1 # 700 0 16060
Optimal Level 13et7 | 157 0 0 0O 57et6 O 0 21 800 0 p7et6 0 0 0 0 700
Reduced Cost 0 0 -8055 |-.22 -8 0 0|3 O 0 -16100] 0 -254 -24 -354|-351 O
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Table 1. Budgeting for Unrealistic Optimal Case

Panel a FEEDCATTLE(FARM2) Budget

Equation Aj; U, AU,
PROFI TACCT -153. 20 1.00 -153. 20
CROPONHAND( FARM2, CORN) 38. 48 2.29 88. 04
CROPONHAND( FARMZ, HAY) 0.74 53. 54 39.62
LAND( FARMR) 0. 50 16160. 40 8080. 20
M NCATTLE( FARM2) 1.00 0. 00 0. 00
TRUE REDUCED COST 8054. 66
Pand b GROWCROPS(FARM 2,CORN) Budget

Equation Aj; U, AU,
PROFI TACCT 240. 00 1.00 240. 00
CROPONHAND( FARM2, CORN) -7162. 00 2.29 -16400. 00
LAND( FARML) 1.00 96. 49 16160. 00
TRUE REDUCED COST 0. 00
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Table 2. Row Sunm ng for Unrealistic Optinmal Case

Panel a Objective Function -- PROFI TACCT Row Sum

Vari abl e Ajj X;
PROFI T 1.00 12867960
FEEDCATTLE( FARML) -185. 00 157. 14
FEEDCATTLE( FARM2) -153. 20 0. 00
MOVECROPS( FARML, FARM2, CORN) 0.11 0. 00
MOVECROPS( FARML, FARM2, HAY) 4.00 0. 00
MOVECROPS( FARMZ2, FARML, CORN) 0.11 5734400
MOVECROPS( FARMZ2, FARML, HAY) 4. 00 0. 00
GROWCROPS( FARML, CORN) 250. 00 0. 00
GROWCROPS( FARML, HAY) 220. 00 21. 43
GROWCROPS( FARM2, CORN) 240. 00 800. 00
GROWCROPS( FARM2, HAY) 195. 00 0. 00
SELLCROPS( FARML, CORN) -2.40 5728272
SELLCROPS( FARML, HAY) -55.00 0. 00
SELLCROPS( FARM2, CORN) -2.05 0. 00
SELLCROPS( FARM2, HAY) -50. 00 0. 00
LANDRENT ( FARML) 100. 00 0. 00
LANDRENT ( FARMR) 100. 00 700. 00
=E=
RHS CCEFF
Panel b CROPONHAND( FARML, CORN) Row Sum
Vari abl e Ajj X;
FEEDCATTLE( FARML) 39. 00 157. 14
MOVECROPS( FARML, FARM2, CORN) 1.00 0. 00
MOVECROPS( FARMZ2, FARML, CORN) -1.00 5734400
GROWCROPS( FARML, CORN) -130. 00 0. 00
SELLCROPS( FARML, CORN) 1.00 5728272

=L=
=L=

RHS COCEFF

Panel ¢ CROPONHAND( FARMZ, CORN) Row Sum

Vari abl e A X

FEEDCATTLE( FARM) 38. 48 0.00
MOVECROPS( FARMZ, FARML, CORN) -1.00 5734400
MOVECROPS( FARML, FARMZ, CORN) 1.00 0.00
GROWCROPS( FARM2, CORN) -7168. 00 800. 00
SELLCROPS( FARM2, CORN) 1.00 0.00
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A" X
12867960
-29071
0
0
0
642250
0
0
4714
192000
0
-13747853
0
0
0
0
70000
0

AFX;
6128
0
5734400
0
5728272
0

ATRRY

0
5734400
0
5734400
0



=L= = =

RHS COEFF
Appendix A Base Model GAM S Formulation

2 option sol slack=1
3 option linrow=0;

4 option |incol =0;

5 Sets
6
7
8

Farm farm names [farml, farnme/
allitens uni on of sets where item nanes reused
/ ot hf eedcst , f eedbeef, corn, hay/
9 enterprise(allitens) all production enterp / f eedbeef, corn, hay/
10 crop(enterprise) crops / corn, hay/
11 alias(place,farm;
12 paraneters
13 | andavai |l (farm | and endownrent [ farml 100 ,farn2 100
14 cashrent (farm land rental rate [ farml 100 ,farn2 100
15 rentavail (farm land avail to rent /farml 200 ,farn2 700
16 cattlepric(farm cattle sale price [farml 0.70 ,farn2 0. 68
17 cattlecost(farm cost cattle rearing /farnl 570 ,farn2 580
18 cattl ewgt (farm cattle sale weight /farnl 1100 ,farn2 1100
19 cattl eday(farm days on feed [ farml 150 ,farn2 148
20 contract(farm mnimumcattle fed /farml 50 , farn2 50
21 table cropprice(farmcrop) crop sales price
22 corn hay
23 farml 2.40 55
24 farm 2.05 50
25 table cropcost(farmcrop) crop production cost per acre
26 corn hay
27 farml 250 220
28 farm 240 195
29 table cropyield(farmcrop) crop yields in units per acre
30 corn hay
31 farml 130 5.5
32 farm 128 4.8
33 paraneter dietdat(allitens) diets per head per day
34 /ot hf eedcst 0.10, <corn 0.26, hay 0.005/
35 paraneter weight(crop) weight of crops
36 /corn 56, hay 2000/
37 scalar transport transport costs per Ib /0.002/
38 scalar cattleland cattle |Iand use /0.5/
39 wvariables
40 profit total firmprofits
41 positive variables
42 feedcattl e(farm nunber of cattle fed
43 cattlediet(farmcrop) anount of each crop fed to cattle
44 novecrops(farm pl ace, crop) transport of crops between pl aces
45 growcr ops(farm crop) rai sing crops at a farm
46 sel l crops(farm crop) sell crops at a farm
47 | andrent (farm | and renta
48 artcattle(farm cattle artificial variable
49 equati ons
50 profitacct profit accounting
51 croponhand(farm crop) crop supply demand bal ance
52 Land(farm | and endownrent
53 mncattle(farm m ni mum nunber of cattle fed
54 rental Land(farm maxi mum rented | and

26
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Appendi x A Base Mbdel GAMS Fornul ati on (CONTINUED)

55 profitacct.. profit =e=

56 sum(farm

57 sum( crop, -cropcost (farm crop) *growcr ops(farm crop)

58 +cropprice(farmcrop)*sellcrops(farmcrop)

59 -sum( pl ace$(not saneas(farm pl ace)),

60 transport*wei ght (crop) *nmovecr ops(farm pl ace, crop)))
61 -cashrent(farm* landrent(farm

62 -1000000*artcattl e(farm

63 +( cattlepric(farm*cattlewgt(farm

64 -cattlecost(farm

65 -di etdat ("ot hfeedcst")*cattl eday(farm )
66 *feedcattl e(farm );

67 land(farm..

68 +cattl el and* feedcattle(farm

69 +sum(crop, growcrops(farmcrop) )

70 =l = l andavai | (farm +l andrent (farm $cashrent(farm;
71 rental Land(farm $rentavail (farm..

72 I andrent (farm $cashrent(farm=l= rentavail (farm;

73 croponhand(farmcrop)..
74 sum( pl ace, novecrops(farm pl ace, crop))

75 +sel l crops(farm crop)

76 +di etdat (crop) *cattl eday(farm

77 *feedcattl e(farm

78 =l = cropyield(farmcrop)* growcrops(farm crop)

79 +sum( pl ace, nmovecrops(place,farmcrop));

80 mncattle(farm..

81 +f eedcattl e(farm +artcattle(farn) =g= contract(farn);

82 *cause artificial to be zero

83 artcattle.up(farm=0;

84 option | p=ganschk;

85 nodel farmmod /all/;

86 *add next 4 lines to create and solve nodel in figure2
87 * rentavail (farm) =0;

88 * cattlepric("farm")=70 ;

89 ~* sel | crops. up(farm crop)=1000000;

90 * feedcattl e. up(farm =1000000;

91 *add next 2 lines to create and solve nodel in figure3
92 * artcattle.up(farm =inf;

93 * contract ("farml")= 1000;

94 *add next 2 lines to create and solve nodel in figure4
95 ~* cropyield("farm","corn")= cropyield("farn","corn")*56;
96 * contract (farm =0;

97 solve farmmod maxi m zing profit using Ip;
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Footnotes

Note the materia herein is dso presented in chapter 17 written by this author in the draft book
by McCarl and Spreen.

Problems may aso include unrestricted or non-positive variables. In such cases large lower
bounds on variables with negative objective function coefficients are dso in order.

The digtortion can be derived mathematicaly using an approach which is dud to the
development in equation 8 above.

The artificials were added to the base model in appendix lines 48, 62, and 81; but were set to
zero until needed (by line 83). Line 92 activates them.
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