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Abstract

We present a construction for self-dual Yang-Mills connections on
the Taub-NUT space. We illustrate it by finding explicit expressions
for all SU(2) instantons of instanton number one and generic mon-
odromy at infinity.
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1 Introduction

We are looking for a Hermitian connection, given by a u(n)-valued one-form
1A, on an n-dimensional Hermitian bundle £ over the Taub-NUT space with
the curvature two-form F' = dA —iA A A satisfying the self-duality condition

F = «F. (1)

Here * denotes the Hodge star operator taking a two-form to its dual. We
require the connection A to have finite action S = [ trF A xF.

Everywhere outside one point 0 the Taub-NUT space itself can be thought
of as being fibered by a circle S over a base R3\0. Choosing 7 ~ 7+47 to be
the periodic coordinate on the S* fiber and Z = (1, 22, 23) to be coordinates
on R? the Taub-NUT metridl is

ds? = 1 (l+;> d:ﬁ’2+;(d7+ﬁ-dﬁ)2 , (2)
4 7] (z + ﬁ)

where [ is some fixed parameter determining the asymptotic size of the S*

and %% = eijk%wk. This metric degenerates to a flat metric R* as [ — 0.

Its noncompact cycle C : {(1,Z)|x; = z3 = 0,23 > 0} degenerates to a plane

in this limit.

The Taub-NUT space is equipped with a natural line bundle with a con-
nection a = 5 (d7 + w). This connection has a self-dual curvature. As a
matter of fact, it has a one parameter family of line bundles with the follow-
ing Abelian connections:

sdr + w
2 vV

as = sa = (3)
parameterized by s € [—1/2,1/2]. These connections are Abelian instantons,
as their curvature is self-dual in the orientation (7, x1, z2, x3). Note that the
relation between the left and right ends of this interval is given by tensoring
with a line bundle £;, which is trivial since

/ d(ays — a_y/2) = 2m. (4)
c

I'The factor of % in the metric is chosen for future convenience and the apparent sin-

gularity at the origin of R? is merely a coordinate singularity.



There has been a lot of work exploring instantons in various backgrounds.
The ADHM original construction [I] provides all instantons on R*. Nahm
modified this construction in [2, 3] to provide calorons, i.e. instantons on
R? x S1. Orbifolding the ADHM construction Kronheimer and Nakajima [4]
obtained instantons on ALE spaces. In [5] Nekrasov and Schwarz modified
the ADHM construction to construct instantons on noncommutative R*. All
of these constructions have a string theory interpretation [6, [7, [§] and emerge
from the sigma model analysis of appropriate D-brane configurations.

Based on these general constructions some explicit solutions at a general
position were obtained in [9] [10] for a caloron and in [I1] for instantons on
certain ALE spaces.

We would like to point out that in all these cases the underlying space is
flat, or it has a useful flat limit. Here, we aim to find a general construction for
genericﬂ instantons on an essentially curved space. In particular, building on
the bow formalism introduced in [16] to study the moduli spaces of instantons
on the Taub-NUT space, we find expressions for the instanton connection.
As an illustration of our construction we find explicit solution for a single
instanton on a Taub-NUT space.

1.1 Instanton Number and Monopole Charges

A generic self-fual U(n) configuration on the Taub-NUT space possesses two
types of topological charges: an instanton number and n monopole charges.
The instanton number as well as the monopole charges are given by integers.
A detailed discussion of various charges of instantons on muti-Taub-NUT and
their relation with the corresponding brane configurations appeared recently
in [I7]. Here we define these numbers in a somewhat different fashion.

For any given ¥ € R consider W (%, 7) € U(n) satistying (0, —iA, )W (Z, 1) =
0 and W (Z,0) = 1, so that the monodromy around the circle S is W (&, 47).
The finite action condition implies that the conjugacy class of limz_.., W (Z, 4m)
is well defined and does not depend on the direction in which we approach
the infinity. Write the eigenvalues of limz .., W (Z, 4) as

2miN 2N 2T\,
exp l , €Xp l y ..., EXP l )

Here we restrict our attention to the so called ‘maximal symmetry breaking’
case presuming all \; distinct and ordered: —% <M< A<...< A\ < %

2Some special instantons on the Taub-NUT space were obtained in [12} 13 14} [15].



Consider a sphere S% € R? of large radius |Z] = R. Any point in this
sphere determines a 7-circle in the Taub-NUT space, so that the union of
all these circles is a squashed three sphere S%. Thus S is fibered by circles
over the S% and for a Taub-NUT space this fibration is the Hopf fibration
St — S} — S%. Since the total action is finite there is a gauge transformation
on S3, such that for large radius R the connection A restricted to S3, has 7-
independent components. Let us write this connection with 7-independent
components in the form A = A — édﬂ'% Then, the self-duality condition for
A is equivalent [I8] to the Bogomolny equation

F=x3D;®, (5)

for (121 <I>) Here * is the three-dimensional Hodge star operation for the flat
metric dz? + da:2 + dz? and F is the curvature form of A. The asymptotic
eigenvalues of d are given by the eigenvalues of the monodromy operator
W (Z, 47) moreover, the asymptotic behavior of o eigenvalues is the same as
for a BPS monopole, namely the eigenvalues are

)\1+ —i—O( %), )\2+ —I—O( S TR ¥ + +O( %),  (6)

with ji, jo, ..., Jn integers.

Let us describe this construction in different terms, making clear that j’s
are indeed integers. Considering the eigen-spaces of the monodromy operator
W (Z, 7+47)W~Y(Z, ) splits the bundle &|ss into k line bundles &g = L1, &
Ly, ®...Ly, . Moreover, since the eigenvalue A is independent of the base, each
of these line bundles can be trivialized on all S' Hopf fibers simultaneously.
Thus we have a well defined pushdown line bundles over the base of the
Hopf fibration S%. Chern classes of these are ji, ja, - . . , Jn. We now use these
integers to define the monopole charges of the configuration.

Let M = min(j1, 71 + jo,---,J1 + Jjo + - .. + Jn). The monopole charges of
an instanton on a Taub-NUT are defined as

(m17m27"'7mn):(jl_M7j1+j2_M7"'7j1 +]2++]n_M)

Note, that from the way they are defined, one of these charges, say m,, has
to vanish. Nevertheless, we keep it among the charges and its position p is
significant as will be clear momentarily.

Intuitively, since the total action is finite, the asymptotic connection can
be put into a form independent of the 7 coordinate. Then, asymptotically, it



can be reduces [I8] to a monopole on the base R?. It is the charges of these
monopole that we defined above.

The instanton number is less straightforward to define. One can write
an explicit expression given by the Chern number minus the contributions of
the monopole charges. To make clear that it is an integer, we define it here
as an index of the Weyl operator for the connection A + %(/\p + App1)a:

ko = Ind &A+%(,\p+,\p+1)a- (7)

Thus a general U(n) instanton on a Taub-NUT has an instanton number ny
and monopole charge (my, ma,...,my,).

Kronheimer [18] demonstrated equivalence of the ‘pure monopole’ case
of kg = 0 to singular monopoles studied in [19, 20]. In particular, explicit
solutions for ky = 0 and m = 1 are equivalent to singular monopole solutions
presented in [21, 22]. In this paper we focus our attention on the pure
instanton case of m = 0, and obtain the explicit solution with ky = 1, i.e.
a single instanton on the Taub-NUT space with no monopole charge. The
explicit metric on the moduli space of such solutions was found in [16].

2 Ingredients

The data specifying an instanton on a Taub-NUT space will be encoded in
terms of a bow diagram. There are two basic ingredients in our construction:

I
We———_" ——  ——————eV
J

(a) Linear maps (arrows and limbs). (b) Nahm Data (string).

Figure 1: Components of bow diagrams.

2.1 Arrows and Limbs

Figure la represents a pair of complex vector spaces V = C" and W = C"
with maps J: V — W and I : W — V. The linear space formed by the pair



of maps (I, J) has a natural hyperkéhler structure, which is respected by the
action of U(v) and U(w). The hyperkdhler moment map of the U(v) action

9o : (1, J) — (gu_llegv) is
. 1
o = py iy =11 py =iy = 5 (JW = 11, (8)
while for the U(w) action g, : (I, J) — (Igw, g,"'J) the moment map is

| 1
iy = iy + iy = —J 1y =y = S (1= JJ7). (9)

It is convenient to assemble the pair (1, J) into

Q:(‘;T)andZ?:(_[;), (10)

(pronounced “kyu” and “yuk”) so that Q : W — V ® S and O:vowes
with the three complex structures e; = —io; acting on @’s. S ~ C? is a two
dimensional space of spinors providing the representation of quaternions,
with the quaternionic units e; = i0y, i.e.

‘<01> .(D—i) .(1 0>
e = —1 €y = —1 e3 = —1 )
1 0) 2 i o ) 3 0 -1

The natural metric on the linear space of all pairs of maps is ds? = trydQ'dQ =
try (dJdJ' + dITdI). The tree symplectic forms w; = g(-, ¢;-) = try (dQT A
e;dQ) can be combines into § = w;o; = 2iVectry dQ A dQT. Here we intro-
duces a ‘vector operation’ Vec defined by

Vec(M® @ 1ayg + M? @ 0;) = M? @ 0. (11)

Since —io; represent the quaternionic imaginary units, this operation basi-
cally amounts to taking the imaginary part of a quaternion.
With this notation the moment maps are

Moy = s = Vee(QQT) and Yy = piyos = Vee®D'). (12



2.2  String

Figure 1b represents an interval Z parameterised by s with a bundle £ — 7
endowed with a Hermitian structure, a connection Dy = d/ds — iTp, and a
triplet T = (T}, Ty, T3) of endomorphisms of E. In other words for a given
trivialization of E we have a quadruplet of hermitian matrix valued functions
(To(s), T1(s), Ta(s), T5(s)). These also form a linear space with a natural met-
ric ds®* = [ trg (dI§ + dIt + dT3 + dT3) and hyperkéhler structure invariant
with respect to the following gauge group action

To(s) g ' Tog +ig™' 59
| Tals) 9 Ty
g(s) . TQ(S) — g_lTQQ . (13)
T5(s) 9 Tsg
The corresponding moment maps are
d . .
ul o= _Eﬂ +i[To, Th] + i[T5, T3], (14)
d ) .
@ = LT T 19
d . .
= _ETg +i[To, T3] + i[Th, T3). (16)

It is convenient to introduce ¥ = 01 ® T1 + 02 ® Ty + 03 ® T3 so that the
moment map y = —[£ — Ty, {] 4+ Vec T'Y.

Assembling the Nahm data into a quaternion 7' =T, +1; ® e; = T — iY
we write the above metric on the linear space of all the Nahm data in the
form

1
ds* = 3 /trs trp 0T8T ds. (17)

The three symplectic forms w; = g(-,¢;-) are encoded in & = % [trgdT A
8T7ds. Leting D, = d% — 1Ty we note that the moment maps can be written
in terms of the Weyl operator Dy + Y and its conjugate as

NZVQC(DS_T)(_DS_T)' (18)

3 Taub-NUT as Hyperkahler Quotient

This section contains a description of the Taub-NUT space using the ingre-
dients we have defined in the previous section. This description naturally

6
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Figure 2: Taub-NUT Bow Diagram.

leads us to a family of self-dual harmonic forms’| which are essential for the
instanton construction that follows. Our exposition in this section is close to
that of Gibbons and Rychenkova [23], with some change of notation. Just
as for the construction [4] of instantons on ALE spaces it was essential to
know the realization of the underlying ALE space as a hyperkahler quotient
of linear spaces [24], this section is the groundwork for the construction of
instantons on the Taub-NUT.

The bow diagram on Figure |2/ represents Nahm data of rank 1 assosiated
with a line bundle e — Z on an interval [—1/2,1/2] of length [, as well as the
maps big and by; between the one-dimensional complex vector spaces eq =
e|s=—i/2 and e; = e|s—/7 at the ends of the interval. The gauge transformation
h(s) acts on these data as follows:

to hiltoh + Zhiléh

t; h=1t;h

b | AT (= boih(2) 19)
bio A=t (45)bioh(—1)

Introducing t = t; 4 ity and D = d/ds — ity — t3 the vanishing of moment
maps can be written in complex notation as

[D,t] — (s+5)bo1bio + d(s—1)b1obo1 = 0, (20)
[DT, D} + [tT, t] + 5(s+é)(b]£0b10 — b01b81> + (S(Sfé)(bglb(n — blgbj{()) =0.

3A description of these in terms of the hyperkfller reduction recently appeared in [I7].

7



Let us distinguish some point sy on the Nahm interval. Say this point
divides this interval into two intervals of lengths [, and [y, i.e. I +1g =1
and at this distinguished point s = sg = I, — /2 = /2 — . Let us assume
so > 0. We shall perform the hyperkédhler quotient step-by-step, so that the
last step is the quotient with respect to the U(1) at the distinguished point.
This will allow us to identify the natural line bundle over the Taub-NUT
space and its natural connection corresponding to this U(1).

First we perform HKQ on each open interval separately. The intervals are
of lengths [, and [. Since the computations are identical we focus on the in-
terval of length [y to the right of sy. Since the Nahm data is Abelian, the van-
ishing of the moment maps implies dt;/ds = 0, thus the vector £ = (t1, s, t3)
is constant. to can be made constant using gauge transformations that are
trivial at the ends of the interval. There is a large gauge transformation
G = exp(2mi(s — so)/lr) satisfying g(sg) = g({/2) = 1. This gauge transfor-
mation takes tog to tog + 27 /lz. Thus the result of this HKQ is R? x S! with
coordinates tig, tag, t3g and tog ~ tor + 27/l and the metric

l
ds? — / (A2 + di2) ds = Iy (482 + dB2) (21)

S0

The resulting metric on the Nahm data on the left interval is given by the
same expression with (g replaces by [

Now we perform HKQ with respect to the U(1) at s = [/2, which can be
realized by h = exp(i¢>=2). Exploiting the fact that all the data is Abelian,

lr
we assemble the linear data into a quaternion

0., i bhi blo
¢=q +de=(0-0)= ) ). (22)
10 01

b_ and b, play the role of ) and O . The natural metric is ds? = %trgqudq =
dbt db_ = dbider, and the resulting symplectic forms are given by & =
iVecdg A dq'. A gauge transformation h(s) with h(—1/2) = exp(i¢;) and
h(l/2) = exp(i¢r) sends ¢ to gexp (eg(gbR — gbL)) The resulting moment
maps are Np = %qaqu and y = —%qaqu.

The rightmost U(1) acts as exp(i¢=*) : (q;lor, tr) — (qe? tor —
gb/lR, 2?}3), with the moment map pieq +M262+M363 = %qegq—l—tlel +t262+t3€3.
Let ¢ = ae®¥/? where a is a pure imaginary quaternion, and let & be such
that x1e; + xoe9 + 2363 = gesq. The periodic coordinate 1) ~ 1 + 47 and the

8



components of # provide new coordinates on R*. Thus the metric is

1 —
ds® = Strsdg'dg + In(dtgy + diy’) (23)
1/1 r
T 1 (ﬁdiﬁ + [2](dyp + “’)2) e <dtSR * dtR2> &

where
i 2| (wtdy) = %tr(qegqu—dqequ) = db b_—bldb_ = —dbl b+l db,. (25)

The U(1) is acting by €' : (¢, tor) — (¢ + 2¢,tog — ¢/Ig). The invariant
of this action is 0 = ¢+ 2lgtor and the vanishing of the moment maps implies

tr = —%f. One can readily verify that the above metric becomes

1 1 (do + w)? 1 1 do+w \°
ds* = = [ (I + =)di* + ———= | Hpr(lg+—=) | dtop + =——= | .
* T ((R @ i) et ) \ dor 5T S

(26)

The last step in the hyperkéahler reduction procedure is reduction with

respect to the U(1) at the distinguished point s = so. We use the gauge
transformation

h(s) = exp(iZe), for s < s (27)
exp(z'll/;:;o g), fors> sy’

that is continuous and equals to identity at s = 0 and /2. At s = s this
gauge transformation is h(sy) = €*. It has the following action

tor, tor —€ /S0
tr tr
hs): | tor | — | frtelln |, (28)
tr tr
q q exp (63 ﬁ8>
The corresponding moment map is y = i—gtL —tp+ ﬁ%&; Since the vanishing
of the moment maps of the first stage of the reduction implies §, = —1X, we

have y = i—LO (& + 3X). Putting ) equal to zero we have §;, = —1X as well.
The metric is

1 (do + w)?
ds® = Ir + —)di® + ——
S ((R+ )x+l3+1/|f|

7]

) + 1, (dty, + dt7) . (29)

Ny

9



Under the above gauge transformation the angle o = ¥+ 2lgtor — o + 2%5.
The invariant is 7 = 0 —2ltor, = ¥V +2lrtor— 2l tor, and we choose € ~ 427
instead of ¢ as a coordinate along the circle of the gauge transformation. In
these coordinates the above metric can be rewritten as

ds? = [(l + i)dg:ﬂ +

1 7 (dr + w)Q]

[+ 1/|z|

) (s drtw )
s3(lp + 1/|Z]) (d5+ 2 (l+1/|j’|)) - (30)

The first part of the expression is the resulting hyperkahler metric of
the Taub-NUT space

1

1
+ — dr +w 2, 31
1+ 1/|Z| ( ) (31)
here the one-form w satisfies dw = *3d|?£‘. The second part of the expression
provides the natural connection D = d + isga with the one form sga,

where
B ldr +w

“_§z+‘—}zl'

(32)

3.1 Basis of self-dual two-forms

Let V =1+ 1/|Z and a = 2. Here we observe the following relation

1 A\ 1 , i fdrtw o, 1 L
(5(1&—2@) /\(§d5§—za)—§ak< 7 A dx +§eijkd:£d:v). (33)

Note that the components of the right-hand-side are self-dual two-forms in
the orientation (7, ', 2%, 23) providing a basis of self-dual two-forms on the
Taub-NUT. Let us note for future use that since id¥ — ia = —(d + ia), in
terms of the 7 and £ coordinates the combination (di + ia)t A (dt + ia) is

self-dual.

4 Instanton Data

Instanton data for an SU(2) instanton with no monopole charges is repre-
sented by the bow diagram in Figure [3, It consists of

10



—1/2 1/2

WL WR

Figure 3: Bow diagram for Instanton on Taub-NUT.

e arank kg vector bundle E — [—1/2,1/2] with the Nahm data (Ty, T') on
the intervals [—1/2, —A],[— A, A], and [X,1/2] (we do not presume conti-
nuity at s = ),

e linear maps By : E_jjo — Lo and By : Ejjp — E_y)s,

e linear maps I, : Wy — E_, Jp : E_y — Wy, Ir : Wr — E,, and
JRSE)\—>WR.

The group of gauge transformations acts on this data as follows

To g & Tog(s) +ig™ ) £ g(s)
T; 9 Tjg0s)
By, g (=4HBog(t)
= , 34
B ¢ (5) Buog(~ 1 34
I, 9 0 s
Jao Jagra)
where the index a takes the values L and R and we introduced A\; = —\ and

Ar = A

11



Introducing the complex notation D = & — Ty — T3 and T = T} + 15,
the moment maps are written as

[D,T] — (5(5—}—%)301310 + 5(5—7)310301 + Z (5(5 Ja =0
a€e{L,R}
(35)
(DY, D) + [T, T] + 6(s+-5)(Blo Bro — Boi Byy) + 85— 1) (B Bor — BioBly)+
+ > ) (e — LIL) = 0.
ae{L,R}

These conditions can be written compactly if we introduce

Bl B! )
B_ = 0 ) B = o). 36
< — By, ) + ( Bio (36)

and ) = —d% +iTo+Y = (_TD g ) Then the moment maps are given by

N = Vec ( *A?+Z<5 5 = Aa)QuQl + 0 (s + é)BB*_ +6(s — é)B+Bi>
(37)

5 The Nahm Transform

5.1 Weyl Operator

A central role in the ADHM-Nahm transform [1, 2] is played by a certain
linear operator. In the case at hand it is a modification of the Weyl operator.
The details of similar construction can be found in [3], 25] for the case of
calorons.

Let H be the space of L? sections of £ ® S that are continuous at Ay and
Ar and have L? derivatives on Z\{ay,ar}. Let H be the direct sum of the
space of L? sections of £ ® S with spaces E), , Exp, E_y)2, and Ej/p. Given
the instanton data of the bow diagram in Figure [3] we introduce the operator
D:H— Hby

(-4 +iTo+ ) f
(Ju 13) f(=X)

D: [ (J, IT DN . (38)
(B(n, )f l/2
(=B, By f(—

12



Let us denote by 1 an L? section of the restriction of £ ® S to Z\{az,agr},
Xa € Ex,, v € E_jj5 and v € Ejjy. Integrating by parts we find that the
cokernel of © is given by (¥(s), xr, Xr, V—,v+) € H satisfying

(% T+ T) b =0, on T\{az, an). (39)

D0t — Bha—) = ~Quas (10)
i

oy = (P ) e (1)
_nt

v =—( e ) (12)

In other words the dual operator takes the form

_pt Tt J
T
D _( T D )@ <ae{63m5(”")< I ))
Bi B! (43)
@ | O(s+1 10),53_;< 01)),
((+)(—Bo1 -2\ g,

=B @ 6(s = A0)Qa @ (3(s+1)B-, 5(-1) By ).

Q —

In terms of ® and DT the moment map conditions of Eqgs. can be written
as
Vec(DD) = 0. (44)

For a given point of the Taub-NUT space of Figure [2, corresponding to
(to, £, bio, bo1) satisfying Eqs., we can twist the above operator as follows

—Dt —t5 TT— JI
T_ 3 _ a
e (7 Bl )e(en(E)

BT _bT _bT BT
Siarl 10 10 Sle_L o1 Do1 '
@ < M ( —Bo1 —bm ) T o6ms) ( bio  Bio

To be exact, whenever adding two operators with one belonging to the in-
stanton bow and another to the Taub-NUT bow data we understand both
operators to be tensored with identity and this sum to be acting on the tensor
product of the corresponding spaces. For example, T' — t stands as a short-
hand for T"® 1 — 1 ® t. Unfortunately, in this case using rigorous notation

13



would make the formula above unreadable. We also allow this shorthand
since for a case of a single instanton the vector spaces are one-dimensional
and the bow data is abelian so the expression makes perfect sense.

5.2 Connection

From now on we understand v to be a section of £ ® e ® C* — Z\{—\, \},
v_ € E_jp ®eyp and vy € Ejp @ e_jp. We combine vy and v_ into a
spinor v = (3*) and denote the data (¥(s), xz, xr,v) by . The twisted
operator @I to act on the linear Hermitian space formed by such data.
For ¥, = (¥1(5), X1, Xf, v1) and ¥y = (¥2(s), X12, XR2, V2) the natural
Hermitian product is given by (b, 1,) = vivs + (xz1) X2 + (xr1) XR2 +

fi/l% Yl (s)1hy(s)ds. We also define the operator s acting on 1 as follows

55 00 xo) = (s e (002 )o) o)

0 12

Once we found the orthonormal basis of solutions of @I@b = 0 we arrange
them as columns of the matrix ¥, then the orthonormality condition reads
(U, ¥) = L The instanton connection V, = 9, — iA, is induced on the
kernel of ®! by the connection D, = 0,+isa,, thus V, = (¥, D, V) and the
associated su(2)-valued one-form A = Aydr + A;dx? given by

A= (xy (ia% - %) np) dr + (\I! (i% - w]%)\y) dr;  (47)
J

6 ADHM Limit

To compare with the ADHM construction we solve @I U = 0 at the ends of
the interval s = :I:é to find

):_( Bl, —bl, ) (U+) bty = ( ~by, Bl ) <U+)
—By1 —bo v_ )’ 2 by B v_ )’

(48)

V(-

N~

The Nahm equations imply that £ is constant on [—1/2,1/2].

14



It is illustrative to first consider the case of a single instanton. In this
case T is constant on each of the three intervals of Z\{—\, A\}. Moreover, the
values on the left and on the right intervals are equal, thus for some constant
vectors fl and TE
:F(s):{jjl for—1/2<s<—Aor A>s>1/2 (19)

T, for—A<s <A

Let 2, = — T’l and Z, =t — ’f’g, then

{e—xl(g—&)( ~bh,  BY, ) +6><2(A2—A1)ex1(xl+%)< B, bl )} ( vy ) "
bio  Bio —Bo1  —bo1 v_
0.

L i i
+e” Q(AQ_’\”( L )XL + ( i >XR =0. (50)
I In

Clearly in the limit of [ — 0 (and since A < [/2, we have A — 0) the above
expression reduces to the ADHM linear equation.

For the case of instantons of general charge the exponentials in the above
equation become path-ordered exponentials involving the corresponding non-
abelian data T'. Each of these represents parallel transport along an interval.
In the [ — 0 limit, however, all of the intervals in the bow diagram contract
to a point and the exponential factors become identities. Therefore the equa-
tion for the kernel of ®; reduces to the ADHM linear equation for a general
case.

7 Proof of Self-duality

The core of this proof is close to the original argument of Nahm [2], but
requires some adjustments. We shall need the following relations (d+ila)b_ =
— 5 (dh + ia)b_ and (d — ila)b, = o (dk+ ia)bJr.H We also use the fact that
@I@t =1® A, with A positive definite (except at some isolated points on
the Taub-NUT). Thus it has a well defined inverse G = (D]®,)"! (given
by the Green’s function of A) that commutes with the quaternions and the
o-matrices.

4 These follow from Eq. and bibl = t £+ & Namely, 1) reads 4itVab_ =
2b_(b_db' ) — b_d(b' b_) = 2(d(b_b" ))b_ — 2(db_)(b' b_) — b_d(b' b_) = 2(dt — dX)b_ —
Atdb_ — 2dtb_ = —Atdb_ — 2d¥p_, thus 2¢(db_ + ilab_) = —(d + ia)b_.
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As expressed by Eq. (47), the induced connection on the kernel of DT is
the instanton connection A,, therefore the covariant differential is dt#V,, =
dt*(9,—iA,) = Pdt"D,P = P(d+isa)P = P(d+is%)P. So the connection
is A, =1i(V, D, V), then

8[“14”] = Z'(D[M\I/,DV]\I’)—(\I/,S\I/)a[“ay} (51)
(A, A = (DY, v) (¥, D,). (52)

Then the curvature (field strength) is
Fo, =iV, V,]= (DY, (1—P)D,V) — (¥,sV)0,a,, (53)

where 1 - P =1— WU = @tGDI. The second term in the curvature expres-
sion is self-dual since da is, while for the first term we have

(D, ¥, (1 - P)D,¥) = ([®],D,]¥,G[D], D,]¥). (54)

Since

D = (d%—iTOjLT—K) D 0(5 — Aa)Qa

(55)
& (5(5 F1/2)(B_, —by) + 8(s —1/2)(=b_, B+)>.

The commutator dt” [@I, D, ] is given by
©},d + isa] = (dk +ia) & 0 & (5(3 —1/2)(d + ila)b_, 5(s +1/2)(d — ila)b+>
. 1 1
= (d&+ ia) <1 ®0® ( — 2_155(8 —1/2)b_, 2—t5(3 + l/2)b+>>.

(56)

As the Green’s function G = (D'D)7! is scalar (i.e. commutes with o-

matrices) and (d§— ia) A (d§+ ia) = (3d¥ + ia) A (3dY — ia) is self-dual (see

Eq.), the curvature two-form F' = F,, dz"dx" is self-dual as well due to

Fas. GHSIED).

8 Instantons for the U(n) Gauge Group

Generalizing our construction to instantons in a general gauge group U(n) is
fairly straightforward. The corresponding bow diagram is given in Figure [4]
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Here the positions of the marked points Aq, ..., A, partitioning the interval
[—1/2,1/2] is given by the asymptotic of the eigenvalues of the instanton con-
nection around the Taub-NUT circle. All of our previous discussion including
the proof of self-duality and the ADHM limit remains valid.

Bio

Wl W2 Wn

Figure 4: Bow diagram for U(n) Instanton on Taub-NUT.

9 Geometric Meaning of the Nahm Trans-
form for Curved Manifolds

The conventional Nahm transform [26] of some self-dual configuration (or a
dimensional reduction of a self-dual configuration) on a flat manifold M =
R*/A results in some data on a dual space N of flat connections on M. The
kernel of the Nahm transform is the Poincaré bundle P — M x N. Let us
denote the two natural projections of the product M x N on M and N by

17



py and py respectively, so that we have the following diagram

P (57)
M£N
M N.

Then for an instanton bundle & — M its Nahm transform is py. (73 ®p*M5).
Thus the Poincaré bundle P plays the role of the kernel of this transform.

For example, for the case of the caloron, flat connections on R? x S! have
the form n = sdty, where t4 is the coordinate parameterizing the S factor.
The space of such connections forms the dual circle S parameterized by s.
The Poincaré bundle over the product R3 x S' x S' has natural connection
with curvature F = ds A dtg, and it can be trivilalized on either of the
two base components, making both pushforward operations py. and pas.
straightforward.

P F =dn=ds N\ dtg (58)

|

(R? x S) x St

% K
RS x S 1= sdty s

For a curved manifold M without flat connections, such as the Taub-
NUT space, a generalization of the Nahm transform is less straightforward.
In order to have a version of the Nahm transform in the diagram below,
one has to answer two questions: 1) What is the correct choice of the ‘dual’
manifold N7 and 2) What is the kernel 9t generalizing the Poincaré bundle?

m (59)

|

(Taub-NUT) x T

o K
dr+w

Taub-NUT =575 T.

18



We propose that for the Taub-NUT space the appropriate choice of N is
the space of self-dual Abelian connection on the Taub-NUT (or rather the
direct product of this space and R?). In order to answer the second question,
we have to digress discussing a generalization of instantons to instantons on
higher-dimensional spaces.

Instantons on higher dimensional hyperkahler manifolds were defined in
[27] in the following manner. Consider the operator X = I® [+ JRJ+ K ® K
acting on two-forms. Due to the defining quaternionic identities it satisfies

N? = 2R + 3, (60)

and can have eigenvalues 3 or —1. Note, that on a four-dimensional hy-
perkéhler manifold this operator is related to the Hodge star operation by
1

* = 5(N — 1), thus the equations

NF =3F and NF =—-F (61)

respectively generalize the self-duality and anti-self-duality conditions to higher
dimensions.

Before we proceed, let us observe that the complex structures I, .J, and
K have a simple action on the vierbein e of the Taub-NUT:

~ 1 ~ 1 ~
0= —(dr +w), T =SvVdd, 62
e 5 V(T w) e 5 T (62)

by multiplying the quaternionic combination 0+ Iel + Je2 + Ked.

Just as four-dimensional self-duality equations become Bogomolny equa-
tions under reduction to three dimensions, we reduce an eight-dimensional
self-duality condition 3F = RF to five dimensions producing the following
system of equations on Z xTaub-NUT:

Bfﬁs - [)1@1 + ng)g -+ Dg@g,
Bfis - _DO(I)l - ng)g —|— [)2(1)3,
3F;, = D3®y — Dy®y — Dy Py, (63)
3.7:35 - _DQ(Pl —|— ﬁlcbg — ﬁ0¢)3,
2Fpo = €popeF oo
here @1, ®,, 3 are the components of the eight-dimensional connection in the
reduced three directions, we used the curvature F = F,;ds A e’ + }",1,;6*2 Ae’
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vierbein components and lA)O = 2V D, and ﬁj = \/LVDj — 4w; Dy, which
appear in the covariant differential decomposition D = drDg + da?D; =
e@f)@ + ej [)3

Since Eqs. emerge via a dimensional reduction of higher-dimensional
self-duality equations, one might call an object satisfying these equations an
Instapole or a Monotone, but we hope someone will come up with a more
poetic name for it.

In our case F = dn = d(sd;%) =dsNa+ sda = \/ivds/\eo—i-sda as
dictated by the relation between Z and the Taub-NUT. We observe that
b, =1t = —%xl,@g =ty = —%ZEQ,(I);; = t3 = —%333 augment F to produce
a solution to the system of Eq. . This is exactly the solution defining
the object generalizing the Poincare bundle in the diagram that leads to
the natural twisting that we used in Eq.. It plays the role of the kernel
in this generalization of the Nahm transform. It would be very interesting
to explore other possible kernels delivered by other Monotone (Instapole)

solutions to Eqgs.(63)).

10 One Instanton Example

Let us now focus on a single SU(2) instanton on the Taub-NUT, i.e. a self-
dual curvature configuration with kg = 1 and m = 1. For a single instanton
the T"s in the Nahm data are abelian and the Nahm equations are solved by

. T, for —1/2 —Xor A 1/2
F(s)— 4 D or —l/2<s< —Aor >s>/,. (64)
Ty for =A< s <A\
We interpret @ = —9oT; 1 and ¥ = —9oT. 5 as the locations of the instanton con-

stituents. Let 7} = — T;, Z, =t— fg and let i/ = fg —ﬁ = 7] — Z5 measuring
the position relative to and the displacement between the constituents. The
instanton position along 7 is given by Tj. Since the Taub-NUT metric is
invariant with respect to the shifts of 7, we put Ty = 0 without loss of gen-
erality. We also gauge away ¢y in favor of the phase of .. Define (), and
Q- by Qin = y £ 4. Using the component expressions for the spinors we
introduced earlier

§ w ) o= () = ()
b = 01 , b, = 10 , B = 10 , B, = 01 , 65
( —bio ) N ( bo1 — By * Big ( )

20



and since all the components are complex numbers it is straightforward to
verify that

b' B = Blb, =P, 0B, = Blb =P, (66)

where

P = /(T +1)2 — 22 (67)

The moment maps at s = £1/2 imply that
bibl = |t| £ %, BLBL = |Ti| £ Y, (68)

and moment maps at s = +\ that Qg = @, and Qp = Q_.

10.1 Solving the Weyl Equation

On each interval ®, = -0, + T — § = —0s — X and D] = 9, +Y —§=0,—%,
with ¥ =X, or X, in accordance with (64)). It follows therefore that 1(s) has
the form
X2 for —1/2 < 5 < =\,
Y(s) = { ex’II for =\ < s <A\, (69)
ef=U2hp for X < s < 1/2.

for some constant ¥y, 1Y g, and II. As we shall soon verify, the kernel of @I is
two-dimensiona; so from now on we shall understand 1 (s), xr, xg and v to be
two-column matrices, so that their first columns deliver one of the solutions
and their second columns deliver the second, linearly independent, solution
of Dl = 0.

Let A, = (B_,—b,) and Az = (—b_, B,) then the D]¥ = 0 conditions
read

[
¢R_ARUZO at5:§ (7())
e~ N2 Ny M 4 Qpypg = 0 at s = A, (71)
6_%)\1_-[ _ ek1(l/2_)‘)¢L + QLXL =0 at s = —>\, (72>
l
v+ Apv =0 at3:—§- (73)
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It is useful to note the following relations

) iT/2
ApAL =T+t 4 5, AL AL = AL AL = —e*P, ALAR = —673 (Ty +t+X%,),
] —iT/2
ApAL = Ty +t — %, AL Ap = ApAl = —e /2P ApA7l = —5 (1 +1 - X,),

and define p; and p_ to be such that p3 = ALATL and p? = ARAE namely

Ty +t+7P \/T1+t—7?>§1
= + - 74
LIRS Py (71
then pyp_ =P.
We choose v = —e'™/1Al ks = e~/ AL Lt 5o that now ¢y, = /s, Yp =

e~"/*;_. From the matching conditions Eqs.(71J72)) at s = 4\ it follows that

1 , .

29
(75)
where the function g is given by

— —

g = ycosh 229\ — 29 sinh 229\ = eQXQ’\Q,QT_ + Q+Qle’2%)‘, (76)
22

T =X
XR — Q+€ 2 T 77
)= (G ) m
ei7/46)‘k2e(é_)‘)21/~1}+ — 677:7—/467)@2 6_(%_/\)xllu_

29

and that

with
T p—

(78)

10.2 Normalization

Let us now check the orthogonality and the normalization of the solution

for ¥ of Eqs.(69 [104] [75] [77). To simplify our notation let us introduce

a = ﬁ In %, so that p2 =Ty +t—%, = Pe 2*%1 and in particular that

sinh 2az; = 21 /P and cosh 2az; = (Ty +t)/P. Introduce A = é — A+« and
let
(Ty + t) cosh(l — 2X\)z; + 2z sinh(l — 2)\) 2z,

¢g = cosh2Az = > . (79)
h(l —2 T inh(/ — 2

6 — sinh2As, — FLCO8 (I1—2X\)z + (7;1 + t) sinh(l )\)zl’ (80)

co = cosh2)\zy, Sy = sinh2\zy, (81)
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and g = y cosh 2\ 2+ L2 sinh 2)2, then we find that (¥, ¥) = N?I,owith
the normalization factor N
P 2.2 .2
N? = (U,¥) = — (0102 + gslcg + g0182 + MSlSQ — Cos Z) (82)
g 21 29 22129 2
Let us also observe that both I and T appearing in the solution are scalar
multiples of unitary matrices, namely

' = 2 (yq + v 2181) . YT = z (0102 + S1Z2 A cos %) . (83)
g

21

10.3 One Instanton Connection
We rewrite the Eq. as A= Adr + A®) — &L (dr + & - dT), where

0 0 .
d=(Uy,sUy), AV =i Uy, —Uy ), A®) =i( Wy, —Uy ) da’,
or Oz,
(84)
for an orthonormalized solution Wy satisfying (¥, ¥y) = Iyxo. Here we ob-

serve that for any ¥ = NV, with N any nowhere vanishing scalar function,
we have

0 1 0 0
(s 0) = 5 (O ) = ()

1 B 0
= ((xp, ) \Il,\IJ)). (85)

oz

Thus for the solution of Section which satisfies (¥, ¥) = N2, we have

1
o= m(\Ix,s\p), | (86)

AO = %(\p, %xy) - # <(\1;, %xp) - (%xp, @)) , (87)

A®) = %(\D,d\l}) - #(xy (d— 7)\1/) = #((\I/,d\lf) — (dT, D)),

(88)

where we introduced the three-dimensional differential d = da’ % =dt/ %.
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Given our solution for ¥ of Eqs., , , one can apply the above
formulas, integrating over s making use of some elementary integrals. A
relatively straightforward calculation gives

N2AO© = 111 (2t — 1 P) % (Tl ! Xl)

(89)

9T
N2c1>=<t<l+2lt> <)\cl—|—— ) ( )HTZH
17

+ 22T <(02y Zy — SQyZQ) Xz

N2A<3>:${ {leg] ;3(T1+tzl-dt tdf)wl’}”

Z1 21

+ (—%—P(——A—Q—Z) +(c1—1)P> [Xlz’ldﬂ
o <d—7— (2)\ ZQ) [%’d% (91)

223

(90)

#1200 - Tog+ 27Ty

2

+52 [&,di—j + (2 — 1)%[&2,@0 T} :

where the functions P and g are defined in Egs. and , the hyperbolic
functions ¢y, s1, o and sy are in Eqs. and , and IT and T are given
in Egs. and . The normalization factor N? is given by Eq. .

11 Conclusions

We discussed the topological charges of an instanton configuration on the
Taub-NUT space with the maximal symmetry breaking by the Polyakov
loop at infinity. These are given by integer monopole charges and an integer
instanton number. Solutions with vanishing instanton number correspond
to singular monopoles [18]. In their three-dimensional interpretation these
have infinite energy, while as configurations on the Taub-NUT space they
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are smooth and have finite action. Thus one can regard the Taub-NUT
background as a regularization. A simplest solution with zero instanton
number was constructed in [21], and its physical properties were explored in
[22].

In this manuscript we focussed on the case with vanishing monopole
charges. We presented the ADHM-Nahm data for this case. These data
is conveniently encoded in a bow diagram, such as in Figure [3| or Figure
] We used the bow diagram description earlier in [I6] to study the moduli
spaces of instantons on the Taub-NUT. Here we give the details of the Nahm
transform leading to the explicit instanton connection.

As an example illustrating this construction we find a single SU(2) in-
stanton on the Taub-NUT space Eqgs.(89] [90] 01).

The bow diagram we presented is not limited to the case of the Taub-NUT
background, rather, we chose to limit the scope of this paper to this case to
simplify the presentation. In our forthcoming paper [28] we give the bow
diagrammatic description of instantons with arbitrary charges on a general
ALF spaces of either Ag- or Dy-type.
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Appendix

11.1 Metric Conventions and Moment Maps

The Nahm data on an interval of length [ can be organized into a quaternion
t = tpeg + t - € with the metric and the symplectic forms

1 l
ds* =g(-,-) = létrdtdtT, wj =g(,e) = —Z—ltr(dt/\dtTej —dtTej/\dt). (92)
With respect to ¢ — ¢ + € the moment maps are p; = —ttr(th — t)e; = It;.
For ¢ = (b_,by) the metric ds® = %trdqdcﬂ = bl db_ = dbider. The

moment map with respect to g — e is pu; = —Z—lltrqequej.
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Coordinates on Taub NUT are either by, b_ or ¢, 2ltg = 7 ~ 7 + 47. The
instanton moduli are T1, 0, = 2(dL+dR)TL (or B+, B_) and fg, Oy = 2dp TM
The relatlve coordlnates are 7, = 1 — Tl, Z=1— T. », and the relative posmon
lSy—TQ_Tl—tl_tQ

We also collect the bifundamental data as

! w )= () = (o)
— 01 7 b, — 10 ., B_ = 10 , B, = 01 , (93
( _bIO ) * ( 501 —301 * BlO ( )

Moment Map

For the Taub-NUT

l

d [ t Tl
£?x+ Vec{é(s + §)b—b7 +0(s — §)b+b+} =0, (95)

and for the instanton Bow Data
[i — T T] + Vec{TT+ d(s + E)B B +6(s— E)B B!
ds 2/ o/
F (s + NQ_QF + (s — A)Q+Q1} —0. (96)

these imply that T is constant on each interval and equals T; for |s|] < A and
T, for |s| > A and the conditions at s = [/2, —1/2, A, —\ are respectively

T+, =B:Bl, I' - Y, =B_B", y+¥=0.Q\, y—y=0-Q". (97)

Relative coordinates are 21 =t — 11,25 =t — Ty, y =Ty — T = 2} — 2.

Weyl Equation

<% - 5(1,2)@0(3) =0, (98)

(M) —¥(A=) = —Qxr, ¥(l/2) = (=b-, By)v, (99)
P(=A) = (A=) = =Q-xz,  ¥(=1/2) = —=(B-,=by)v.  (100)
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Solution of the Weyl Equation

1 ([ —eiB Xk Ql e
- : = T 101
TP ( e "By > ’ ( XL Ql e ’ (101)
e~iiel Ny for A< s <1/2,

P(s) = { eIl for =\ < s <\, (102)
elie TN, for —1/2 <s < —A.

Here
29 = 2(y cosh 2z, — 3];252 sinh2\z), P =/(T1 +t)2 -z},  (103)
Mi:\/TlJr;erPi\/Tﬁzt—P% (104)
and
T = % {eiieA%e)‘ldqu - e_’%e_“?e_ildu_} ) (105)
1= % (e'Te ™2 (y + Y)eHhuy +e " TeMe(y — Y)e M) . (106)
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